Electronic Journal of Statistics
Vol. 3 (2009) 797-823

ISSN: 1935-7524

DOI: 10.1214/09-EJS428

Explicit connections between
longitudinal data analysis
and kernel machines

N.D. Pearce

School of Mathematics and Statistics,
University of New South Wales, Sydney, 2052, Australia
e-mail: nathan@maths.unsw.edu.au

M.P. Wand

School of Mathematics and Applied Statistics,
University of Wollongong, Wollongong, 2522, Australia
e-mail: mwand@uow. edu.au

Abstract: Two areas of research — longitudinal data analysis and kernel
machines — have large, but mostly distinct, literatures. This article shows
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1. Introduction

Longitudinal data analysis is concerned with regression modelling and inference
for data consisting of repeated measures on units, such as humans in a medical
study. Since the seminal work of Harville [12] and Laird and Ware [17], linear
mixed models have been the mainstay of longitudinal data analyses. The pre-
dominant distinguishing feature of linear mixed models, when compared with
linear models, is the dichotomization of effects into fixed and random types. The
fitting of fixed and random effects differ in that the latter is subject to a degree
of shrinkage, dependent on the values of covariance parameters in the model.
The concept of best linear unbiased prediction appealingly accommodates the
handling of both types of effects (e.g. [26]). Expositions on longitudinal data
analysis, including the role of linear mixed models, can be found in Diggle et al.
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[6], Fitzmaurice, Laird and Ware [9], Fitzmaurice et al. [8], McCulloch, Searle
and Neuhaus [19] and Verbeke and Molenberghs [35].

Kernel machines is a younger field that has most of its literature outside
of Statistics. Essentially, kernel machines are flexible non-linear regression-type
methods that use regularization to avoid overfitting. The name ‘kernel’ comes
from the fact that the theory and methods of kernel machines is underpinned
by reproducing kernel Hilbert space (RKHS) theory (e.g.[1, 16]), although other
frameworks such as Gaussian process theory (e.g. [25]) can also be used. Whilst
kernel machines can handle general response variables, the majority of their
literature is geared towards classification in which the response is categorical.
In particular, support vector machines (e.g. [4, 20]) are a sub-class of kernel
machines and, in the 1990s, emerged as a powerful and elegant family of classi-
fiers. The monograph of Schélkopf and Smola [29] and the web-site maintained
by these authors, www.kernel-machines.org, are two portals to the large and
expanding literature on kernel machines.

The main goal of this article is to expose the commonalities shared by lon-
gitudinal data analysis and kernel machines. In particular we show, explicitly,
that many popular longitudinal fitting procedures are special types of kernel
machines. There are at least two potential payoffs from such links: (a) the en-
richment of longitudinal models to cope with non-linear predictor effects, and
(b) adaptation of kernel machine classifiers to account for within-subject corre-
lation when applied to longitudinal data. Sections 4.1.1-4.1.3 give some details
on (a). Section 5.2 contains an illustration of (b).

Some recent related work is Gianola, Fernando and Stella [10] and Liu, Lin
and Ghosh [18], each of whom combine linear mixed models with kernel machines
to analyze very high-dimensional genetic data-sets. However, neither of these
papers deal with regular longitudinal data analysis models. James and Hastie
[15] and Miiller [21] are examples of articles concerned with classification when
the data are longitudinal.

The connections between longitudinal data analysis and kernel machines are
stronger in the case of continuous responses. A concise overview of continuous
response longitudinal data analysis is given in Section 2. A summary of kernel
machines and their RKHS substructure is given in Section 3. Section 4 forms the
main body of the paper and gives an explicit case-by-case description of kernel
machine representations of popular longitudinal data analytic models, as well
as explaining some non-linear (kernel-based) extensions. Generalized response
models and kernel machines are treated in Section 5. Concluding discussion is
given in Section 6.

2. Continuous response longitudinal data analysis

In this section, and for following two sections, we suppose that the response
variables are continuous, and without strong departures from normality. In this
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case, the main vehicle for longitudinal data analysis is the linear mixed model

xemes (D3] [§4) o

where, for a general random vector v, the notation v ~ (u, X) is shorthand for
the mean vector E(v) equal to g and the covariance matrix Cov(v) equal to X.
A common special case of (1) is

(BT R >

The use of (1) for longitudinal data analysis dates back to Laird and Ware [17].
Good summaries of estimation and prediction within this linear mixed model
structure may be found in, for example, Robinson [26], Verbeke and Molenberghs
[35], McCulloch et al. [19] and Ruppert, Wand and Carroll (Chapter 4) [28]. We
will just present the main results here.

For given covariance matrices G and R the theory of best linear unbiased
prediction (BLUP) can be used to guide choice of 8 and u, and results in the
criterion:

(y—XB-Zu)T'R '(y— XB - Zu) +u' G 'u. (3)
This is minimized by
IBBLUP - (XTV?IX)ilXTvilya (4)
UprLup = GZTV?l(y - XIBBLUP)

where V = Cov(y) = ZGZ" + R. Expressions (4) are known as the BLUPs of
B and u.
In practice, longitudinal data are fitted via the steps:

1. Estimation of G and R. Usually, these matrices are restricted to a para-
metrized class of covariances matrices. Most commonly, estimation is ach-
ieved via maximum likelihood, or restricted maximum likelihood (REML),
under the normality assumption (2).

2. Substitution of the estimated covariance matrices into (4). The result-
ing estimators, ,@ and @, are commonly known as estimated BLUPs, or
EBLUPs for short.

The EBLUP phrase can be transferred to any linear function of B and u.
Thus, AB + Bu is the EBLUP of A3 + Bu for any pair of matrices A and B
for which the multiplications and summation are defined.

These two steps show a division into two types of estimation targets that
arise in longitudinal data analysis: the covariance parameters in the G and R
matrices, and the effects 3 and u. The strong connections between longitudinal
data analysis and kernel machines occur at the EBLUP step for estimation of the
fixed and random effects. For this reason, we will not dwell on the estimation
of the covariance parameters. These will be taken as given when we revisit
longitudinal data analysis in Sections 4 and 5.
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3. Kernel machines

In the past decade or so kernel machines have emerged as an important method-
ology for classification and regression problems. A special sub-class of kernel
machines is support vector machines where classifiers are constructed with re-
spect to constraints on the margin of the classification boundary, and may be
represented as a regularized optimization problem with respect to the hinge
loss function (e.g. [4]). However, through the allowance of general loss func-
tions, kernel machines are a much broader class of methods. Kernel machines
with squared error loss (e.g. [33]) include popular statistical methods such as
kriging (e.g. [5, 32]), smoothing splines (e.g. [11, 36]) and additive models (e.g.
[13]). Zhu and Hastie [40] explored the use of binomial log-likelihood loss in
the kernel machine framework and coined the term kernel logistic regression.
Kernel logistic regression and support vector machines are both special cases
of large margin kernel machines (e.g. [39]). Another prominent class of kernel
machines is that corresponding to robust loss functions (e.g. [30]). Pearce and
Wand [24] delineated connections between kernel machines and penalized spline
methodology.

