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1 ��

�H��� Hilbert��, {hn : n ∈ I}�H��������. ��� 0 < A � B < ∞
	����� f ∈ H ��

A‖f‖2 �
∑
n∈I

|〈f, hn〉|2 � B‖f‖2,

�� {hn : n ∈ I} � H ���, A � B ����. ���, � A = B, �� {hn : n ∈ I} �
	��, � A = B = 1, �� {hn : n ∈ I} ���	��. � H ����� A � B ���

{hn : n ∈ I}, ����� S 	��: ��� f ∈ H,

Sf =
∑
n∈I

〈f, hn〉hn.

����, S �����, {S− 1
2 hn : n ∈ I } � H ���	��, � {S−1hn : n ∈ I } � H �

���� B−1 � A−1 ���, �� {hn : n ∈ I} �������. � f ∈ H, �

f =
∑
n∈I

〈f, hn〉S−1hn =
∑
n∈I

〈f, S−1hn〉hn.
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��������
����� [1–3]. ��� Z, N, l0(Z) � l2(Z) �	����	���Z

����
����� Z ���������� Hilbert ��. �	�	 E ⊂ Z, χE ��

E ����
�. �	 L ∈ N � Z �����	 S1 � S2, ��� S1 ��� { S1, k }k∈Z �

	 S2 ��� { S2, k }k∈Z, 	����� k ∈ Z, S2, k = S1, k + kL, �� S1 � S2 LZ ��. �

g ∈ l2(Z) � M , N ∈ N,	� NM := {0, 1, . . . , M − 1},����� Gabor� G(g, N, M)�

G(g, N, M) :=
{

e2πi m
M ·g(· − nN) : m ∈ NM , n ∈ Z

}
. (1.1)

�� Gabor ����
����� [4–6]. � S � Z �������, �� j ∈ S � n ∈ Z,

j + nN ∈ S, �� S � NZ ���. 	� l2(Z) ����� l2(S) �

l2(S) :=
{

f ∈ l2(Z) : f(j) = 0 
 j /∈ S
}

. (1.2)

	��� l2(S) � Gabor �.

�� Gabor ���������� L2(R), ���� L2(R) ����. ��, Gabardo

� Li[7](	��� 1 ��) ��� R ������ Gabor ���
�. 
��� Gabor �

�������������, 	��� Gabor ����	���������, l2(Z) �

Gabor �����������	 (�� [4, 5, 8–20] 	������). ��	�
	, �

	 L2(R) � Gabor ���
�	���� Gabor �� (�� [9–12]), ����� L2(R) �

Gabor ������� l2(Z) � Gabor ��. �� Gabor ��������������,

��
������
. 1989�, Heil[8] 
�, �����	, ����
��������

��
, � Gabor ��
����, ������	, ���	�	����������

Gabor�,�
�� Gabor����. Gauss
���	������. 	��� l2(S) ��

Gabor ��, �� S � Z ���� NZ ���. ���������������
	�,

�����	����
��
�����	�� Gabor ��. 
�������	�	

��� l2(Z) �������, �	�	�����	�����, 
�����
���.

2 �� Zak �����

�	 L ∈ N. � f ∈ l2(Z), 	� f ��� Zak �� ZLf �: � j ∈ Z �
	���

θ ∈ R,

(ZLf) (j, θ) =
∑
�∈Z

f(j + �L) e2πi�θ. (2.1)


���, �� Zak �������, �� k, �, j ∈ Z �
	��� θ ∈ R,

(ZLf) (j + kL, θ + �) = e−2πikθ (ZLf) (j, θ). (2.2)

���� Zak ������� [4, 8, 13, 14]. 	���������� Zak �����, �

����
���. �
������. � E � Z �������. � L2[0, 1) � 1 ��

����
���� Hilbert ��, L2(E × [0, 1)) �� Hilbert ��, ��� f �
���

j ∈ E, f(j, ·) ∈ L2[0, 1), ��	�	��: � f1, f2 ∈ L2(E × [0, 1)),〈
f1, f2

〉
:=

∑
j∈E

∫ 1

0

f1(j, θ)f2(j, θ)dθ.

