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1. Introduction

Let {Xk, k > 1} be a standardized stationary Gaussian sequence. Let rn =
E X1Xn+1 and Mn = max{Xk, 1 6 k 6 n}. The limiting distribution of Mn for
weakly dependent stationary Gaussian sequences has been studied by Berman
[2], i.e.,

lim
n→∞

P {an (Mn − bn) 6 x} = exp
{
−e−x

}
=: Λ(x)

as rn logn → 0, where

an = (2 logn)1/2, bn = an − log(4π logn)/2an. (1.1)

For the limiting distribution of the partial maxima of strongly dependent sta-
tionary Gaussian sequences, see Lin [10] and Mittal and Ylvisaker [14] for the
case of rn log n → γ ∈ (0,∞) and McCormick and Mittal [13] for the case
rn logn → ∞ with some additional conditions.

The following more general condition for stationary Gaussian sequences was
introduced by McCormick [12]:

logn

n

n∑

k=1

|rk − rn| = o(1). (1.2)

Under the condition (1.2), McCormick [12] proved the limiting distribution of
the partial maximum centered at the sample mean, i.e.,

Theorem A. Let {Xk, k > 1} be a standardized stationary Gaussian sequence
with correlations {rn, n > 1} such that rk < 1 for some k > 1. Assume that
(1.2) holds. Then

lim
n→∞

P

{
an

(
Mn − Xn

(1 − rn)
1
2

− bn

)
6 x

}
= Λ(x),

where an and bn are defined by (1.1), and Xn =
∑n

k=1 Xk/n.

In this note, we are interested in the joint limiting distribution and the almost
sure limit theorem (ASLT) of maxima centered at sample mean for complete
and incomplete samples from stationary Gaussian sequences. The joint limiting
distribution of the maxima of complete and incomplete samples has been studied
by Mladenović and Piterbarg [15]. See Theorems 3.1 and 3.2 in Mladenović and
Piterbarg [15]. The ASLTs for the maximum of i.i.d. random variables have been
studied by Fahrner and Stadtmüller [9], Cheng et al. [5] and Berkes and Csáki [1].
For weakly dependent stationary Gaussian sequences, Csáki and Gonchigdanzan
[6] showed that

lim
n→∞

1

log n

n∑

k=1

1

k
I(Mk 6 uk) = e−τ a.s. (1.3)
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for some sequence un satisfying n(1 − Φ(un)) → τ and the covariance function
rn satisfying

rn logn(log logn)1+ε = O(1)

for some ε > 0, where I denotes an indicator function. Chen and Lin [3, 4]
extended (1.3) to the nonstationary Gaussian case. Dudziński [7, 8] and Peng et
al. [16] studied the joint ASLT for the partial sum and maximum of stationary
sequences. For applications of ASLTs, see Peng et al. [17].

Throughout this note, let {Xk, k > 1} be a standardized stationary Gaussian
sequence with the marginal distribution Φ(x) = (2π)−1/2

∫ x

−∞
exp(−t2/2)dt and

correlation function rn = EX1Xn+1. Suppose that some of the random variables
X1, X2, . . . can be observed and the others not. Let εi denote the indicator
random variable that Xi is observed. Let Sk,n = εk+1 + εk+2 + · · ·+ εn denote
the number of observed random variables from the set {Xk+1, Xk+2, . . . , Xn},
and Sn = S0,n. Define

M̃n =

{
max{Xj, 1 6 j 6 n, εj = 1} if Sn > 1,
−∞ if Sn = 0.

Assume that {εk, k > 1} and {Xk, k > 1} are mutually independent sequences.
Further assume that

Sn

n

P
→ p ∈ (0, 1]. (1.4)

2. The joint limiting distribution

In this section, we consider the joint limit distribution of the partial maxima
(centered at sample means) for complete and incomplete samples from depen-
dent Gaussian sequences.

