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1. Introduction

The class of Gibbs point processes is interesting because it allows us to introduce
and study interactions between points through the modelling of an associated en-
ergy function. Historical aspects of the mathematical theory are covered briefly
in Kallenberg (1983). When the energy function is parametrized, one among
many other methods of estimation, is the maximization of the pseudolikelihood.
Baddeley and Turner (2000) dealt with some practical aspects of such a para-
metric method and gave a survey on asymptotic results. They noticed that
some classical examples (such as the area-interaction model, the Multi-Strauss
model, the 2-type Strauss model) do not satisfy the assumptions of the existing
asymptotic normality results. This paper aims at filling this gap.

Many proposals tried to estimate the energy function from the available point
pattern data generated by some marked Gibbs point processes. If the energy be-
longs to a parametric family model, the most well-known methodology is the
use of the likelihood function, see e.g. Moller and Waggepetersen (2003) and
the references therein. The main drawback of this approach is that the likeli-
hood function contains an unknown scaling factor whose value depends on the
parameters and which is difficult to calculate. An alternative approach relies on
the use of the pseudolikelihood. This idea originated from Besag (1974) in the
study of lattice processes. Besag et al. (1982) further considered this method
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for pairwise interaction point processes, while Jensen and Moller (1991) gener-
alized it to the general class of marked Gibbs point processes. A general review
of the problem of statistical inference on spatial point processes including the
Takacs-Fiksel method (a parametric method based on a characteristic prop-
erty of marked Gibbs point processes using Palm measure) and non-parametric
methods can be found in the recent monograph of Moller and Waggepetersen
(2003).

In order to underline our theoretical contributions, let us present the differ-
ent papers discussing asymptotic properties of the maximum pseudolikelihood
estimator. The first work was done by Jensen and Moller (1991). The authors
obtained consistency for exponential family models of marked point processes.
They mainly considered inhibition and hard-core models. They notably applied
their results on the marked Strauss process. Jensen and Kiinsch (1994) and Mase
(1995) focused on specific models with two parameters -the chemical potential
and the inverse temperature- which can be viewed as particular exponential
family models. Jensen and Kiinsch (1994) obtained an asymptotic normality re-
sult by first assuming the inhibition or hard-core property and then the finite
range property. Mase (1995) established consistency for the class of superstable
and lower regular potentials introduced by Ruelle (1970). Mase (2000) extended
his work to the context of marked point processes and provided asymptotic nor-
mality by adding the assumption of finite range. Our goal is to deal with most
classical models (see Baddeley and Turner (2000), Mgller and Waggepetersen
(2003) and Bertin et al. (1999b)) that could be interesting for practical pur-
poses. They have been put into three categories according to their validity with
respect to the previous existing works: 1) Overlap area point process 2) Multi-
Strauss marked model, Strauss disc type process. 3) area-interaction, Geyer’s
triplet process, k-nearest-neighbour multi-Strauss marked model. Let us notice
first that all the examples belong to the exponential family and satisfy the local
stability and finite range properties. Due to the parametrization proposed by
Jensen and Kinsch (1994) and Mase (2000), they only consider the first cate-
gory. By considering the exponential family, Jensen and Moller (1991) include
a larger class of models. However, the required inhibition or hard-core type
assumptions are only satisfied for examples 1 and 2. Examples 3 are only lo-
cally stable. What remains to be established is consistency for examples 3 and
asymptotic normality for examples 2 and 3. In this paper, a general framework
is proposed taking into consideration the previous remarks. Results are obtained
using the general theory on minimum contrast estimators, e.g. Guyon (1995).

Section 2 introduces some background on marked Gibbs point processes. Our
models are defined in Section 3. In the same spirit as Bertin et al. (1999a), pro-
viding existence results of stationary Gibbs states, assumptions on these models
are expressed in terms of the local energy function. We also describe examples
of interest of this work. Section 4 presents the pseudolikelihood method and our
main results requiring two additional assumptions. The first one is an identifi-
ability condition ensuring strong consistency. The second one is related to the
definiteness of the asymptotic covariance matrix of the maximum pseudolikeli-
hood estimator. These two assumptions allow us to derive a practical asymptotic
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normality result. They are verified for all the considered examples in Section 5.
It is the belief of the authors that these assumptions are not restrictive since they
should be true for every well-parametrized model. Proofs have been postponed
until Section 6.

2. Background on marked Gibbs point processes

For the sake of simplicity, the framework of this paper is restricted to two-
dimensional marked Gibbs point processes. All the results must remain valid in
the general d-dimensional (d > 1) case. Define B? the Borel o-algebra on R?, B2
the set of bounded Borel susbsets of R? and A\? the Lebesgue measure on R2.
Denote also by M, M and A™ the mark space and its corresponding o-algebra
and probability measure. Let $ := R2 x M, B := B2 @ M and p := \2 @ \™
denote respectively the state space and its corresponding o-algebra and measure.

For shortness, let us denote 2™ = (z,m) for any z € R? and any mark
m € M and |A] := M?(A) for any A € B2. In addition, |I| designates the
number of elements of some countable set I, A€ is the complementary of some
set A in R? and || - || is the ¢*-norm. Let us define for all i = (i1,i2) € Z?,
d>0and p >0 Ay(d) :={zeR%d(i;—3) <z <d(i;+3),j=1,2} and
B (i,p) :={k € Z? : |k —i| < p} with |i| := max(|i1], |i2]).

Let © denote the set of so-called configurations -of marked points- ¢ :=
{2 }ier where I is a subset of N and ((x;, m;)),¢; is a sequence of elements of 3.

In particular, any element ¢ € € has the following representation ¢ = D icr Opmi
as an integer-valued measure on $ such that for every F' € B2, ¢(F) € N, where
0,m 1s the Dirac measure at some element 2™ GNS. The subset Qf ) with elements
o satisfying |¢| := ¢(8) < 400 is denoted by Q. The space 2 is equipped with
the o-algebra F generated by the family of sets {<p €N:p(F) = n} withn € N

and F € B2. For every F € B? and ¢ € Q represented as ¢ = ), ; 6,mi, one

introduces g = > ;; micpd,m which can be viewed as the configuration
of marked points of ¢ in F. Furthermore, for every A € B?, o conveniently
denotes YA xM-

A marked point process is a Q-valued random variable, denoted by ®, with
probability distribution P on (€2, F). The intensity measure Np of P is defined

as a measure on B% such that for any F € B:

Np(F) = /5¢<F>P<d<p> — B(3(F)).

In the stationary case, Np(F) = vpA?(F) where vp is called the intensity of P.
A marked Gibbs point process is usually defined using a family of local spec-
ifications with respect to a weight process (often a stationary marked Poisson
process with distribution @) and intensity Ao = 1). Let A be a bounded region
in R?. For such a process, given some configuration pac on A€, the conditional
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probability on A is of the form, for any F' € F:

o) = { 75 [ e I 0Ua)Qa(a0) 1)

Qa

with the partition function

Za(p) = /~ V@A) Qs (do)

Qa

and Ry = {p € Q : 0 < Zx(p) < +oo} where

+oo 1
[ rwanw) = P, [ e panen ),
" ¥

Let us define the subset of all admissible configurations
Q= {(/7 S ﬁ TP e mAGBiRA}

and denote by Q2 := Q N Q. Whereas the finite energy function V (¢) (for any
¢ € Q) measures the cost of any configuration, the local energy V (¢|¢) (for
any ¢, ¥ € (1) represents the energy required to add the points of ¢ in ¢:

V(@le) =V (@pUp) =V (p).