General kernel machines can be formulated in a number of ways. Among
the most common are: optimization and projection within reproducing Hilbert
spaces (e.g. [16]), maximum a posterior estimation in Gaussian processes (e.g.
[25]) and Tikhonov regularization of ill-posed problems (e.g. [34]). Because of
its prominence in the Statistics literature (e.g. [36]) we will use the first of these
formulations in the remainder of the paper. Recent summaries of RKHS theory
include Wahba [37] and Evgeniou, Pontil and Poggio [7]. An early reference is
Aronszajn [1]. Relevant background material on Hilbert space projection theory
may be found in, for example, Simmons [31] and Rudin [27].

In Section 3 of Pearce and Wand [24] we summarized the theory of RKHS for
the purpose of explaining connections between kernel machines and penalized
splines. That same section also provides useful background material for the
current paper. For convenience, we reproduce the core aspects of it here. A
RKHS on R? is a Hilbert space of real-valued functions that is generated by
a bivariate symmetric, positive definite function K(s,t), s,t € R, called the
kernel. The steps for RKHS construction from K are:

1. Determine the eigen-decomposition of K: K(s,t) = Z;io Ajoi(s)g;(t).
This series is assumed to be well-defined (e.g. uniformly convergent).
2. Define the space of real-valued functions on R%:

Hx =< f:f= Zajqu, such that Za?/)\j < 00
Jj=0 j=0

3. Endow Hg with the inner product

<Zaj¢j,2a;¢j> :ZCLJ'CL;-/)\J'.
7=0 =0 =0

Hi
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4. Complete Hg by including limits.
It follows from Step 3 that the norm of f = Z;io a;j¢; in Hy is

o0

113 =D a3 /A

Jj=0

The adjective ‘reproducing’ arises from the result

<K(S, ')aK(ta ')>HK = K(S,t). (5)

This has important implications, and gives rise to the ‘kernel trick’ that we
discuss shortly.

Let (zi,y:) € R? x R, 1 <i < n be a data set, L(-,-) be a loss function and
A > 0 be a regularization parameter. The fit f within Hp, with respect to £
and A, is the solution to

feEHK

min {Zﬁ(yi;f(mi))+)‘|f|$—{;<}' (6)

~

The solution to (6) can be shown to be of the form f(x) = >""" | ¢;K(x;, z) for
some ¢;, 1 <i < n, depending on £, A and the data. This result is known as the
representer theorem of reproducing kernel Hilbert spaces. The ‘kernel trick’ is
that we do not need to calculate the eigenfunctions, ¢g, ¢1, ..., in order to find
the ¢;. Because of (5) we only need evaluations of the inner products of the form
K(s,t). Popular kernels, particularly in machine learning contexts, include the
pth degree polynomial kernel, K(s,t) = (1 + s7t)?, and the radial basis kernel,
K(s,t)=exp (—v | s —t|?), for some v > 0.

The A|| f[|3,, term in (6) imposes a penalty on f. However, it is often desirable
that certain functions in Hx are unpenalized. The simplest example of this is
as follows. Let Hy be a subspace of Hyx for which penalization is not desired.
Mathematically, this means that fits over Hy are found by simply minimising
S L(yi, f(x)). Let Hi = Hg be the orthogonal complement of Hy and Py
denote the linear operator corresponding to projection onto Hj. Then

Hik = Ho ®H1 = {v0+v1 :vg € Ho and vy € Hl},
with Hy being the null space of Py, i.e.,
HQZ{’l}GHKtpl’l}:O}.

With respect to the null space Ho, smoothing parameter A, and loss function
L, we define fits f according to

min {_Zﬁ(yi, fla) + A||P1f|%K} - ™

feEHK

It can also be shown ([1]) that H and H; are reproducing kernel Hilbert spaces
in their own right, with kernels Ky and K satisfying Ko + K1 = K.
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4. Explicit connections for continuous responses

In this section we show, explicitly, how longitudinal data analyses are connected
intimately with kernel machine methodology. Indeed, all longitudinal data anal-
yses that use EBLUPs are actually just fitting a special type of kernel machine.
To make these connections clear, and accessible to readers with a longitudinal
data analysis background, we first treat some special cases of (1). We build up
to fuller generality in the later subsections.

4.1. Random intercept model

The simple linear random intercept model is
Yij =00+ iz +Ui+¢ei5, 1<7<n;, 1<i<m (8)

where (z;,;) is the jth predictor/response pair for subject ¢, and the &;; ~
(0, 02) are independent within-subject errors. The regression coefficients 3y and
By are fixed effects, while the subject-specific intercepts U; ~ (0,02) are inde-
pendent random effects.
Given estimates o2 and 62 of the variance components, the fitted line for
subject 7 is L R
Bo+Brx+U;, 1<i<m, (9)

where BO, Bl and the U; are EBLUPs, as given by (4), with

(1 oz ] 1 0 0 -+ 07
ST
1 9 010 --- 0

N N O R ]
1 zm (E)OO 1
. 000 - 1]

Figure 1 shows the EBLUPs for data on longitudinally recorded weights of 48
pigs (source: [6]), with 02 and o2 estimated via REML.

We now explain how (9) and the fitted lines in Figure 1 can be obtained as a
solution to a RKHS optimization problem — thereby making them a special case
of kernel machines. In the following discussion, we assume that the estimates of
o2 and o2 have been obtained (either via REML, or some other means) and are

equal to 02 and 2, respectively.
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fitted random intercept model

;ggg// ///580
TS

number of weeks

FiGc 1. The EBLUP-fitted lines to the pig-wetghts data for the simple linear random intercept
model. The panels are ordered according to the size of the 48 pigs.

Let n = 1" n; and re-subscript the (z;5,v:;) and &;; sequentially; i.e. ac-
cording to the map:

(1,1),...,(1,711), (25 1)5 SRR (2,7’),2), R (ma 1)5 EERE (manm)
1, ..., ng, n1+1,...,n1+n2,...,Z;n;llnj—i-l,..., n.