Theorem 1. For the standardized stationary Gaussian sequence {Xk, k > 1},
assume that rk < 1 for some k > 1 and the conditions (1.2) and (1.4) hold.
Then

lim
n→∞

P

{
M̃n − Xn

(1 − rn)
1
2

6 un(x),
Mn − Xn

(1 − rn)
1
2

6 un(y)

}
= Λp(x)Λ1−p(y)

for all −∞ < x 6 y < ∞, where un(z) = z/an + bn for z ∈ R and an and bn as
defined by (1.1).

Proof. Let σ2
n(k) = E(Xk − Xn)2, Yk,n = (Xk − Xn)/σn(k) and ρn(i, j) =

E Yi,nYj,n. Then

max
16k6n

∣∣σ2
n(k) − (1 − rn)

∣∣ = o(
1

log n
). (2.1)

by (2.8) of McCormick [12].
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Define M∗
n = max16i6n{Yi,n}. Also define M̃∗

n = max16i6n{Yi,n, εi = 1} if

Sn > 1 and M̃∗
n = −∞ if Sn = 0. We prove that

lim
n→∞

P
{

M̃∗
n 6 un(x), M∗

n 6 un(y)
}

= Λp(x)Λ1−p(y) (2.2)

holds for all x 6 y.
Now suppose that the subset {Xi1 , . . . , Xim

} has been observed from the set
{X1, . . . , Xn}, where 0 6 m 6 n. Let N = {1, 2, . . . , n}, Im = {i1, i2, . . . , im}
and M∗

n(B) = max{Yk,n, k ∈ B}. Then by the Normal Comparison Lemma (cf.
Leadbetter et al. [11]) and by the arguments in the proof of Theorem 2.1 in
McCormick [12],

∣∣P {M∗
n(Im) 6 un(x), M∗

n(N/Im) 6 un(y)} − Φm(un(x))Φn−m(un(y))
∣∣

6
∑

16i<j6n

1

2π

(
1 − ρ2

n(i, j)
)− 1

2 |ρn(i, j)| exp

{
−

u2
n(x)

1 + |ρn(i, j)|

}

= o(1)

hold uniformly for all Im = {i1, i2, . . . , im}, m 6 n. So, by using the total prob-
ability formula and Theorem 3.1 in Mladenović and Piterbarg [15], we obtain

lim
n→∞

P
{
M̃∗

n 6 un(x), M∗
n 6 un(y)

}

= lim
n→∞

n∑

m=0

P{Sn = m}Φm(un(x))Φn−m(un(y))

= Λp(x)Λ1−p(y),

which is (2.2). Clearly,

an

(
Xk − Xn

(1 − rn)
1

2

− bn

)
= an(Yk,n − bn)

σn(k)

(1 − rn)
1

2

+ anbn

(
σn(k)

(1 − rn)
1

2

− 1

)
,

and noting that by (2.1) both

σn(k)/(1 − rn)
1
2 = 1 + o(1)

and

anbn

(
σn(k)

(1 − rn)
1
2

− 1

)
= o(1)

hold uniformly for all 1 6 k 6 n, we have

an

(
M̃n − Xn

(1 − rn)
1
2

− bn

)
= an(M̃∗

n − bn)(1 + o(1)) + o(1)

and

an

(
Mn − Xn

(1 − rn)
1
2

− bn

)
= an(M∗

n − bn)(1 + o(1)) + o(1).

The result follows by (2.2).
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Corollary 1. Under the conditions of Theorem 1, for x ∈ R, we have

lim
n→∞

P

{
M̃n − Xn

(1 − rn)
1
2

6 un(x)

}
= Λp(x).