Let us notice that when 1 is a singleton {#™}, we denote by a slight abuse
V (2™|p) instead of V ({z™}|¢). It is well-known that the collection of proba-
bility kernels (ITp)a¢ p2 satisfies the set of compatibility and measurability con-
ditions which define a local specification in the Preston’s sense (Preston (1976)).
The main condition is the consistency:

oIl =TI, for A CA.

Notice that some conditions are needed to ensure the existence of a probability
measure P related to any local energy V and any weight process that satisfies
the so-called Dobrushin-Lanford-Ruelle (D.L.R.) equations:

P(F|Fre)(p) =Ta(p, F) for Pae. @€ Q forany A € Bf and F € F.

For the general theory of Gibbs point processes, the reader may refer to [Kallenberg
(1983); Stoyan et al. (1995) and the references therein.

For some finite configuration ¢ (resp. some set G) and for all x € R2, ¢,
(resp. G) denotes the configuration ¢ (resp. the set ) translated of z. Finally,
in this work a non-marked point process can be viewed as a particular case of
marked point processes with M = {0}.
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3. Definitions and examples of marked Gibbs models

The framework of this paper is restricted to stationary marked Gibbs point pro-
cesses based on an energy function invariant by translation, V' (¢; 0), parametrized
by some 8 € ©, where © is some compact set of RP. The model is also assumed
to belong to an exponential family, i.e.

V(9:0) = 6"v(p), (3.1)

where v(¢) = (vi(@), ..., vp(p)) is the vector of sufficient statistics. The local
energy is then expressed as

V (2™];0) = 67w («™ ), (3.2)

where v (7[) = (v1 (™), ..., vp(2™]9)) := V(U {2™}) — v().
Our models satisfy the general condition [Mod] described by the following state-
ments:

[Mod:S] Stability of the local energy: there exists K > 0 such that for all
(m, ) € M x
V(0"|p;0) > —K.
[Mod:L] Locality of the local energy: there exists D > 0 such that for all
(m, (p) eM x Qf
V(0"g;0) =V (0™|¢B(0,0);0) »
where B(x,r) denotes the ball centered at € R? with radius r > 0.
[Mod:I] Integrability condition: for i = 1,...,p, there exist /Ql(-sup) >0,k €N
such that for all (m, ) € M x Qf

ki

i (0™]) < £ |80,y

Let us notice that, unlike [Mod:I], the assumptions [Mod:S] and [Mod:L]
cannot be directly expressed only in terms of the sufficient statistics. Neverthe-
less, [Mod] is satisfied as soon as for i = 1,...,p, there exist /ql(-inf), /ql(-sup) >0,
k; € N such that one of both following assumptions is satisfied for all (m, ¢) €

M x Qf:
[Mod-1]
6; >0 and — £ < 0;(0™]) = v:(0™|m(0,0)) < K™ om0,

[Mod-2]

_Hgint') < 'Ui(om|<ﬂ) _ vi(0m|<ﬂB(O,D)) < Hgsup)'
Indeed, let I; and I3 be the partition of {1,. .., p} such that for any ¢ € I; (resp.
i € I), v; satisfies [Mod-1] (resp. [Mod-2]) then

V(0"gi0) = D 00 (0m0) + Y i (0™])

i€l i€ls

) (inf) _ ) (inf) (sup) N
- (max(@ml ) max (|91| x max(k; K, ))) =—K(0)

il

Y



J.-M. Billiot et al./MPLE for marked Gibbs point processes 239

which ensures [Mod:S] with K := supgce K(0) ([Mod:L] and [Mod:I] are
clearly satisfied).
Let us also point out that

e the well-known characteristics [Mod:S] and [Mod:L] associated with fi-
nite energies that are translation invariant ensure the existence of station-
ary measures (see Bertin et al. (1999a)).

e the local stability implies the Ruelle-bound correlation function (see Ruelle
(1970)) leading to: E (|<I)B(0,D)’ﬁ) < 400 for any 3 > 0.

e A key-ingredient of our proofs is the following one: for any a > 0, any
Oc®andanyi=1,...,p

E (|vi(oM|q>)|ae*9T”(0Ml<I’)) < +o0. (3.3)

This condition is fulfilled under the assumptions [Mod:S] and [Mod:I].

Let us now present some examples. Except the one based on the k-nearest-
neighbour graph, all examples are really classical and can be found e.g. in
Baddeley and Turner (2000) and Moller and Waggepetersen (2003). For each
example, we present the model through the sufficient statistics, the set of the
parameters values (including ®) for which the model is defined in the littera-
ture and then we verify that [Mod] is satisfied. This proves in particular the
existence of stationary Gibbs states in R2.

First of all, note that when v;(0™]¢) := 1, then v; obviously satisfies [Mod-
2]. Recall that for a non-marked point process M = {0}.

Overlap area point process

e This non-marked process is defined for p =2 and R > 0 by
vi(p) = lpl and va(p) == > |B(z, R/2)NB(y, R/2)|,
{z,y}eP2(p)

where Py (¢) (k > 1) is the set of all subsets of ¢ with k elements. Alter-
natively,

v1(0fg) := 1 and v2(0lp) := > |B(0, R/2) N B (x, R/2)|.
rEP
Let us notice that
|B(0,R/2)NB(x,R/2)|

1
2

IEd]

(2 arcos 21— 16| VRE=TOTE) 1.1

e O cR xRT. o ,
o vy satisfies [Mod-1] with {0 =0, x{™") = D =Rand ky = 1.
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Multi-Strauss marked point process

e Let M = {1,..., M}, \™ the uniform probability measure on M and p > 2.
Decompose ¢ = UM_, o™ with ¢ := {2™ € Q: 2™ € ¢} for any m € M.
The finite energy of this process is defined by

M
V(gi0) = 3 e (o)

m1:1

my,m2

p
DD AT ™ Ue™)

1<mi<mo<M i=2

with for all my,me e Mandi=2,...,p

o) = o (™) = ™
v () = ot (@™ U ™)
= > Liprme prama(||z1 = 22f])  (3.4)

{2 252 eP2(e)

where 0 < D"V < Dy""™ < ... < D', < 4oo. In particular, the
vector @ could be ordered as follows:

0= (6,62, ...,0M) where ™ = (@™™, 9™ FL g™ M)

with
71,12 1,12 1,12 3 —
g ma (07 , 05 sy Opminiy) i my =mo
mi,m mi,m mi,m .
(02,0570 O ,)  otherwise.

where p = M + Z (p™+™2 — 1). One then derives the expression
1<mi<ma<M
of the local energy