This leads to the representation

m
yi=Po+Prxi+Y UiZij+e;, 1<i<n,
j=1

where Z;; is (7, j) entry of Z as given in (10) and is an indicator of (x;, y;) being
measurements for subject j (1 <i <mn, 1 <j <m). Next, form the RKHS of
real-valued functions on R™t1:

HK: f:f('razla"'aZM):60+61x+ZUija (12)

Jj=1
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with kernel

K(s,t)=K((s1,---,8ms1), (t1, -, tng1)) = L+ s1t1 + Z sijtivg. (13)
=

Note that, while Hx is defined on the whole of R™*!, its members of interest
in longitudinal data analysis are actually on:

R x (1,0,0,...,0) x (0,1,0,...,0) x (0,0,0,...,1) c R™*,
Let
Hg:{f:f(:E,Zl,...,Zm):ﬂo—Fﬂl:E} (14)
be a subspace of H.

Theorem 1. Let (z;,yi, Zit,-- - Zim), 1 <1< n, be a sequentially subscripted
longitudinal data set. Consider the RKHS Hy defined by (12) and (13) and
subspace Hg given by (14). Let P, be the projection operator onto H, = Hé.
Then the solution to the RKHS optimization problem

i | (s = f(oi Zuay o Zin) 2 + Ml Puf e (15)
=1

with N\, = 02/02 corresponds to the observed EBLUPs of (9). Explicitly, the
solution to (15) is

f(x,l,(),...,()) = BO +le+ﬁla
(3:,0,1,...,0) = BO +le+32;

and  f(x,0,0,...,1) = BO—Fle—Fﬁm,

where x € R, BO; Bl and the U; are given by (4) with G = 621 and R = 621
and X and Z are given by (10).

Proof. Note that the inner product for Hx (induced by K) is given by

<50 + B+ Uiz Bh+ Bz + Y U}Zj> = BoBy + BB + > U,U;.
Hr

j=1 j=1 j=1

Next, if f(z,21,..-,2m) = Bo + f1x + ZT:l Ujz; is a typical element of Hp,
then
vi — f(xis Zins - o, Zim) = (y — X B — Zu);,

where y is the n x 1 vector containing the y;s, B = (5o, 31)7 and

w=(U,...,UyT.
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It follows immediately that

n

Sy~ f@i, Zars o Zim)} = |y — XB — Zul)?

=1

where || - || denotes Euclidean norm. The orthogonal complement of Hg is

Hu:Hé: f:f(.I,Zl,...,Zm):ZUij,
Jj=1

Then P,f =", Ujz; and

m m

I Pufll3e, = <Z szj,ZUij> => U7 = ul*.
Hix I

j=1 j=1
The RKHS optimization problem (15) is therefore equivalent to

rggl{(l/af)l\y = XB - Zu|* + (1/57) [ ul*}

which corresponds to EBLUP for the random intercept model. O

4.1.1. Kernel-based extension to general mean curves

Note that the kernel for the simple linear random intercept model can be written
as

K((Sl, ceey Serl), (tl, .. '1tm+1>) = Kﬁ(s,t) + Ku(s,t)

where K, (s,t) = .| s14;t14; corresponds to the random intercept structure
and Kg(s,t) = 1+ si1t1 corresponds to the population mean structure. More
general population mean structures can be obtained by replacement of Kj(s,t)
by Ko(s,t) + K.(s,t) where, for all s,t € R™+L,

Ko(s, t) = KO,l(Sla tl) and KC(S, t) = Kc,l(sla tl)

for kernels Ko 1(s1,t1) and K. 1(s1,t1) defined on R?. The kernel Ky corre-
sponds to unpenalized functions and, typically, Ko 1(s1,t1) = 1. We can take
K. to be any positive definite function on R? such that its eigen-decomposition
does not include functions in the RKHS generated by Ky 1. Usually we would
want K. 1 to have a rich eigen-decomposition so that non-linear mean structure
can be well-handled. Examples include:

Kc,l(sla tl) = exp{—w2(51 — tl)Q}

and
Kc,l(slatl) = (1 +w|51 — t1|)exp(—w|sl — t1|)
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where w > 0 is a scale factor. Each of these kernels have infinite-length eigen-

decompositions and result in an infinite dimensional RKHS. The ‘kernel trick’

implies that fitting and representation only depends on evaluations of K. 1.
Let ‘H. be the RKHS generated by Ky and K., respectively. Then

HK :HO®HC®HU (16)

is the RKHS generated by Ky + K. + K,,. Let P, : Hx — H. be the linear
operator corresponding to projection onto H. and let P, be defined similarly
for H,,. Then a mean curve, with random intercept shifts, can be fitted via the
RKHS minimization problem

in > i = [ Zins o Zim) P+ AN PfIR + Al Puf e |- (17)
=1

By the RKHS representer theorem, the solution is
n m
f(z) =50+ Z cilKe(wi, o) + Z UiZi;
i=1 j=1
for coefficients c1, ..., c,. Via arguments similar to those used in the proof of

Theorem 1, (17) reduces to the matrix algebraic problem,

min (ly — 160 — Kc— Zul?> + AT Ke + M ||ul?) .
0,C, U

where ¢ = (c1,...,¢,)7 and K = [K,(x;, xi)J1<ii'<n- Explicit solutions are a
special case of (20) below.

4.1.2. Eztension to additional linear predictors

Our final extension of the random intercept model involves the possible inclusion
of additional predictors, assumed to have a linear effect on the mean of the
response variable. Corresponding to each y;, 1 <i < n, let ¢ an p x 1 vector
of such predictors. Then we should replace (16) by

My = Hs & He ® M,y
where each of these RKHSs are now on R™tPt! and
Hg={f: fa',2,21,....,2n) = [1 (")"] B}

corresponds to the fixed effects. The RKHS minimization problem is now of the
form

foin D Ay = fad @i Ziny oo Zim) Y+ AN Pef e + AallPufllF, |+ (18)
=1
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which reduces to

min (ly - XB - Kc— Zu|* + A" Kc+ A [u?) (19)

where X = [1 (z£)T]1<i<n. Vector differential calculus, combined with some
algebra, lead to the solutions:

o~

B =XTVv X)) XTvly, e=A'Viy-Xp)

~ 20
andu =\'Z'V iy - XB) where V=X\'K+\,'ZZ" + 1. (20)

We now provide illustration of fits for this most general random intercept
model for longitudinal data on spinal bone mineral density for 230 girls and
young women (source: [2]). The subjects are categorized as belonging to one
of the four ethnicity groups: Asian, Black, Hispanic and White. With double
subscript notation, the model is

Yij = [1 (:EE)T] B+U;, + C(:Eij) + €45 (21)

where the y;; are spinal bone mineral measurements (g/cm?), the z¢ contain
indicators for ethnicity and the z;; are age measurements. The function c¢(-)
indicates a curve corresponding to the kernel K.. We used the Gaussian kernel
K.(s,t) = exp{—0.05(s—t)?}. The values of \. and \,, were chosen using REML.