Proof. Clearly, both

P

{
M̃n − Xn

(1 − rn)
1

2

6 un(x)

}
6 P

{
M̃n − Xn

(1 − rn)
1

2

6 un(x),
Mn − Xn

(1 − rn)
1

2

6 un(y)

}

+ P

{
Mn − Xn

(1 − rn)
1
2

> un(y)

}

and

P

{
M̃n − Xn

(1 − rn)
1
2

6 un(x)

}
> P

{
M̃n − Xn

(1 − rn)
1
2

6 un(x),
Mn − Xn

(1 − rn)
1
2

6 un(y)

}

hold. So, by Theorem A and Theorem 1,

lim sup
n→∞

P

{
M̃n − Xn

(1 − rn)
1

2

6 un(x)

}
6 Λp(x)Λ1−p(y) + 1 − Λ(y)

and

lim inf
n→∞

P

{
M̃n − Xn

(1 − rn)
1
2

6 un(x)

}
> Λp(x)Λ1−p(y).

Letting y ↑ ∞, we obtain the desired result.

As a direct consequence of Theorem 1, we have

Corollary 2. Under the conditions of Theorem 1, we have

lim
n→∞

P

{
M̃n − Xn

sn
6 un(x),

Mn − Xn

sn
6 un(y)

}
= Λp(x)Λ1−p(y)

for −∞ < x 6 y < ∞, where s2
n =

∑n
k=1(Xk − Xn)2/n.

Proof. Since

an

(
M̃n − Xn

sn
− bn

)
= an

(
M̃n − Xn

(1 − rn)
1

2

− bn

)
λn + anbn (λn − 1)

and

an

(
Mn − Xn

sn
− bn

)
= an

(
Mn − Xn

(1 − rn)
1
2

− bn

)
λn + anbn (λn − 1) ,

where λn = (1 − rn)
1
2 /sn, by using Lemma 2.2 in McCormick [12], we have

λn
P
→ 1 and anbn (λn − 1)

P
→ 0. So, the result follows by Theorem 1.
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3. The almost sure limit theorem

In this section, we present and prove the ASLT for the maxima of standard-
ized stationary Gaussian sequences {Xk, k > 1}. For simplicity, denote:

M̃∗
k,n =

{
max{Yj,n, k + 1 6 j 6 n, εj = 1} if Sk,n > 1,
−∞ if Sk,n = 0,

M̃∗
n = M̃∗

0,n,

M∗
k,n = max

k+16j6n
{Yj,n}, M∗

n = M∗
0,n,

where Yk,n = (Xk − Xn)/σn(k) and σ2
n(k) = E(Xk − Xn)2 for 1 6 k 6 n. Set

rn = max16k6n |rk − rn| and assume that

rn(logn)(log log n)1+ε = O(1) (3.1)

for some ε > 0.
The main results are:

Theorem 2. Let {Xk, k > 1} be a standardized stationary Gaussian sequence
satisfying (3.1) and rk < 1 for some k > 1. Suppose that the sequence {εk, k > 1}

is independent and independent of {Xk, k > 1} and Sn/n
P
→ p ∈ (0, 1]. Then

lim
n→∞

1

log n

n∑

k=1

1

k
I

{
M̃∗

k 6 uk(x), M∗
k 6 uk(y)

}
= Λp(x)Λ1−p(y) a.s. (3.2)

for all x ≤ y.

The following result shows that σn(k) in (3.2) can be replaced by (1− rk)1/2.

Theorem 3. Under the conditions of Theorem 2, for all x 6 y, we have

lim
n→∞

1

log n

n∑

k=1

1

k
I

{
M̃k −Xk

(1− rk)
1
2

6 uk(x),
Mk −Xk

(1− rk)
1
2

6 uk(y)

}
=Λp(x)Λ1−p(y) a.s.

The following two results prove the ASLTs of the maxima for complete and
incomplete samples.

Corollary 3. Under the conditions of Theorem 2, we have

lim
n→∞

1

log n

n∑

k=1

1

k
I

{
Mk − Xk

(1 − rk)
1
2

6 uk(y)

}
= Λ(y) a.s.