M pmiom2

VOml0) =0 s 30T g )

mo=1 =2

where for convenience ;""" and 6.">"™" denote the same parameter.
e For all my,me € M and i = 2,...,p™>™2: "™ € R and 6" €
R when D" =§>0
{R+ when D™ = 0.
e When D" = 0 and 6" > 0, v]"""™ satisfies [Mod-1] with

inf su my,m
f.(mim) =0, Hg(;l{m) =1, D = maxm, <my Dy and Kign, my) = 1,

where 0, = 0; (1, my) 1s the i(m1, ma)—th element of the vector 6. Un-
der the hard-core assumption D" = 4§ > 0, v;""" satisfies [Mod-2]
(inf) (sup)

with Ki(mayms) = 0, Ki(myyma) =

D? mi,msa
[ | and D = max,,; <m, Dty -
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k—mnearest-neighbour multi-Strauss marked point process

e This marked point process is defined similarly as the multi-Strauss marked
point process except that the complete graph Pa(y¢) in (3.4) is replaced
by the k-nearest-neighbour graph (k > 1).

e For all my,me € M and i = 2,...,pm™m2: "0 € R,

e In Bertin et al. (1999Dh), it is proved that v)""™* satisfies [Mod-2] with

K)oy = Ho®) =13k and D = 2 maxm, <m, Dy .

Strauss type disc process

e Let M = [0, Miax] with 0 < Mpax < 400, A™ the uniform probability
measure on M and p = 2. This model is defined by

v1() = || and va(p) = > L0,my +mo) (|22 = 21]])-
{2,252 YePa(p)
Alternatively,
v2(0™]¢p) = Z Lo, mmy ([ |2]])-
zm’ cp
e A cRxRT,

e vy satisfies [Mod-1] with /q(mt) =0, K (Sup) =1, D = Myax and ko = 1.

Geyer’s triplet interaction point process

e This non-marked point process is defined for p = 3 and R > 0 by

V(3 0) = 01| + O2v2(p) + O3v3()

where

vle) = > Log(le— )

{z1,22}€P2(p)

> IT  tem(lz— ).

EEP3(p) {w1,22}EP2(E)

and

Note that vs(p) represents the number of triangles of ¢ with edges of
lengths lower than R. Alternatively

v2(0l) = D Lpo, i ([[]])

TEP

vs(Olp) = > 11 1po,r)([|lz1 — 22l]).

{z,y}eP2(p) {z1,22}EP2({,y,0})

and
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e 0 cR?2 xR\ {0}

e When 6, > 0, vy and vs satisfy [Mod-1] with D = R, ngnf) = ngnf) =0,
ngsup) = ngsup) =1,k =1 and ks = 2. When 6, < 0, vy satisfies
neither [Mod-1] nor [Mod-2]. However, Geyer (1999) proved that the
local energy is stable and local (i.e. [Mod:S] and [Mod:L]) and [Mod:I]
is satisfied with D = R, k™ = 5™ =1, ky = 1 and ks = 2.

Area interaction point process

e This model is the one-type marginal of the two-type Widom-Rowlinson
model. Let p=2 and R > 0

V(05 0) = 01]¢| + Oav2(p), with va(p) := [UreoB(x, R)|.

Note that vo(p) represents the area of the union of discs of radius R
centered at the points. Alternatively,

'U2(O|<P) = UIG@B(O,QR)U{O}B(xa R) \ Uxetps(o,zR)B(xa R) .

e 0 cR2%
. . (inf) (sup) 2 o
o vy satisfies [Mod-2] with k3 ' =0, ky ~ =mD? and D = 2R.

Remark 1. Jensen and Moller (1991) have already proved the consistency prop-
erty in the inhibition case, i.e. [Mod:S] with K = 0. In particular, they did not
consider the area-interaction model with negative parameters 61 and 0y (for in-
stance). This gap has now been filled by extending the result in the case when
[Mod:S] is satisfied. However, unlike these authors, we require the additional as-
sumption [Mod:I]. In order to simplify our assumptions, we deliberately decided
not to propose this particular case since this last assumption is not restrictive
and is satisfied for all examples considered above.

Remark 2. Note that unlike the Multi-Strauss marked point process, neither in-
hibition nor hard-core assumption is required for the k—nearest-neighbour multi-
Strauss marked point process since its local energy is naturally stable.

Remark 3. Concerning the Geyer’s triplet process, the case 63 = 0 is not
considered since it is a particular case of a multi-Strauss marked point process.

Remark 4. Through these different examples, one may note that some param-
eters are assumed to be known: for example, the parameters D;"*"™ for the
multi-Strauss marked point process, the hard-core parameter §, the parameter
Mo for the Strauss type disc process, the parameter R for the Geyer’s triplet
process or the area interaction point process, .... Their estimations could be
investigated by using ad hoc methods.
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4. MPLE: presentation and asymptotic results
4.1. Pseudolikelihood

As specified in the introduction, the idea of maximum pseudolikelihood is due
to Besag (1974) who first introduced the concept for Markov random fields in
order to avoid the normalizing constant. This work was then widely extended
and Jensen and Moller (1991) (Theorem 2.2) obtained a general expression for
marked Gibbs point processes. With our notation and up to a scalar factor, the
pseudolikelihood defined for a configuration ¢ and a domain of observation A is
denoted by PLy (p; 0) and given by

PLy (p;0) = exp (—/ ev(xm|‘r°49)'u(d:cm)> [[ e Velevemo. (1)
AxIM

TTEPA

It is more convenient to define (and work with) the log-pseudolikelihood, denoted
by LPLx (¢;0).

LPLy(p0) == [ VIO - STV @ \ami6). (42)
AxM

TTEPA

Our data consist in the realization of a point process with energy func-
tion V (+;0*%) satisfying [Mod]. Thus, 6* is the true parameter to be esti-
mated and it is assumed that 8* € ©. The Gibbs measure will be denoted
by Pg+. Moreover the point process is assumed to be observed in a domain
Ap @ DY = Ugen, B(x, DY) for some DV > D. For the asymptotic normality
result, it is also assumed that A,, C R? can de decomposed into U;e, A; where
I, = B(0,n) and for i = (i1,i2) € Z*, A; = Ay(D) for some D > 0 fixed from
now on. As a consequence, as n — 400, A,, — R? such that |A,| — +oo and
|0A|

— 0.
|An
1

Define for any configuration ¢, U, (p;0) = —aLPLa, (p; 0). The maxi-

~

mum pseudolikelihood estimate (MPLE) denoted by 6,,(¢) is then defined by

é\n(w) =argmax LPLy, (¢;0) = argminU, (¢;0).
6coO 6co

We will also need the following basic notations:

e Gradient vector of Up,: Ufll)(w; 0) := —|An|*1LPL§X13 (; 0) where for any
bounded Borel set A, (LPL<A1> (¢; 0)) is defined for j = 1,...,p by
J

(EPLY6) = [ o VI = 3 e\a)
J AxM

T EPA
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e Hessian matrix of U,: U'? (p; ) := —|An|*1LPL§X23 (¢; @) where for any
bounded Borel set A, (LPL<A2> (¢; 0)) s defined for j,k = 1,....p by
3

(LBLY (00) = [ el )V O (da)
) X

Finally, note that from the decomposition of the observation domain A,,, one
has
UM (0:0) = [A[ 1Y LPLY) (:6)
icl,

and
U (g;0) = |0, > LPLY (¢:6).
1€l,

4.2. Asymptotic results of the MPLE

This section provides consistency and asymptotic normality of the maximum
pseudolikelihood estimator. Let us first consider the following assumption

[Ident] Identifiability condition: there exists Ay, ..., Ay, £ > p events of  and
AT, ..., AJ" events of M such that:

e the £ events B; := A% x A; are disjoint and satisfy \™ @ Pg-(B;) > 0

e for all ((m1,p1),...,(me, ) € By X -+ x By the (¢, p) matrix with
entries v; (0™ |p;) is injective.