Figure 2 shows the fitted mean curves for each ethnicity group. The mean
age effect is clearly non-linear and is estimated well by the Gaussian kernel.

Figure 3 shows the fitted curves for those subjects that had four spinal bone
mineral density measurements. Note that the fitted random effects U; are re-
quired for this display. The fits are very good for about half of the subjects.
Some lack-of-fit is apparent for the other half.

4.1.8. Eztension to multivariate kernels

We briefly mention one last extension: the replacement of ¢(x;) by c(x;) where
the x; € R?. This can be achieved by making K. a d-variate kernel as opposed
to the univariate kernels treated so far in this section. The relevant RKHS is
now on R™*+P+4 bhut the optimization problems (18) and (19) are only different
in that z; € R is now x; € R? and K = [K (i, xi/)]1<i.i’<n Where the kernel
K. is on R? x R?. Models of a similar type were recently considered by Liu, Lin
and Ghosh [18].

4.2. Random intercept and slope model

Close inspection of Figure 1 shows that the parallel lines restriction imposed by
the random intercept model is questionable. A more realistic model is one that
allows each pig to have his/her own slope. This is achieved through the random
intercept and slope model

Yij =P+ Ui+ (b1 +Vi)zij+ei5, 1<j<n; 1<i<m (22)
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Fic 2. Kernel-based fit to the spinal bone mineral density data.

where, as with (8), &; ~ (0,02) are independent, while

; 2
[V ] (0] [ 7)) irmamy o

v

allow for subject specific deviations in both intercept and slope from the mean
line By + Piz. Figure 4 shows an EBLUP fit of this model to the pig weights
data, with the covariance matrix parameters estimated via REML.

The extension to random slopes involves replacement of Z and G by

—1 X1y 0 0

2
Z=1: - oo and G = blockdiag Tu P U“QU” (24)
o 1<i<m [ POuOv Oy

0 0 e 1 Tnl -

0 0 - 1 xpm |

in the BLUP equations (4).
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subject-specific fits

— data — fit
10 15 20 25 10 15 20 25
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1.2 =
1.0 7 ) an - =
sl Vi I
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=3 )
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2 - - 0.8
5 4 :
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©
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5 o
S 06 il 4 -
o) . ——J L 1.2
g T 10
c -1 Cond — L.
3 / y - 0.8
. - 0.6
1.2 =
1.0 / 7 “T L
08 7 / -
0.6 -
T T T T T T T T T T T T T T T T T T T T
10 15 20 25 10 15 20 25 10 15 20 25
age in years

Fic 3. Fitted subject-specific curves corresponding to model (21) for 25 randomly chosen
subjects among those with 4 measurements each.

We will now re-write (22) in a canonical form that is amenable to RKHS
representation. It involves the singular value decomposition (or spectral decom-
position) of the random effects covariance matrix:

[ O’Z POy ]

2
pOLOy Oy

s

where the eigenvalues d,, and d,, are given by
dy = du(0u,00,p) = (03, +03)/2+ /(0% = 02)? 4 + (0uowp)?,
and dy = dy(0u,00,p) = (05 +03)/2 = /(03 = 02)2 /4 + (0u0up)?.

][ T

The first normalized eigenvector component « takes the form

— { ngvp/\/(gugvp)Q + (02 —du)?, if p#0or oy # 0y,

o = (0w, v, p) = 1, otherwise.

The matrix

u
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fitted random intercept and slope model
—— data — fit

number of weeks

FiG 4. The EBLUP-fitted lines to the pig-wetghts data for the simple linear random intercept
and slope model. The panels are ordered according to the size of the 48 pigs.

is orthogonal: UUT = UTU = I. Even though U is symmetric in this case,
we will write U7 to allow comparison with more general results. The random
intercept and slope model (22) can be written as

U;
Yij = DBo+biwi; + 1 xij]uuT [ v

T
s 2]) [

T ~ U;
= 60 + 6126“ + [:CZ x}?] ‘71 + Eij
K3

= fo+ bizij + ﬁﬁg + ViZ}; + €4

+ Eij

[ S

+€1‘j

N—

(25)

where, for 1 < j <mn;, 1 <i<m,

ﬁiEan-l-\/l—OzQVi, ‘ZE\/l—OzQUi—OzVi,
Eﬁ‘jza—l—\/l—oﬂxij and Eszx/l—oﬂ—axij

are linear transformations of the random effects and predictors based on the U
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matrix. Note that

0 d, O . )
N([O],[ 0 d ]), independently, 1<1i <m.

Suppose that the covariance parameters are replaced by estimates: 7, 0y,
0. p and consider the EBLUPs

U;

Vi

Bo+ Ui+ (B1 + Vi)a (26)

based on (4). Let dy = dy(Gu, 0o, p); do = dy(Fu, 5y, p) and & = (G, 5o, p) be
the estimates for the eigen-parameterization of the random effects covariance
matrix.

We now describe RKHS representation of these EBLUPs. A first step is to
switch from the double subscripting of longitudinal data analysis to single sub-

scripting via (11). The single subscript version of the random intercept and slope
model (22) is

Yi :60+61$i+Z(Uj+$i‘/j)Zij+5i; 1<i<n
i=1

where, as before, Z;; is (i, j) entry of Z as given in (10). Form the RKHS of
real-valued functions on R?7+1:

Hi =< [ fla, 2.z, 27, ..,zﬁl)zﬂo—Fﬁlx—FZ(ﬁjz; —|—1~/sz) (27)

j=1
with kernel
K(s,t) = K((s1,...,5m41), (t1, - tams1)) = 1+ st (28)
Note that
K(s,t) = Ko(s,t) + Kyu(s,t) + K,(s,t)
where

Kp(s,t) =1+ s1t1, Ku(s,t) =31 s145t1+4j
and Kv (S, t) = ZT:l Sm+1+jtm+1+j .

Let ‘Hg, H, and H, be the RKHSs generated by Kg, K, and K,, respectively,
so that

(29)

HK:Hﬁ@Hu@HU.