Corollary 4. Under the conditions of Theorem 2, we have

lim
n→∞

1

log n

n∑

k=1

1

k
I

{
M̃k − Xk

(1 − rk)
1
2

6 uk(x)

}
= Λp(x) a.s.

To prove the main results, we need some auxiliary Lemmas. For convenience,
let C denote an absolute positive constant taken to vary from line to line.
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Lemma 1. For the standardized stationary Gaussian sequence {Xk, k > 1},
assume that rk < 1 for some k > 1 and that (3.1) holds. Then

ρn(logn)(log log n)1+ε = O(1),

where ρn = max{|ρn(i, j)|, 1 6 i < j 6 n} and ρn(i, j) = EYi,nYj,n.

Proof. By arguments similar to those of (2.7) and (2.8) in McCormick [12] and
(3.1), we have supn>1 |rn| = δ < 1 for some δ > 0 and

max
16k6n

∣∣σ2
n(k) − (1 − rn)

∣∣ 6 C

log n(log log n)1+ε
. (3.3)

So,

|ρn(i, j)| =
1

σn(i)σn(j)

∣∣∣∣∣
1

n2

n∑

k=1

n∑

l=1

rk−l −
1

n

n∑

k=1

(rk−i + rk−j) + ri−j

∣∣∣∣∣

6
1

1 − δ

(
1

n2

n∑

k=1

n∑

l=1

|rk−l − rn| +
1

n

n∑

k=1

|rk−i − rn|

+
1

n

n∑

k=1

|rk−j − rn| + |ri−j − rn|

)

6
C

log n(log log n)1+ε

for sufficiently large n. The desired result follows.

Lemma 2. Under the conditions of Lemma 1, both

∑

16i<j6n

|ρn(i, j)| exp

(
−

u2
n(x)

1 + |ρn(i, j)|

)
6

C

(log logn)1+ε
(3.4)

and

k∑

i=1

n∑

j=k+1

|ρn(i, j)| exp

(
−

u2
k(x) + u2

n(x)

2(1 + |ρn(i, j)|)

)
6

C

(log log n)1+ε
(3.5)

hold for k < n.

Proof. Note that

exp

(
−

u2
n(x)

2

)
∼

Cun(x)

n
, un(x) ∼ (2 logn)1/2
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for large n. So,

∑

16i<j6n

|ρn(i, j)| exp

(
−

u2
n(x)

1 + |ρn(i, j)|

)

6 n2ρn exp

(
−

u2
n(x)

1 + ρn

)

6 n2ρn exp
(
−(1 − ρn)u2

n(x)
)

6 Cρnu2
n(x) exp

(
ρnu2

n(x)
)

6
C

(log log n)1+ε

since ρnu2
n(x) ∼ 2ρn logn 6

C

(log log n)1+ε for large n by Lemma 1. Similarly,

k∑

i=1

n∑

j=k+1

|ρn(i, j)| exp

(
−

u2
k(x) + u2

n(x)

2(1 + |ρn(i, j)|)

)

6 knρn exp

(
−

u2
k(x) + u2

n(x)

2(1 + ρn)

)

6 knρn exp

(
−

u2
k(x) + u2

n(x)

2

)
exp

(
ρn

(
u2

k(x) + u2
n(x)

)

2

)

6 Cknρn

(
uk(x)un(x)

kn

)
exp

(
ρnu2

n(x)
)

6 Cρnu2
n(x) exp

(
ρnu2

n(x)
)

6
C

(log logn)1+ε
.

The proof is complete.

Lemma 3. Under the conditions of Lemma 1, we have

∣∣∣Cov
(

I

{
M̃∗

k 6 uk(x), M∗
k 6 uk(y)

}
, I
{

M̃∗
k,n 6 un(x), M∗

k,n 6 un(y)
})∣∣∣

6
C

(log log n)1+ε

for k < n, x 6 y.