Theorem 1. Under the assumptions [Mod] and [Ident], for Po—almost every
@, the mazimum pseudolikelihood estimate 0,,(p) converges towards 0* as n
tends to infinity.

For the next result consider
[SDP] For some A := Uien (07[%])Ai(ﬁ) with D > 0, there exists Ao, ..., Ay,
¢ > p disjoint events of Q := {<p EQ:op, B = 0, 1< )i <2 {%1} such
that
o for j =0,...,¢, Po-(A;) > 0.
e for all (po,...,00) € Ag x -+ x Ay the (¢,p) matrix with entries
(LPL(K” (s 0))j - (LPL(K” (00; 0))j is injective.

Theorem 2. Under the assumptions [Mod] and [Ident], we have, for any fived
D, the following convergence in distribution as n — +o0o

(A2 UP(@;6%) (8,(®) - 67) — N (0,2(6%)). (4.3)
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where
T
s6= Y E (LPng(l) (@;0") LPLY) , (¥;0") ) . (4.4)
i€B(0,[D])
In addition under the assumption [SDP]
A"/ £, (®; DY, D, 0,(®)) /2 UP(®:6,(@)) (.(®)~67) - N (0,L,),
(4.5)

where for some @ and any configuration o, the matrixz gn (p; DY, ZN), 0) is defined
by

~ ~ T
3,(9;DY,D,0) = A" > > LPLY) (¢;0) LPL(Alf (¢;0) .

i€l,
jeB (1 [%1 ) NI,
D

Remark 5. Let us underline that the scaling that yields to asymptotic normality
corresponds to the usual parametric rate. Indeed, in the d-dimensional case one
would obtain

|Anl"? = [An(D)|V? = || /> x| 8i(D)[ /2 = D¥2((2n+1)") /2 ~ (2D)/? (n) V2.

(4.6)

Remark 6. We would like to underline that $(6*) = %(D,6*) = X(1,0*)
where for all D > 0

=(D.6")=D?% ) E(LPng(@;0*)LPL§3(<I>;0*)T>. (4.7)
_an)

5. Back to examples

This section is devoted to proving that all of our examples satisfy both assump-
tions [Ident] and [SDP]. For the assumption [Ident] V denotes the matrix
with entries v;(0™¢|p;) where (m;, ¢;) € B; have to be defined according to the
different examples. The assumption [SDP] may be rewritten for all k = 1,...,¢
and for all ¢ € Ay, and @ € Ag:

(v € B2,y (LPLY (0407~ LPLY (o0: 0" (L (4 0) = R(1)) =0) >y = 0,
where for any configuration ¢ € Q and ¢y € Ay

—0*Tv(z™ m
L(:0%) = / v (@) =8 V"1 y(dam)

AxM

*T m
- / v (2 go) =0 90y dam)

AxM

R(p) = Y w™e\a™)— Y v(@po\z"™).

zmEPNA M EPoNA
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Concerning this assumption, we choose D > D in all our examples.

5.1. Owverlap area point process
Assumption [Ident]

Consider

A = {peQ:ppo,np) =0}
A2 = {<P€Q<PB(0,D):{Z}aZGB((OaD/z)aD/4)}

We have for all (1, ¢2) € A1 X A

V= ( i 02((§)|<P2) )

For every @3 € Ay such that (p2)g(0,p) = {2} with for all z € B((0,D/2),D/4),
one remarks that [B (0, R/2) N B (z, R/2)| := g2(]|z]|) > 0, then det(V) # 0.

Assumption [SDP]

Denote by Ay any configuration set. Consider A, (n) for n > 1 and for some
0 < n < D the following configuration set

An(n) = {(p cQ: PCro(B) = {z1,...,2n} with 2z1,..., 2, € B(O,n)}.

For any ¢,, € A,(n), we have

A K . .
) ,Q*Tv(an) < |A|€ B lfJZI
’/KUJ (wlen)e dz| < {TL?TR2|A|€K if j=2.

where K comes from the local stability property. Let us also remark that

Y R(pn) =ny1 +y2x Y, wa(alea\z)—y" D v(zlpo\ )

T€PRNA z€EPoNA
with
0<ntn—Dam) < Y valalgn\2) <nln— 1)
92 77 ~ _'UQ x(ﬂn nin 4
TEP,NA

Therefore by combining these arguments, for every € > 0, we have for n large
enough

1
y2lg2(n) < |——=12 > va(zlon \ @)
n(n—1) _
TEP,NA
1 ‘k
=l > (z|en \ 2) + ¥ (L(pn; 0%) — R(gn)) || <e.
n(n—1)
IG@HOA
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By choosing ¢ = M, this leads to yo = 0. Then, for every ¢’ > 0 we may
obtain for n large enough

1
ly1l = |y1 + E(yl’ 0)" (L(¢n; 0%) — Rlpn))| < €.

By choosing €’ = |y1|/2, this leads to y; = 0.

5.2. Multi-Strauss marked type models
Assumption [Ident]

Define for any m,my,me € {1,..., M} with mg > m; and for any i = 2,
L pTe

Ay = {<P €Q:vpo,p) = @}

Ar = {m}
AT = {(p € Q:ppo,p) = {z™}, with z € B(0, D"\ B(0, Dinill’nw)}

The following events B;""™* are defined for any i = 1,...,p™""™ when m; =
me and any ¢ = 2,...,p"""™2 when my < msy such that:
Bml7m2 _ Agl X AO if mi1 = Mo and i =1
i A x AV™2 otherwise
One may order these ¢ = p events as By, ..., By where Bymimz := B]"""™* with
mo—1 my—1 M
E™2 = (my—140pm, ma)+ |1 — 1+ Z (pmv™m: — 1)+ Z Z (pmimz — 1)
mb=my mf =1ma=m]
Vi 0 - 0
The corresponding matrix is then V = o0 with
) ) 0
0 0 Vu
0 .0
1 Vi 0 0
1
: 0 " :
Vm = and le,mz = 0
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Assumption [SDP]

Let us first introduce the following sets for any n > 0 and d > 0
—= 3
Al d) = {(e1,52) € oD 21 €5 (0.0, 1) and 25 (0.0, %)}

A_(n,d) = {(21,22) € Ao(D)?:2€B ((0,0), g) and zo € B ((d— g,O), g)}

C A(n,d)

Af(n,d) = {(zl,zQ) € Ao(D)*: 21 €B((0,0),7) and 2 € B ((d+ 1,0), g)}
C A(n,d).