Theorem 2. Let (z;,yi, Zity-- -, Zim), 1 <1< n, be a sequentially subscripted
longitudinal data set as in Theorem 1. For 1 <i <n define 2% = a+ V1 —ax;
and x¥ = /1 — & x;—a& where & = (G, 0y, p) is based on covariance parameter
estimates appropriate for the random intercept and slope model (22) and (23).
Consider the RKHS Hy defined by (27) and (28) and subspaces Hg, H., and
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H., be generated by (29). Let P, and P, be, respectively, the projection operators
onto H,, and H,. Then the solution to the RKHS optimization problem

miner, [Z?Zl{yi — F(@s, ZaFY . L Zia Y. ., Zim )2

) ) (30)
FAulPuf W70 + Aol Pof I |

with Ay = Eg/c/l\u and Ay = U?/&\v, corresponds to the EBLUPs (26). Explicitly,
the solution to (30) is

f(xaa+\/1_a2$;0m71;\/1_a2_a$a0m71) = 504'[714'(514-‘71)33,
Flz,0,a++v1—a22,0m_1,V1— a2 —az,0p_2) = Bo+ Uz + (B + Vo),

Fl@,0m 1,04+ V1 —a22,0p,_1,V1—a2—az) = Bo+ Un + (B + V)2,

where x € R and BO, Bl and the ﬁi, Vi are given by (4) with X given by (10), Z
given by (24), R =021 and G given by (24) with (0y, 0y, p) = (Gu, 0, p), and
0, denotes the string 0,0,...,0 of length r.

Proof. The inner product for Hx (induced by K) is given by

<50 + prx + Z(ﬁﬂ; + ‘7;25), B+ B+ Z(ﬁJ/Z; + ‘71/2';)>
Jj=1 Jj=1 Hx

= BolBy + BiBy + Y _(U;U] + V;V)).

Jj=1

Let .
Faaf 2 m) = o+ B+ (U2 + V2
j=1
be a typical member of Hg. Then, using a reversal of the argument presented
at (25),

~u ~u ~v ~v
Yi — f(.Il, Zﬂxi gooey Zlmxl y Zﬂxi gooey Zlm.Il)

=y — (XB)i — Y Zi;(U;F! + V7))
j=1

=y — (XB)i — Z Zi; (Ui + Vi)

j=1

=y —XB—Zu);
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where u = (Uy, Vi, Us, Vo, ..., Upn, Vi)™ and Z, given by (24), are the random
effects vector and corresponding design matrix for the random intercept and
slope model. (In the definition of Z at (24), double subscripting is being used
on the s for clarity reasons.) Finally

m

(1/du) | Puf B + (/o) | Pufl3ee = D (U3 /du+ V7 /dy)

j=1
m 7 -1 r -
=> V| 0 Us
= 0 dy Vi

(e}
NG

m ~ -1
=S vt (A ldu 2 aT>

. 52 .o, | U Tl
—Z[Uivi][ﬁmv % ] [%]—uG u

where

~ A2 Y

G = blockdiag [ T paff;v ]
1<i<m POuOy Oy

is the estimated covariance matrix of w. The criterion in the RKHS optimization

~—1
problem (30) is therefore equivalent to (1/52)||y — X8 — Zu||> +u’'G u, the
EBLUP criterion for the random intercept and slope model. O

4.2.1. Kernel-based extension to general mean curves

As in Section 4.1.1 we can extend the random intercept and slope model to allow
for non-linear mean structure by introducing a kernel. Here we will consider the
extension of (22):

In this model By +c(+) is the smooth overall function. Subject specific deviations
in both intercept and slope are allowed. The relevant RKHS is

Hr =Ho D He ®Hy @ He

where Hy and H,. are as defined in Section 4.1.1, whilst H, and H, carry the
definitions ascribed to them in the lead up to Theorem 2. The RKHS mini-
mization problem is similar to that given by (30) with the addition of a penalty
term

el Pef 17

The minimization problem reduces to

énin {lly =160 — Kc— Zu|* + A" Kc +u" G 'u}
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where w = (Uy, V1, Uz, Va, ..., Un, Vin)", Z = blockdiag, <;<,,([1 @ij]1<j<n,)
and G = I, ® ¥ for some 2 x 2 symmetric positive definite matrix 3. Here ®
denotes Kronecker product. The solution is
Go =TV TV Tly, e= AV (y - 1)
and @ =GZ'V ' y—-10y) where V=X'K+ZGZ" +1.

4.3. Extension to general random effects structure

The general form of the X8 4+ Zu, u ~ (0, G), structure for parametric longi-
tudinal data analysis has

I ¢ uy
X=|: : |, Z=blockdiag(X}y), and w=| :
1 xF e U,

with
G = Cov(u) = blockdiag(®) = I, ® 3.

1<i<m

Here X f is an n; X p matrix corresponding to the ith subject’s fixed effects con-
tribution (X1 8) , XTI is an n; x ¢ matrix and u; is a ¢ x 1 random effects vector
corresponding the ith subject’s contribution (Z}u;) and X is an unstructured
g X g covariance matrix satisfying Cov(u;) = X, 1 <1i < m.

Let 3 = Udiag(d)U” be the spectral decomposition of 3, where

d=(dy,...,d,)

are the eigenvalues of 3 and U is a ¢ x g orthogonal matrix of normalized
eigenvectors. Set

Z=ZI,oU) and &=, U )u
so that the model has canonical form
XB+ Zu, u~ (0,diag(d)).
The BLUPs for 8 and @ minimize

(1/02)|ly — XB — Zu|? + u' diag(1/d)u

— (oD)y - XB - Za|? + S (fd) D

where

U1 U2 Uilgq
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and w;; is the jth entry of u;, 1 <i<m, 1<j <gq.

Theorems 1 and 2 can be generalized to the situation where BLUP corre-

sponds to the solution of a RKHS optimization problem. The relevant RKHS,
Hx, consists of real-valued functions on RPT™4 with kernel

K(s,t) = K((51,-,8ptmq)s (t1s- s tpimg)) = 1 + 8T t.
Sub-spaces of interest are those generated by

p —~ m
Kp(s,t) =1+ Zsjtj and Ki(s,t) = Zser(kfl)erjthr(kfl)erj; 1<k<gq
j=1 j=1

We denote these by Hp, ﬂl, .,ﬂq. Then we have

i = H &y @ - & Ty,
Next, let
1 xR
z= : : U,
1 xR
Z; = (Za,

. Zim) be the ith row of Z and &; be the ith row of . Then
the BLUPs given by (32) correspond to the RKHS optimization problem

Join |\ > {yi = f(@:© Z0)} + Ml P [ + -+ Aall Paf e
i=1

where, for 1 < k < ¢, \y = 02/d), and P, is the projection operator onto Hr,

4.4. Correlated errors

Each of the longitudinal models considered so far have

R =Cov(e) =021.

However, in longitudinal data analysis it is common to allow more general struc-

ture in the R matrix. An example is the random intercept model with first-order
autoregressive (AR(1)) errors:
Yij = Bo + Ui + b1 zij + €ij,

€ij = peij +&ij
for 1 <i<m,1<j<n,, where |p| <1 and the &;; ~ (0, ag) are independent.
The R matrix in this case is

p e pni71
p 1 e pni72
R = ag blockdiag . .
1<i<m :

nifl ni72
p p
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Longitudinal data analysis models such as these do not fit as comfortably into
the RKHS framework. However, if the first term of the BLUP criterion (4) is
written as

(y—XB-Zu)'R '(y-XB—Zu) = |[R ?y—(R'?X)8—(R'?Z)u|?

then it is apparent that the RKHS theory with £(s,t) = (s—t)? applies provided
we work with the transformed data vector yp = RY 2y and corresponding
transformation of the predictor structure.