Proof. Observe that

Cov
(

I

{
M̃∗

k 6 uk(x), M∗
k 6 uk(y)

}
, I
{
M̃∗

k,n 6 un(x), M∗
k,n 6 un(y)

})

= P
{
M̃∗

k 6 uk(x), M∗
k 6 uk(y); M̃∗

k,n 6 un(x), M∗
k,n 6 un(y)

}

− P
{

M̃∗
k 6 uk(x), M∗

k 6 uk(y)
}

P
{

M̃∗
k,n 6 un(x), M∗

k,n 6 un(y)
}

.
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Suppose that subsets {Xi1 , . . . , Xis
} and {Xj1 , . . . , Xjt

} have been observed,
where {Xi1 , · · · , Xis

} ⊂ {X1, · · · , Xk} and {Xj1 , . . . , Xjt
} ⊂ {Xk+1, . . . , Xn}

for s = 0, 1, 2, . . . , k and t = 0, 1, 2, . . . , n − k. Set I = {1, 2, . . . , k}, J = {k +
1, k+2, . . . , n}, Is = {i1, i2, . . . , is} and Jt = {j1, j2, . . . , jt}. By Lemma 1, there
exists 0 < η < 1 such that |ρn(i, j)| 6 η for sufficiently large n. Now define

A1 = P {M∗(Is) 6 uk(x), M∗(I/Is) 6 uk(y);

M∗(Jt) 6 un(x), M∗(J/Jt) 6 un(y)}

and

A2 = P {M∗(Is) 6 uk(x), M∗(I/Is) 6 uk(y)}

× P {M∗(Jt) 6 un(x), M∗(J/Jt) ≤ un(y)} ,

where M∗(B) = max{Yk,n, k ∈ B}. By using the Normal Comparison Lemma
and (3.5),

|A1 − A2|

6 C

(∑

i∈Is

∑

j∈Jt

|ρn(i, j)| exp

(
−

u2
k(x) + u2

n(x)

2(1 + |ρn(i, j)|)

)

+
∑

i∈Is

∑

j∈J/Jt

|ρn(i, j)| exp

(
−

u2
k(x) + u2

n(y)

2(1 + |ρn(i, j)|)

)

+
∑

i∈I/Is

∑

j∈Jt

|ρn(i, j)| exp

(
−

u2
k(y) + u2

n(x)

2(1 + |ρn(i, j)|)

)

+
∑

i∈I/Is

∑

j∈J/Jt

|ρn(i, j)| exp

(
−

u2
k(y) + u2

n(y)

2(1 + |ρn(i, j)|)

))

6 C
∑

i∈I

∑

j∈J

|ρn(i, j)| exp

(
−

u2
k(x) + u2

n(x)

2(1 + |ρn(i, j)|)

)

6
C

(log logn)1+ε

uniformly for all Is = {i1, i2, . . . , is}, s 6 k and Jt = {j1, j2, . . . , jt}, t 6 n − k.
So, the result follows by using the total probability formula.

Lemma 4. Under the conditions of Theorem 2, we have

E
∣∣∣I
{
M̃∗

n ≤ un(x), M∗
n ≤ un(y)

}
− I

{
M̃∗

k,n ≤ un(x), Mk,n ≤ un(y)
}∣∣∣

6 C

(
k

n
+ (log logn)−(1+ε)

)

for k < n.
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Proof. Let {Zk, k > 1} be the independent sequence associated with {Yk,n,

k > 1} and let {Zk, k > 1} be independent of {εk, k > 1}. Define M
′

k,n =

maxk+16j6n{Zj}. Also define M̃
′

k,n = maxk+16j6n{Zj , εj = 1} if Sk,n > 1 and

M̃
′

k,n = −∞ if Sk,n = 0. Then

E
∣∣∣I
{

M̃∗
n ≤ un(x), M∗

n 6 un(y)
}
− I

{
M̃∗

k,n 6 un(x), M∗
k,n 6 un(y)

}∣∣∣

≤
∣∣∣P
(
M̃∗

k,n 6 un(x), M∗
k,n 6 un(y)