For any ¢ € {2,...,p™>™2} when 7 is small enough, the couple of points

(21,22) € A(n, D ml m2) (resp. A_(n,D;""") and A4(n,D;"""™*)) are such
that D"} < Dml M2 < d(z1,22) < D" 4 < D™ (resp.
D"y < D" ma' _ n < d(z1,22) < D™ and D" < d(z1,22) <

Dml ,mao “FT] < Dﬁ117m2)'

We now derive the following events
A = {(p €cQ: PAg(D) = @}
A7) = {p € Qi oy, = (A, 2572} with (21, 22) € A(n, D" ™)}

AT ) = {‘P €Q:op m) = {217, 2"} with (21,22) € A_(n, D;”hm)}
c AT ()

arema () = {p € Qs pn, ) = LA, 247} with (21, 22) € Ay (n, D] ™) |
c AT ().

First of all note that for any ¢¢ € Ao,

Y LPLY (p0;0%) = Zymme*f’*”mpo

For any (Pml ;M2 c Aml ;M2 and any (Pml »MM2 c Aml »1M2 for 1 = 2 ,pm17m2
yTR mi, mz _ yml M1 + ymz ,1m2 + 2ym1 M2
Y RO =yt g2 4 2y M2 (1 — 6 g )

We leave the reader to check that for every e > 0 there exists > 0 small enough
such that
’yTL m1m2 0* yTL mi,ma, 0*)’§5
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Therefore for every € > 0 we have for 7 small enough
2y = [y (L 15 6%) - R(ppiiT L)

— 4" (Llppii™h _;0%) — R(pyii™d ) + 2y | < e

By choosing € = |y, "% |, this leads to g, "w% = 0. By iterating this argument,

we obtain that for any my,my € {1,..., M}, yg""™* = -+ =y 05 = 0. It
remains to prove that y}’l == yiw’M = 0. For this, consider the following

configuration set indexed by n > 1
A — {<p €T pp ) = (" 2} with 2, 20 € Ao(ﬁ)} .

For any o't € Ap', we have

M

YL men) = S g / e VOO u(dam) — (K=
my—1 AxM
YR = gt

Hence for every € > 0 we have for n large enough by using the local stability
property

1
—y" (L(gp™ ™ 0) + R(gp™ ™)) + ™

n

17m1|

ly1"

- M
< 2|A|€K Z |y;7117m1| <e.
n m1:1

By choosing ¢ = |y;"*""""|/2, this leads to yi"*""™" = 0.
5.3. k—mnearest-neighbour multi-Strauss marked point process
Assumption [Ident] (resp. [SDP]) is proven without any change in the proof

of the multi-Strauss marked point process for every k > 1 (resp. k > 2). The
proof of [SDP] for k =1 is omitted.

5.4. Strauss disc process
Assumption [Ident]
Consider

A = {peQ:vpop) =0}
Ay = {w €Q:ppo.p) = {2}, 2€B(0,D/2), m' € [D/Z,D]}
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and define By := M x A; and By := M x A,. Then, for any (m1, @1, ms, ¢2) €

B1><BQ
10

which is injective since det(V) = 1.

Assumption [SDP]

Consider for n > 1

Ay = {<p cqQ: PAg(D) = @}
Ap = {‘P€§:</)AO(5) ={" .z
Zyeey 2 € B(0,D)2), mu,...,mn € [D/z,D]}.
Note that for every ¢y € Ap and any ¢,, € A,
Y R(pn) = ny1 +n(n — 1)ya
Note also that from the local stability property |y' L(¢,,; 0%) < 2(|y1|+|y2|)|Ale.
Then, for every € > 0 we have for n large enough

ly2| =

L
n(n—1)

By choosing € = |y2|/2, this leads to y2 = 0. Then, for every ¢ > 0 we have for
n large enough

1
1] = ] 1.0/ (L3 0°) — Ro(ion)) + 31| < '

n

By choosing €’ = |y1|/2, this leads to y; = 0.

5.5. Geyer’s triplet point process
Assumption [Ident]

By considering
Ay :={peQ:pponp =0},

Az :={p e Q:ppo.p) ={z}, 2 € B((0,D/2), D/4), ¢B(0,20)\B(0,0) = 0}

and

Asz:= {9 € Q: vpo,p)={21, 22}, 21,22 € B((0,D/2), D/4), o5(0,.201\B(0,0) =0},
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we have for any (1, pa2, p3) € A1 X As X A3

—_ =
N = O
W = O

which is clearly injective since det V =

Assumption [SDP]

Denote by Ay any configuration set. Consider A, (n) for n > 1 and for some
0 < n < D the following configuration set

An(n) = {weﬂ Pro(B) = {zl,...,zn}withzl,...,zn68(0,77)}.

We leave the reader to chek that for j = 1,...,p and for any ¢, € A, (n)
[ostalone @™o aa] < ot
A

where K comes from the local stability property. Let us also remark that

T R(pn) = ngn +n(n— g+ DO SN (el \ ).

2 _
TEPNA

Therefore by combining these two arguments, for every € > 0, we have for n
large enough

ys | Y (L(pn; 0*) — R(on))
i n(n—D(n—2) ’SE

Jvs|
2

By choosing € = |€1—3|, this leads to y3 = 0. Then, for every €', we may obtain for

n large enough

(y1,92,0)" (L(pn; 0%) — R(p,))

<¢.
n(n—1) c

ly2| = |y2 +

By choosing €’ = |y2|/2, this leads to yo = 0. And then for every ¢” for n large
enough

(¥1,0,0) (L(¢n;0*) — Rpn))

n

v+ < &

ly1] =

By choosing ” = |y2—1|, this finally leads to y; = 0.
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5.6. Area-interaction model
Assumption [Ident]

By considering
Ay :={p€Q:pponp =0}
and for some small > 0
Ag i= As(n) = {<P € Q:ppo,p) ={2},2 € B(O,n)} :
we obtain for any (¢1,p2) € A1 X Ay

V= ( i 1’27(Té|%;2) )

Since for any n < R, 0 < v2(0|¢p2) < 7R%, det(V) # 0.

Assumption [SDP]

252

Consider Ag(n) for k =0, 1,2 and for some 0 < n < D the following configura-

tion set

Ar(n) = {(p ceQ: Pro(B) = {z1, .., 241} with z1,..., 2541 € B(O,n)}

For any @i € Ak(n) for k=0,1,2,

R(p1) = 2y1+y201(¢1)) — (y1 + y2mR?)
31 + y292(p2) — (y1 + y2mR?)

3

S

S
|

For every € > 0, there exists 7 > 0 such that for any ¢, € Ai(n) (k

|y" L(pr; 0%)| < € and such that |yagk(px)| < . Then,

1] = |1 — ¥ (L(150%) — La(p2;0%)) — (R(1) — R(2))| < 4e.