4.5. Alternative loss functions

So far in this section we have only considered squared error loss L(s,t) = (s —
t)2. However, the connections between longitudinal data analysis and kernel
machines remain if other continuous response loss functions are used instead.
For example, to counteract the influence of outliers in the response data it is
common to work with a different loss such as absolute error L(s,t) = |s — t| or
those arising in M-estimation (e.g. [14]):

o [ (s=1)? ls—t| <6
ﬁ(s’t"”—{ 2|5 —t] — 6%, |s—t|> 06

where § > 0 is the ‘bending’ parameter. Another class robust of loss functions is
that which arises from modelling the responses as having a t-distribution with
v degrees of freedom and scale parameter o > 0:

2
E(s,t;a,y)_log{1+yl (S_t> }
o

Yet another alternative loss function is L(s,t;e) = (|s — t| — €)4, for a fixed
e > 0. It is known as e-insensitive loss and ignores errors of size less than e.
Finally, we mention the possibility of non-convex loss functions, such as those
described in Shen, Tseng, Zhang and Wong [30].

5. Generalized response extension

Many longitudinal studies have a non-continuous response; such as count or bi-
nary variable. In such circumstances the linear mixed model (1) is not appropri-
ate and alternative approaches are required. The most common involve general-
ized linear mixed models (GLMM) and generalized estimating equations (GEE).
In this section we describe explicit connections between kernel machines and
the popular penalized quasi-likelihood (PQL) methodology for fitting GLMMs
to generalized response longitudinal data. The main message is that the RKHSs
developed in Section 4 for longitudinal data analysis all apply to the generalized
response situation. Only the loss functions require modification.
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To keep the notation simple, we will work with GLMMSs confined to the
canonical one-parameter exponential family framework:

fylu) = exp{y" (XB+ Zu) —1"b(XB+ Zu) +1"c(y)}, u~ (0,G) (33)

where f(y|u) denotes the conditional distribution of y given w and b and ¢
depend upon the family member. The most common examples are Bernoulli,
with b(z) = log(1+4¢€”), c¢(x) = 0, and Poisson with b(x) = e, c¢(z) = —log(z!).
The matrices in the linear predictor n = X 3+ Zwu, as well as G, have definition
and structure identical to those in the continuous response situation described
in Sections 2 and 4. The simplest example is the generalized response random
intercept model

f(ii|U1, ..., Un) = exp [221 il {yz‘j(ﬁo + B xi; + Ui)

(34)
—b(Bo + P xij + UJH
with U; are independent (0,02), 1 < i < m, which corresponds to (33) with X
and Z as in (10) and G = 021.

A common approach to fitting GLMMs is maximum likelihood for (8, G) and
best prediction for w under the normality assumption u ~ N (0, G). However
this requires numerical integration techniques and, especially if the integrals
are multi-dimensional, approximations are used instead. The most common of
these is PQL (e.g. [3]). However, we will not treat quasi-likelihoods here, so the
label penalized likelihood (PL) is appropriate. For (33) with u ~ N(0,G) and
G known this involves maximization of the penalized likelihood

exp{yt (XB+ Zu) — 170 (XB + Zu) — %uTGflu} (35)

to obtain the estimates 3,, and Tip,.

We now show that the penalized likelihood (35) can be treated as an RKHS
optimization problem. Hence, obtaining BPL and up, for a given G involves
a particular kernel machine. Again, with simplicity in mind, we give the full
explanation for the random intercept model (34). The general case follows via
the linear algebraic arguments and structures given in Sections 4.2 and 4.3.

Re-subscript the (x;j,v:;) sequentially (as in Section 4) and, as before, let
Z;; be the (i, j) entry of the matrix Z defined at (10). Then (34) is

fwilUy, ..., Un)=exp [Z {yz (Bo+ $¢+ZzijUj)—b(5o+51 $i+ZZijUj) H .
Jj=1 j=1

=1

Let Hr, K and Hg be defined by (12), (13) and (14) respectively. Then penalized
likelihood estimation of 3 and u is equivalent to the RKHS optimization problem

n

in [ 37 Ll e Zons s Zon) + MNPl (36)
i=1
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where P, is the projection operator onto H, = Hé, A = 1/02 and the loss
function is given by L(s,t) = —2{st — b(t)}. For example,

Lis,t) = —2{st +log(1 + €')}, in the Bernoulli case,
FUT —2(st + eh), in the Poisson case.

If f is the solution to (36) then

f(x,l,O,...,O) = BO+le+ﬁla
(xaoala"')o) = BO+le+ﬁQ;

and f(x,0,0,...,l) = BO—I—le—i-ﬁm,

where (Bo, B1) = Bop and (U1, ..., Upn) = By

5.1. Kernel extension

Let Hx = Hg © H. © H, be the RKHS defined in Section 4.1.1. Recall that
Hp handles linear predictors (‘fixed effects’), H. handles non-linear effects of
a predictor x and H, handles random intercepts. The same structure can be
used for the general response situation. For example, if y; is binary then the
appropriate minimization problem is

minfen (Z?_l[_2{yi — f(@is Zix, . .. Zim) + log(1 + ef (@ Zin o Zim) )}
AN Pefl3, + )\u|Puf|$-{K> :

By arguments similar to those given in Section 2, this reduces to the matrix
algebraic problem

gmx{yT(X,B + Kec+ Zu) — 17 log(1 + eXPHEetZu) 1) T Ke — I, [|lul?*}
c,u
which may be solved via Newton-Raphson iteration.

5.2. Alternative loss functions

Other loss functions, appropriate for the type of generalized response at hand,
may be considered. For example, in the binary response case the Bernoulli log-
likelihood loss could be replaced by hinge loss:

L(s,t) = {1— (25— L)t}
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which corresponds to support vector machine classification (e.g. [4]). Alternative
large margin loss functions could also be considered, such as

L(s,t)=[{1—-(2s=1)t}+]%, ¢>1 and L(s,t)={p—(2s—1)t}+, p>0.

The definition of the class of large margin loss functions, and a fuller list of
examples, is given in Section 2 of Wang and Shen [39].