)
− P

(
M̃

′

k,n 6 un(x), M
′

k,n 6 un(y)
)∣∣∣

+
∣∣∣P
(
M̃∗

n 6 un(x), M∗
n 6 un(y)

)
− P

(
M̃

′

n 6 un(x), M
′

n 6 un(y)
)∣∣∣

+
∣∣∣P
(
M̃

′

k,n 6 un(x), M
′

k,n 6 un(y)
)
− P

(
M̃

′

n 6 un(x), M
′

n 6 un(y)
)∣∣∣

=: D1 + D2 + D3.

By the Normal Comparison Lemma and (3.4), Di 6 C(log logn)−(1+ε) for i =
1, 2. It remains to prove that D3 6 C k

n . Clearly,

D3 6

∣∣∣P
(
M̃

′

k,n 6 un(x)
)
− P

(
M̃

′

n 6 un(x)
)∣∣∣

+
∣∣∣P
(
M

′

k,n 6 un(y)
)
− P

(
M

′

n 6 un(y)
)∣∣∣

6 P
(
M̃

′

k > M̃
′

k,n

)
+ P

(
M

′

k > M
′

k,n

)
.

By (5.6) in Berkes and Csáki [1], for 1 ≤ k < n, we have

P
(
M

′

k > M
′

k,n

)
≤

k

n
.

So, we need to prove P
(
M̃

′

k > M̃
′

k,n

)
≤ k/n. Noting that {Zk, k > 1} is inde-

pendent of {εk, k > 1} and P
(
M̃

′

k > M̃
′

k,n, Sk = 0
)

= 0, we obtain

P
(
M̃

′

k > M̃
′

k,n

)
=

k∑

t=1

n−k∑

s=0

P
(
M̃

′

k > M̃
′

k,n, Sk = t, Sk,n = s
)

=

k∑

t=1

n−k∑

s=0

P(Sk = t, Sk,n = s)

∫ ∞

−∞

Φs(x)dΦt(x)

=
k∑

t=1

n−k∑

s=0

P(Sk = t, Sk,n = s)
t

t + s

= E

(
Sk

Sn

)
.

Here, we use the convention 0/0 =: 0.
Now let pn = E(Sn)/n. We have pn → p as n → ∞ from the dominated

convergence theorem. Note that Var(Sn) =
∑n

i=1 Var(εi) 6 n/4 by the inde-
pendence of {εk, k > 1} and that x(1 − x) 6 1/4 for 0 6 x 6 1. So, for
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0 < ǫ < p/2 and sufficiently large n, we have

E

(
Sk

Sn

)
= E

(
Sk

Sn

(
I

{∣∣∣∣
Sn

n
− pn

∣∣∣∣ > ǫ

}
+ I

{∣∣∣∣
Sn

n
− pn

∣∣∣∣ < ǫ

}))

6 P

(∣∣∣∣
Sn

n
− pn

∣∣∣∣ > ǫ

)
+ E

(
Sk

n(pn − ǫ)

)

6
Var(Sn)

n2ǫ2
+

k

n(pn − ǫ)

6 C
k

n
.

The desired result follows.

Proof of Theorem 2. Let

ξn = I

{
M̃∗

n 6 un(x), M∗
n 6 un(y)

}
− P

(
M̃∗

n 6 un(x), M∗
n 6 un(y)

)
.

Then

Var

(
n∑

k=1

1

k
I

{
M̃∗

k 6 uk(x), M∗
k 6 uk(y)

})

= E

(
n∑

k=1

1

k
ξk

)2

=

n∑

k=1

1

k2
E |ξk|

2 + 2
∑

16k<l6n

|E(ξkξl)|

kl

6

n∑

k=1

1

k2
+ 2

∑

16k<l6n

|E(ξkξl)|

kl
.