By choosing € = |y1|/8, this leads to y; = 0. Now,

lyalmR? = [y R? = (0, 2 (L(1:07) = R(pn))| < 22.

And by choosing ¢ = 7R2|ys|/4, this finally leads to yo = 0.

6. Annex: Proofs

6.1. Tools

- 1,2),

Let us start by presenting a particular case of the Campbell Theorem combined

with the Glotzl Theorem that is widely used in our future proofs.
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Corollary 3. Assume that the (marked) point process ® with probability mea-
sure P is stationary. Let A be a bounded Borel set, let ¢ € 0 and let g be a
function satisfying g(x™, p.) = g(0™, ) for all z™ € %. Define M a random
variable with its distribution N™ and f(m, @) = g(0™, ¢)e=V ") and assume
that f € LY(A™ @ P). Then,

E( 3 g(xm,fl)\xm)) - |A|E(g(oM,<I>) e*V(OMVI’)) (6.1)

xzmedp
Proof.
B( Y gemevam) = [ 3 glmo\ema@P)
zmedp Qmmeap

- / /Qg(xm,w)ﬂA(x)Pim(dw)NP(drcm)

- / / g™, o) La (@)rp (™) Pl (dp)p(da™)
L JQ

- / / g(z™, @) La(x)eV @19 P(dp)u(da™)
S JQ

- / / o(z™, @)eV =" 19 Pdi) pu(da™)
AXIM JQ

SN /M /Qgcrm,w)e*wf""@P(dem(dm)
_ |A|E(g(OM,(I))67V(0M|<D))

where vp(-) is the Radon-Nikodym derivative of Np with respect to p. W

Let us now present a version of an ergodic theorem obtained by
Nguyen and Zessin (1979) and widely used in this paper. Let D > 0 and denote
by Ay the following fixed domain
Theorem 4 (Nguyen and Zessin (1979)). Let {Hg, G € B2} be a family of
random variables, which is covariant, that for all x € R?,

Hea,(v2) = Ha(p), fora.e. ¢
and additive, that is for every disjoint G1,Gs € B,
Hgug, = Hg, + Hg,, a.s.

Let T be the sub—o—algebra of F consisting of translation invariant (with proba-
bility 1) sets. Assume there exists a nonnegative and integrable random variable
Y such that |Hg| <Y a.s. for every convex G C Ag. Then,

1 1
li ——Hqg = —FE(Ha,|Z .S.
Mg = A P D), as

for each regqular sequence G,, — R2.
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6.2. Proof of Theorem 1

Due to the decomposition of stationary measures as a mixture of ergodic mea-

sures (see Preston (1976)), one only needs to prove Theorem 1 by assuming

that Py« is ergodic. From now on, Py« is assumed to be ergodic. The tool used

to obtain the almost sure convergence is a convergence theorem for minimum

contrast estimators established by Guyon (1995).

We proceed in three stages.

Step 1. Convergence of Uy, (®;0).
Decompose Uy (¢;0) = i (Hia, (@) + Ha,a, () with

1

[Ar]

Hin(¢) = / V@ 190) (4™
A, xIM

and
Hyn(p)= Y, V(@"[p\2m0).

zmedy,,

Under the assumption [Mod], one can apply Theorem 4 (Nguyen and Zessin
(1979)) to the process Hj a,. And from Corollary 3, we obtain Pg.—almost
surely as n — 400

L —V(0™|®;6) ym _ —v(0M|®;0)
|An|H1’A" — E(/Me A (dm)) = E(e ) (6.2)

Now, let G C Ag, we clearly have

Haalp)l < Y [V@EMe\a™0)< Y |V(aTp\a™;6)]

zmecdg TTEPA,
Under the assumption [Mod] and from Corollary 3, we have
E| Y [V@E"®e\2™0)| | =|AlE (|v (0™ |®; ) |er(0M|<I>;9*>) < 400
Im€<I>A0

This means that for all G C Ay, there exists a random variable Y € L (Pg+)
such that |Hz ¢| < Y. Thus, under the ssumption [Mod] and from Theorem 4
(Nguyen and Zessin (1979)) and from Corollary 3, we have Pg» —almost surely

1 1 S
e - m}3(967%;%1/(35 1B\ 2 ,0))
- E(v(oM|<1>;0)e*V(0M|‘I’;9*)). (6.3)

We have the result by combining (6.2) and (6.3): Pp«—almost surely

Un(-50) — U(0) = E(e—v(oM|<p;9) LV (0M|(I); 0) e—v(oMlé;e*)) (6.4)
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Step 2. Up(®;-) a contrast function
Recall that U, (-; ) is a contrast function if there exists a function K(-, 0%)
(i.e. nonnegative function equal to zero if and only if @ = 8*) such that Py —almost
surely U, (¢;0) — U, (¢;0) — K(0,0*). From Step 1, we have as n — 400
K(0,0%) = E(efv(oMkb;e*) (ev(oM|<1>;9)7v(oM|<1>;9*)
— (14 V (0M]®;0) — v (0M]@;67) ) ) )
B0 0M19) (00 T (146 - 6w (0]8))) ).
(6.5)

Let y € RPL\ {0}, and assume y'v (0™|p) = 0 for \'™ @ P —a.e. (m, p).
By assuming [Ident], it follows that for i = 1,...,¢ (£ > p) y' v (0™|¢;) = 0
for all (m;, ;) € B;. From the injectivity of the matrix with entries v;(0™|¢p;)
for all (mq,@1,...,me,¢) € By X ... X By it comes that y = 0 which leads to a
contradiction. Therefore, for 6 # 6*, the assertion (6 — 8*) v (0™]¢) # 0 holds
for \™ ® Py« —a.e. (m, p).

By noticing that the function ¢ — e! — (1 +t) is nonnegative and is equal to
79*T,U(OZ\/I|<D) «

zero if and only if ¢ = 0, one concludes that the random variable e
(6(9*9*)T”(0M|<D) —(14+(0 — 6*) v (OM|<I>))) is almost surely positive for 8 # 0*
and equals to zero when 6 = 6*.

Before ending this step, note that for any ¢, U, (p;-) and K (-, 0*) are clearly
continuous functions.
Step 3. Modulus of continuity.

The modulus of continuity of the contrast process defined for all ¢ €  and
all n > 0 by

w(:0) — Un(p:0")

Wn(w,n):sup{ :0,0’e®,||0—0’||§77}

is such that there exists a sequence (ej)g>1, with e, — 0 as k — +oo such that

forall k >1
Pl (e (v5) 2] ) =0 08
%

Let us start to write W, (<p, %) <Win ( ) + Wa (<p, k) with

1 — ! —V(z™[:0) _ ~V(2™|p;0") m ’
R e e

1
0O, 0-0| < E}
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W (%%) = Sup{’ > V@ETe\ 2" 0) =V (@ \ e 6)

T EPA,
’ ’ 1
o e@,||0—0||sg}.