We performed a small comparison of Bernoulli log-likelihood loss and hinge
loss for a binary response longitudinal data set. The data involves longitudinal
measurements on Indonesian children (source: [6]). The response variable is an
indicator of presence of respiratory infection. The comparison between the two
loss functions is cleaner if the response is coded as £1, so we let

o 1 if child ¢ has respiratory infection at time of measurement j,
Yij —1 otherwise

and x;; denote the age, in years, corresponding to y;;. Then, with (z;,3;), 1 <
i < n, denoting the sequentially subscripted (z;;, yi;) we considered two versions
of

foin {Z L(Yi, f(@i, Zir, -, Zim)) + Ael| Pe 17, + AulPqu;‘QK} (37)
=1

where Hx = Hg ® H. © H, is the RKHS defined in Section 4.1.1. The first
version has

L(s,t) =log(1 + eiSt),

corresponding to Bernoulli log-likelihood, while the second is hinge loss:
L(s,t) = (1 —st). (38)

For H. we used a low-rank kernel

Ke(s,1) =) #(s)% (1)

Jj=1

based on a set of k canonical O’Sullivan spline basis functions {z;(-) : 1 < j < k}
and corresponding to equation (6) of Wand and Ormerod [38]. In the case of
hinge loss, such a kernel gives rise to a low-rank quadratic programming problem.
This enabled us to use the methodology described in Ormerod, Wand and Koch
[23] and the corresponding R package LowRankQP (]22]).

In the original data, there are many more values with y;; = —1 than with
yi; = 1 and a weighted version of hinge loss is appropriate. So that we could
use ordinary hinge loss (38) for illustration we worked with a sub-sample of
the y;; = —1 data so the sample sizes for each type are equal (107 each).
The regularization parameter for the random subject effect was obtained via
penalized quasi-likelihood to be A\, = 3.6. We then varied the regularization
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parameter for the K. component over the values \. € {10,1,0.1,0.01}. The
fitted functions:

n

Felwshe) = Y @Ko(w, ;)

=1

are shown in Figure 5. Note that the ¢; depend on ..

two random intercept classifiers

Bernoulli log-likelihoood loss hinge loss
2 4 6
Il Il Il Il Il Il
A, =10 Ac=1
1.0 -
0.5 -
0.0 L
-0.5 -
2 -1.0 1 o
IS
£
E A.=0.1 A.=0.01
3]
(2]
k=] - - 1.0
e ; Q§ ; ; ! - 0.5
| /\ oo
e - -0.5
i } - -1.0

T T T T T T
2 4 6

age (years)

F1G 5. Results of fitting (87) for both Bernoulli log-likelihood loss and hinge loss, with 4
different values of the reqularization parameter A corresponding to the spline kernel machine
age effect. If viewed as a classification problem then the curves correspond to discriminants.
The longitudinal data are jittered to enhance visualization.

Even though the Indonesian children respiratory study was concerned with
determination of risk factors, rather than classification, it is useful to suppose
that the latter is the case when viewing Figure 5. Under this scenario, the
fe(5 Ae) are discriminants for classification of having respiratory infection or
not based on age. Hinge loss is seen to be less wiggly and more decisive on
either side of the classification boundaries.

Both discriminants possess the rare property of taking account of the longi-
tudinal nature of the data, through the presence of the A, [P, f||7,, term in the
fitting process. While the classification rules themselves are minimally affected
by this additional regularization, precision estimates are likely to change. Since
precision estimates require additional probabilistic structure we do not do such
comparison here.
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6. Discussion

In this article we have shown that two ostensibly different areas of research —
longitudinal data analysis and kernel machines — are, in fact, very similar in
their underlying mathematics. It is anticipated that the explicit connections
that have been established here will facilitate a more fluid exchange of ideas
between the two fields. For longitudinal data analysis, there is the possibility of
using kernel machines to better deal with non-linearity and to develop improved
classification procedures. From the kernel machine perspective, we envisage ker-
nel methodology that is tailored to longitudinal data models and accounts for
complications such as within-unit correlation.

References

[1] ARONSZAJIN, N. (1950). Theory of reproducing kernels. Transactions of the
American Mathematical Society, 68, 337-404. MR0051437

[2] BacHRACH, L.K., HAsTIE, T., WaNG, M.-C., NARASIMHAN, B. and
Marcus, R. (1999). Bone mineral acquisition in healthy Asian, Hispanic,
Black and Caucasian youth. A longitudinal study. Journal of Clinical En-
docrinology and Metabolism, 84, 4702-12.

[3] BREsLOw, N.E. and CLAYTON, D.G. (1993). Approximate inference in
generalized linear mixed models. Journal of the American Statistical Asso-
ciation, 88, 9-25.

[4] CRISTIANINI, N. and SHAWE-TAYLOR, J. (2000). An Introduction to Sup-
port Vector Machines and Other Kernel-Based Learning Methods. Cam-
bridge: Cambridge University Press.

[5] CrESSIE, N. (1993). Statistics for Spatial Data. New York: John Wiley &
Sons. MR1239641

[6] DiGGLE, P.J., HEAGERTY, P., LianG, K.-L. and ZEGER, S. (2002).
Analysis of Longitudinal Data (Second Edition). Oxford: Oxford Univer-
sity Press. MR2049007

[7] EvGeENIOU, T., PONTIL, M. and Poccio, T. (2000). Regularization net-
works and support vector machines. Advances in Computational Mathe-
matics, 13, 1-50. MR1759187

[8] FITZMAURICE, G., DAVIDIAN, M., VERBEKE, G. and MOLENBERGHS, G.
(EDS.) (2008). Longitudinal Data Analysis: A Handbook of Modern Statis-
tical Methods. Boca Raton, Florida: Chapman & Hall/CRC.

[9] F1TzZMAURICE, G.M., LAIRD, N.M. and WARE, J.H. (2004). Applied Lon-
gitudinal Analysis. New York: John Wiley & Sons. MR2063401

[10] GiaNOLA, D., FERNANDO, R.L. and STELLA, A. (2006). Genomic-assisted
prediction of genetic value with semiparametric procedures. Genetics, 173,
1761-1776.

[11] GREEN, P.J. and SILVERMAN, B.W. (1994). Nonparametric Regression
and Generalized Linear Models. London: Chapman & Hall. MR1270012


http://www.ams.org/mathscinet-getitem?mr=0051437
http://www.ams.org/mathscinet-getitem?mr=1239641
http://www.ams.org/mathscinet-getitem?mr=2049007
http://www.ams.org/mathscinet-getitem?mr=1759187
http://www.ams.org/mathscinet-getitem?mr=2063401
http://www.ams.org/mathscinet-getitem?mr=1270012

N.D. Pearce and M.P. Wand/Longitudinal data analysis and kernel machines — 822

[12] HARVILLE, D.A. (1977). Maximum likelihood approaches to variance com-
ponent estimation and to related problems. Journal of the American Sta-
tistical Association, 72, 320-338. MR0451550

[13] HASTIE, T.J. and TIBSHIRANI, R.J. (1990). Generalized Additive Models.
London: Chapman & Hall. MR1082147

[14] HUBER P. (1981). Robust Statistics. Chichester: John Wiley & Sons.
MR0606374

[15] JaMES, G.M. and HasTIE, T.J. (2001). Functional linear discriminant
analysis for irregularly sampled curves. Journal of the Royal Statistical So-
ciety, Series B, 63, 533-550. MR 1858401

[16] KIMELDORF, G. and WAHBA, G. (1971). Some results on Tchebycheffian
spline functions. Journal of Mathematical Analysis and Its Application, 33,
82-95. MR0290013

[17] LAIRD, N.M. and WARE, J.H. (1982). Random-effects models for longitu-
dinal data. Biometrics, 38, 963-974.