It is clear that
∑n

k=1 1/k2 < ∞. Now consider E(ξkξl). By Lemma 3 and
Lemma 4, for 1 ≤ k < n, we have

|E(ξkξl)|

=
∣∣∣Cov

(
I{M̃∗

k 6 uk(x), Mk 6 uk(y)}, I{M̃∗
l 6 ul(x), M∗

l 6 ul(y)}
)∣∣∣

6 E
∣∣∣I{M̃∗

k 6 uk(x), M∗
k 6 uk(y)} − I{M̃∗

k,l 6 ul(x), M∗
k,l 6 ul(y)}

∣∣∣

+
∣∣∣Cov

(
I{M̃∗

k 6 uk(x), M∗
k 6 uk(y)}, I{M̃∗

k,l 6 ul(x), M∗
k,l 6 ul(x)}

)∣∣∣

6 C(
k

l
+ (log log l)−(1+ε))

for sufficient large l. By arguments similar to those in the proof of Theorem 1.1
in Csáki and Gonchigdanzan [6], we obtain

Var

(
n∑

k=1

1

k
I

{
M̃∗

k 6 uk(x), M∗
k 6 uk(y)

})
= O

(
(log n)2(log logn)−(1+ε)

)
.



Z. Peng et al./Limiting distributions and almost sure limit theorems 862

So, by Lemma 3.1 in Csáki and Gonchigdanzan [6], we have

lim
n→∞

1

log n

n∑

k=1

1

k
ξk = 0.

So, the desired result follows by (2.2).

Proof of Theorem 3. For every fixed θ > 0, there exists an integer k0 = k0(θ)
such that

(z + akbk)

log k(log log k)1+ε
< θ

for k > k0 and fixed z ∈ R. According to (3.3),
∣∣∣∣∣
(1 − rk)

1
2

σk(i)
− 1

∣∣∣∣∣ 6
C

logk(log log k)1+ε

holds uniformly for all i 6 k. So, for k > k0

{Yi,k 6 uk(z − θ)} ⊂

{
Xi − Xk

(1 − rk)
1
2

6 uk(z)

}
⊂ {Yi,k 6 uk(z + θ)} .

Combining with Theorem 2, we obtain

lim sup
n→∞

1

logn

n∑

k=1

1

k
I

{
M̃k − Xk

(1 − rk)
1

2

6 uk(x),
Mk − Xk

(1 − rk)
1

2

6 uk(y)

}

6 Λp(x + θ)Λ1−p(y + ε)

and

lim inf
n→∞

1

logn

n∑

k=1

1

k
I

{
M̃k − Xk

(1 − rk)
1
2

6 uk(x),
Mk − Xk

(1 − rk)
1
2

6 uk(y)

}

> Λp(x − θ)Λ1−p(y − ε).

The result follows by letting θ ↓ 0.

Proof of Corollary 3. It is clear that

I

{
Mk − Xk

(1 − rk)
1
2

6 uk(y)

}
= I

{
M̃k − Xk

(1 − rk)
1
2

6 uk(y),
Mk − Xk

(1 − rk)
1
2

6 uk(y)

}
.

Furthermore, for arbitrary θ > 0

I

{
M̃k − Xk

(1 − rk)
1
2

6 uk(y),
Mk − Xk

(1 − rk)
1
2

6 uk(y)

}

6 I

{
M̃k − Xk

(1 − rk)
1
2

6 uk(y),
Mk − Xk

(1 − rk)
1
2

6 uk(y + θ)

}
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and

I

{
M̃k − Xk

(1 − rk)
1
2

6 uk(y − θ),
Mk − Xk

(1 − rk)
1
2

6 uk(y)

}

6 I

{
M̃k − Xk

(1 − rk)
1
2

6 uk(y),
Mk − Xk

(1 − rk)
1
2

6 uk(y)

}
.

So, the desired result follows by Theorem 3 and continuity of Λ(z).

Proof of Corollary 4. The result follows by using Theorem 3 and Corollary 3.
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