From the assumption [Mod] it comes

Win(ep) < = p{|A1| [ (@0 010 1Y)

1
e’e@,||o—0’||sg}

< o o (2™|) [|(dz™)
< — x w(da™).
k |A| A, xIM

Under the assumption [Mod], one can apply Theorem 4 (Nguyen and Zessin
(1979)) to obtain as n — 400

1
|An| ApxM

So there exists n(()l)(k) such that for all n > n(()l)(k) we have

Wi, (% %) < % E (|lv (0M|®)]]),

for Py«-a.e. ¢. By using the same arguments, one can prove that there exists
n(()2)(k) such that for all n > n(()2)(k) we have

1\ 2 Cv(oMiae) . 26K
Wo,, (‘P’E> < E (1w (0™]@) [le=V (120 < ——E(|lv(0"|2)1]).

for Pg«—a.e. p. And so for all n > ng(k) = max(ngl)(k),ngf)(k)), we have
Pg* —a.s.

1 1 1 4]
n s 7 S n s 7 n s 7 ) f Po« —a.e. p.
W, (<p k) Wh, (<p k) + Wao, (<p k) < - or Pp« —a.e.p
with § = 4 E (||v (0™ |®) ||). Since,
1 4] 1 4]
. V.9 _ 0
(o) 25f = N U () 25

- U {Wn ( ) } for Py« — a.e. .
n>no(k)

the expected result (6.6) is proved.
Conclusion step. The Steps 1, 2 and 3 ensure the fact that we can apply a
consistency result on minimum contrast estimators, see Guyon (1995).

v (z™|®) ||p(da™) — E (||v (OM|<I)) ), for Pg« —a.e. .
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6.3. Proof of Theorem 2

Step 1. Asymptotic normality of Uy(ll)(fl); ")
The aim is to prove that for any fixed D, the following convergence in distri-
bution as n — +oo

A2 U0 (@567 — N (0,2(D, 6)) (6.7)

where the matrix (D, 8*) is defined by (4.4).

The idea is to apply to Uﬁl)(CI);O*) a central limit theorem obtained by
Jensen and Kinsch (1994), Theorem 2.1. The following conditions have to be
fulfilled to apply this result. For all j =1,...,p+ 1

(i) For alli € Z2, E ((LPL(Ali) (; 0*)) _ |<I>Ag> =0.
J

3
><+oo.

(i77) The matrix Var (|An|1/2U7(ll)(<I); 0*)) converges to the matrix X(D, 6*).

(i7) For alli € Z?, E (’ (LPL(Ali) (®; 0*))

J

Condition (7): From the stationarity of the process, it is sufficient to prove that

1
E ((LPL(Az (@ 0*))j |‘I’As> —0.
Recall that for any configuration ¢
(EPLQ(wie) = — [ w0 )
J AgxIM
[ e\ ampld™). (6.5)
A[) xIM

Denote respectively by G1(p) and Ga(p) the first and the second right-hand
term of (6.8) and by E; = E (G;(® NPag = <pAc) From the definition of Gibbs
point processes,

o QUdpa,) / o0 (d™) L pg () (2™ A ™) (Paoleagio”).
L

Zno (<PA3) Qa,

Denote by ¢ = (pa,, w’AS). Since @ is a Poisson process we can write

— ; / / m (o my —V LPAO"PAE;;Q*
b= ZAO(‘PAS) Q Q(d%?)‘/S(p (dx )]-Ao(x)'UJ(.TE |<p\:p )e ( )
1
= d
Zag(ong) Jo 047
« [ aama, @ amios, Upsg \eme (Faoles)
3
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Now, from Campbell Theorem (applied to the Poisson measure Q)

1 / m
- w(dx
Zno(pag) Jagxm (=)

><‘/£ C?;w1(6hp/)vj(3¥n|¥iso LJ¢h38)€‘*vlCPAOLJxﬂthA8§9*)'

Ey =

Since from Slivnyak-Mecke Theorem, @ = @Q',, one can obtain

1 7‘/(&,0/ Uz™ e c'9*)
Br= 5o Q) [ (™) s, Uipag)e” (2095
Zno(pag))a Ao xM ! 2o 0

1 m m — 2™ p:0*) —V C;g*
= o) Q(deo)/ pu(da™p; (2™ |p)e V" 19307 (enoleage*)
ZA0(<PA3) Q Ao XM

Condition (i7): For any bounded domain A and any configuration ¢, one may
write for j=1,...,p+1

3
’ (LPL(AI) (‘P; 0*))j < 4 A . v; (xm|<p)€7v(xm|@;9*)u(d$m)
X
3
+4| Y0 v\ ™)
zTEPA

From [Mod], both right-hand terms are integrable with respect to P+, which
implies that for any domain A and in particular for A;,

3
><+oo.

Condition (#4i): let us start by noting that the vector LPL(Ali) (p; %) depends
only on pa; for j € B (i, {%D Let

E||(LPLY (2;0%)
(ereon),

_ O (p: g* O (@ 05 | —
Ei,j =F _LIDIJA1 (<I>,0 )LPLA] (<I>,0 ) = EO,jfi;
by using the stationarity of the process. From definitions, we can obtain

Var (|An|1/2U,§1>(<1>; 0*))

= | A, 'Var (Z LPLY) (¥ 0*))

i€l
=AY B
i,J€I,
= At Z ( Z E;;+ Z E”>
iely, c
Jel.nB (1 [gD jel.nB (1 [gD
D D
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By using condition (7), one may assert that for any j € I, N B (i, [%1 )C
E — E(LPLY (o 9* O (@ g*)
= A; (©;07) LPLy; (9;67)
1) " 1) o\
= E|E|(LPL,;(2;0")LPL,; (®;6") |4,

T
- E (E (LPL(Ali) (®; 6%) |<1>A].) LPLY (%;6") )

Denote by I, the following set

We now obtain
Var (|0, 2UD(@:67) = |8l S By

iel"jelnmIB (1’7%])
= |A"|1< 2 > Ei;

€l \In jer B (1 [%D

D

DD
€ln jer,nB (1 {Q] )
D
Using the stationarity and the definition of the domain A,,, one obtains
|An|71 Z Z Ei; = |An|71|jn \ 1| Z Eo,;
ie["\l"jelnﬁIB(i,’V%—l) jGB(Oy{%D
D D
— X(D,6),

as n — +oo and

A7 > Eij| <Al > [Eoyl—0
Tl f5) afi)
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as n — +oo. Hence as n — +o0
Var (|0 2U0@:67) = ATTY Y By

e (1 [%D
D
~ [l Y Eok=3(D,67)6.9)
—_———
D-2  keB (0,[%1)
D
Step 2. Domination of Qg)(fl);O) in a neighborhood of 0* and convergence of
U (®:;6%)
Let j,k=1,...,p, recall that (Qg)(w; 0)) . is defined for any configuration
Js
¢ by
(2) _ 1 m m —V (2™ |¢;0) m
(U2@0) ===  wEleuam)e 0,
J,k |An| Ay xM

Using the local stability property it comes
oK

(TP :0) v (@™ )on(@™)u(da™).

gk |An| Ay xM
From [Mod], one can apply Theorem 4 (Nguyen and Zessin (1979)). It follows
that there exists ng such that for all n > ng

’(Qg)((p; 0))j k’ <2xefE (’vj(OM|<I))vk(OM|<I))’) for Py« — a.e. .