[18] Liu, D., LiN, X. and GHOsH, D. (2007). Semiparametric regression of
multidimensional genetic pathway data: least-squares kernel machines and
linear mixed models. Biometrics, 63, 1079-1088. MR2414585

[19] McCuLLocH, C.E., SEARLE, S.R. and NEUHAUS, J.M. (2008). General-
ized, Linear, and Mized Models, Second Edition. New York: John Wiley &
Sons. MR2431553

[20] MOGUERZA, J.M. and MuNoz, A. (2006). Support vector machines with
applications (with discussion). Statistical Science, 21, 322-362. MR2339130

[21] MULLER, H.-G. (2005). Functional modelling and classification of longitu-
dinal data. Scandinavian Journal of Statistics, 32, 223-240. MR2188671

[22] ORMEROD, J.T. and WAND, M.P. (2006). LowRankQP 1.0. R package.
http://cran.r-project.org

[23] ORMEROD, J.T., WAND, M.P. and KocH, I. (2008). Penalised spline sup-
port vector classifiers: computational issues. Computational Statistics, 23,
623-641.

[24] PEARCE, N.D. and WAND, M.P. (2006). Penalized splines and reproducing
kernel methods. The American Statistician, 60, 233-240. MR2246756

[25] RAasMUSSEN, C.E. and WiLLiams, K.I. (2006). Gaussian Processes for
Machine Learning, The MIT Press.

[26] RoBINSON, G.K. (1991). That BLUP is a good thing: the estimation of
random effects. Statistical Science, 6, 15-51. MR1108815

[27] RupIN, W. (1991). Functional Analysis, Second Edition. New York: Mc-
Graw Hill. MR1157815

[28] RupPERT, D., WAND, M. P. and CARROLL, R.J. (2003). Semiparametric
Regression. New York: Cambridge University Press. MR1998720

[29] SCHOLKOPF, B. and Smora, A.J. (2002). Learning with Kernels. Cam-
bridge USA: MIT Press.

[30] SHEN, X., TSENnG, G.C., ZHANG, X. and WoNG, W. (2003). On -
learning. Journal of the American Statistical Association, 98, 724-734.
MR2011686


http://www.ams.org/mathscinet-getitem?mr=0451550
http://www.ams.org/mathscinet-getitem?mr=1082147
http://www.ams.org/mathscinet-getitem?mr=0606374
http://www.ams.org/mathscinet-getitem?mr=1858401
http://www.ams.org/mathscinet-getitem?mr=0290013
http://www.ams.org/mathscinet-getitem?mr=2414585
http://www.ams.org/mathscinet-getitem?mr=2431553
http://www.ams.org/mathscinet-getitem?mr=2339130
http://www.ams.org/mathscinet-getitem?mr=2188671
http://cran.r-project.org
http://www.ams.org/mathscinet-getitem?mr=2246756
http://www.ams.org/mathscinet-getitem?mr=1108815
http://www.ams.org/mathscinet-getitem?mr=1157815
http://www.ams.org/mathscinet-getitem?mr=1998720
http://www.ams.org/mathscinet-getitem?mr=2011686

N.D. Pearce and M.P. Wand/Longitudinal data analysis and kernel machines — 823

[31] StMmoNs, G.F. (1983). Introduction to Topology and Modern Analysis.
Melbourne USA: Krieger. MR0695310

[32] STEIN, M.L. (1999). Interpolation of Spatial Data: Some Theory for Krig-
ing. New York: Springer. MR1697409

[33] SuvkENs, J.A.K., VAN GESTEL, T., DE BRABANTER, J., DE MOOR, B.
and VANDEWALL, J. (2002) Least squares support vector machines. Singa-
pore: World Scientific Publishing Company.

[34] TARANTOLA, A. (2005). Inverse Problem Theory. Philadelphia: Society of
Industrial and Applied Mathematics. MR2130010

[35] VERBEKE, G. and MOLENBERGHS, G. (2000). Linear Mized Models for
Longitudinal Data. New York: Springer-Verlag. MR1880596

[36] WaHBA, G. (1990). Spline Models for Observational Data. Philadelphia:
Society of Industrial and Applied Mathematics. MR1045442

[37] WanBA, G. (1999). Support vector machines, reproducing kernel Hilbert
spaces, and randomized GACV. In Advances in Kernel Methods : Support
Vector Learning (eds. B. Scholkopf, C. Burges and A. Smola) pp. 69-88.
Cambridge USA: MIT Press.

[38] WAND, M.P. and ORMEROD, J.T. (2008). On O’Sullivan penalised splines
and semiparametric regression. Australian and New Zealand Journal of
Statistics, 50, 179-198. MR2431193

[39] WANG, J. and SHEN, X. (2007). Large margin semi-supervised learning.
Journal of Machine Learning Research, 8, 1867-1891. MR2353822

[40] Znu, J. and HASTIE, T. (2005). Kernel logistic regression and the import
vector machine. Journal of Computational and Graphical Statistics, 14,
185-205. MR2137897


http://www.ams.org/mathscinet-getitem?mr=0695310
http://www.ams.org/mathscinet-getitem?mr=1697409
http://www.ams.org/mathscinet-getitem?mr=2130010
http://www.ams.org/mathscinet-getitem?mr=1880596
http://www.ams.org/mathscinet-getitem?mr=1045442
http://www.ams.org/mathscinet-getitem?mr=2431193
http://www.ams.org/mathscinet-getitem?mr=2353822
http://www.ams.org/mathscinet-getitem?mr=2137897

	Introduction
	Continuous response longitudinal data analysis
	Kernel machines
	Explicit connections for continuous responses
	Random intercept model
	Kernel-based extension to general mean curves
	Extension to additional linear predictors
	Extension to multivariate kernels

	Random intercept and slope model
	Kernel-based extension to general mean curves

	Extension to general random effects structure
	Correlated errors
	Alternative loss functions

	Generalized response extension
	Kernel extension
	Alternative loss functions

	Discussion
	References