Note that from Theorem 4 (Nguyen and Zessin (1979)), for all € (and in par-
ticular @ = 6*), U'?(-; 0) converges almost surely as n — +oo towards U?(8)
which is the (p, p) matrix with elements

(L)

Let us underline that U® () is a symmetric definite positive matrix. Indeed,
it is a positive matrix since for all y € RP+!

yUD O = 3B (007 @)ur(0@)e V(O ) g
gk

=E (vj(om|<I>)vk(om|<1>)efv<0"‘lso;e>) Cfor jk=1,....p.
Js

E ((yTv (0M|<I)))2 64/(0M|<1>;9)) > 0.

And it is definite since, for all y € RP*1\ {0} from [Ident], y'v (0™|p) = 0 for
A™ @ Pg«—a.e. (m, ) implies y = 0.

Conclusion Step Under the assumptions [Mod] and [Ident], and using Steps
1 and 2, one can apply a classical result concerning asymptotic normality for
minimum contrast estimators, see Guyon (1995) in order to obtain (4.3).
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Now, the result (4.5) is proved in three substeps:

(1) We first prove that the matrix X(60*) = X (D, 6*) is a symmetric definite
positive matrix. From Equation (6.9), it is sufficient to prove that the matrix
Var(|A,(D)|~2LPL) Ui (
y € RP\ {0}, the aim is to prove that

®; 0*%)) is definite positive for n large enough. Let

V =yl Var (|An(ﬁ)|*1/2LPL<Alj(5) (@; 0*)) y > 0.

Let A = Ue 2]) ), using the same argument of Jensen and Kiinsch
D
2

(1994) (Equatlon (3. )) one can write

V> |A.(D (Var (yTLPL<A”® (@:0%) @5, 5.k ¢ (2 %w + 1)Z2>> .

Note that for i # j € I,

Cov (yTLPL(Al)(D) (¢:0%) yTLPL(Al)(D) 10) [, 5k ¢ (2 %w + 1)Z2>
=0

due to the independence of LPL(Ali)(B) (p:0%) and LPL(AI) 5 (1¢:6%) condi-

tionally on @, ).k ¢ (2 [] + 1)2? when i,j € I, 0 (28] + 1)2? and

LPL(Al)(D) (p; 0%) or LPL(AI)(D) (p; 0%) is constant when either i or j ¢ I, N

(2 [3] + 1)Z2. As a direct consequence,

|A.(D)|'E (Var( 2 ; LPL(AI)( 5y (21607 [0 5.k & (2 %1 + 1)Z2>>
MDY E (Var ( "LPLY _ (9:6%)

A;(D)
|An(D)| ™ >

tel,n(2 [%] +1)22\T,,

o

v

Y

O, Bk ¢ (2 %1 + 1)22))

E | Var | o > LrLY _ (;6%)

A, (D)
iel,NB (z, [%] )

+|A(D)| >

re(2 [%] +1)220T,

Sllie

O, )k ¢ (2 [ ] +1)7?

E | Var | o > LrLY _ (;6%)

A, (D)
iel,NB (z, [%] )

Sllie

O, 5k ¢ (2 [ ] +1)7?
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Following the proof of Step 1, condition (7ii) one may prove that the second
right-hand term tends to 0 as n — 4o00. Therefore by using the stationarity, we
have for n large enough

1 — [D1 5
> Z|A.(D 2=+ 1)z
Vo2 SlA(D) N2 |+
Var PLY (0;0") [0, 5,1 < [k] <2 D
v'L @y = IFI= 2 F
_ prloe P]
- 5 T
E (Var (y' LPLY (9;6") |, 5,1 <[k <2 D
ap@y SRS 25
——2
. D 3
= 2

x E (Var (yTLPL(Kl) (®;60%)

D
a2 =2[3])
Assume there exists some positive constant ¢ such that P« —a.s.
yTLPL(Kl) (®;60*) = ¢ when the variables Pp, By 1 < k] < 2 [Q] are (for
example) fixed to (. By assuming [SDP] it follows that for any ¢; € A; for
i =0,...,0 (with £ > p), o7 (LPL(K” (¢::6%) — LPLY (wo;o*)) — 0. Since
for all (¢o, ..., pr) € AgX...xAg, the matrix with entries (LPL(Kl) (i 0*)) —

J

(LPL(Kl) (po; 0*)) ~is assumed to be injective, this leads to y = 0 and hence

J

to some contradiction. Therefore, when the variables ®, D) 1<k <2 [%1

are fixed to (), the variable y” LPL(KI) (®; 0%) is almost surely not a constant.
Hence, 3(0*) is a symmetric definite positive matrix.

(71) Convergence of gn (¢; DV, D, ).

Let us recall that for any p€Q, DV >D and 0 € © we define

S (¢:DY, D, 0) | T Z 3 LPLY) (4;6) LPL“) (p:6)
sen ([ )
We also define
Xie) =X = Y (LPLY)(»9) (LPLY (#9)) .

senw(i]5])

Yi(o) = Xi(p) — B(X:(®)) and Vo(p) = |11 Siey, Vils). Since one may
notice that E(X;(®)) = D? (z(f), 0))k ;e have

Yolp) = D? (z (¢; DY, D,0) — 2(13,9))“.
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Thus, the aim is to prove that as n — 400, Y, (¢) — 0 for Pg-—a.e. ¢. Since
the process {Y;,i € Z?} is stationary, it is sufficient to prove, see e.g. Guyon
(1995)

o (a) B (Yp(®)?) < +00
o (b) E (|I,|Y n(9)?) < +o0.

(a) We leave the reader to verify that [Mod] ensures this integrability con-
dition. ,

(b) Note that Y;(¢) depends only on ¢a; for j € B (i, [%] + {%D Hence,
by choosingj S In NB (i, OzDvyD)c with Qpv D = OzDvyD(ﬁ) =2 %Nv + Q—|,

D
the variables Y; and Y} are independent. Then, we obtain

E (|L[V(®)?) :ﬁ%EjEM@M@»
el
‘ﬁ%i( S BM(@)Y®)

jGInﬁIB(i,aDv,D)

+ > E(E(fb)ifj(‘l’)))

jGInﬁIB(i,aDv,D)C
1
= I > > E (Yi(®)Y;(®))
"ier, jGInﬁIB(i,aDv,D)
~ S EM(®)Yi(®) < (2apv,p +1) E (Yo(®)?) .
keB(0,0pv p)
Therefore, for all DV > D and for all @ € ®, we have for Pg-—a.e. ¢ asn — 400

S, (p; DY, D,0) — (D, 6) = £(6). (6.10)

(iii) Since for any ¢, the functions U (p;-) and gn(ga; DV, D,-) are con-
tinuous, it follows from Step 2 and (6.10) that one obtains for Pp«—a.e. ¢, as
n — +00

UP(p:0) ~UP(0") and  Z,(p; D", D.6) — (6).
Finally, note that the previous convergence also implies that for n large enough

3, (®; DY, D, 0) is almost surely a symmetric definite positive matrix.
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