�� 2.1 �	 L ∈ N. � S� Z���� LZ���. � S0 = S∩NL,� ZL � l2(S)

���� ZL |l2(S) �� l2(S) � L2(S0 × [0, 1)) ����.
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	�
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�� 	 ZL �	�, � f ∈ l2(S), �∑
j∈S0

∫ 1

0

|(ZLf) (j, θ)|2 dθ =
∑
j∈S0

∑
�∈Z

|f(j + �L)|2 .

	�� { S0 + �L : � ∈ Z } � S �����, �∑
j∈S0

∫ 1

0

|(ZLf) (j, θ)|2 dθ =
∑
j∈S

|f(j)|2.

�� ZL |l2(S) ����. 	� ZL |l2(S) ���. � h ∈ L2(S0 × [0, 1)), � Z �	� f �

�j /∈ S, f(j) = 0, �j ∈ S0, � ∈ Z, f(j + �L) =
∫ 1

0

h(j, θ)e−2πi�θdθ,

� f ∈ l2(S), � ZLf = h. ��.

�� 2.2 � N , M ∈ N �
 N
M = p

q , �� p, q ∈ N, gcd(p, q) = 1, ��	

Δ := {n(j, r, k) = j + kM − rN : (j, r, k) ∈ N M
q
× Nq × Np },

qNZ ��� NqN .

�� � n(j, r, k), n(j′, r′, k′) ∈ Δ�
 qN | [n(j, r, k)−n(j′, r′, k′)]. � M
q = n0. �

�, N = n0p, M = n0q, qN = n0pq, �

n0pq | [(j − j′) + (k − k′)n0q + (r′ − r)n0p]. (2.3)

	��� n0 | (j−j′). �	 j, j′ ∈ Nn0 � j = j′. ��,	 (2.3)�� pq | [(k−k′)q+(r′−r)p].

�
� r, r′ ∈ Nq, k, k′ ∈ Np, � r = r′, k = k′. ��, ���� (j, r, k), (j′, r′, k′) ∈
N M

q
× Nq × Np, (j, r, k) 
= (j′, r′, k′),

qN � [n(j, r, k) − n(j′, r′, k′)].

�	�� N M
q
× Nq × Np ������ pM = qN , ����.

���, � g ∈ l2(Z) ��	������
� G : Z × R → Mq,p, �� r 
� k ��

�	��: � j ∈ Z �
	��� θ ∈ R,

G(j, θ)r,k = (ZqNg) (j + kM − rN, θ), r ∈ Nq, k ∈ Np, (2.4)

��Mq,p �� q × p 	����	. �	� 2.1 �� S = Z, L = qN , �	�� 2.2 ���

Zak ���������, � g ∈ l2(Z), ZqNg �	

{ (ZqNg)(j + kM − rN, θ) : (j, r, k) ∈ N M
q
× Nq × Np, θ ∈ [0, 1) }

��
	. 	

, 		� 2.1 ��� 2.2 �	�� Zak ��������, �����


� G : N M
q
× R → Mq,p (�� (j, r, k) ∈ N M

q
× Nq × Np �
 G(j, ·)r, k ∈ L2[0, 1)) ��
	

��� g ∈ l2(Z), 	�� (j, r, k) ∈ N M
q
× Nq × Np,

(ZqNg)(j + kM − rN, ·) = G(j, ·)r,k.

� S � Z ���� NZ ���, � g ��� l2(S) �, 	��� G ��������.

��, 
��		��.

�� 2.3 � p, q ∈ N �
 gcd(p, q) = 1, ���� j ∈ Z, ���� (k0, �0) ∈ Np × Z

���� (k0, r0, m0) ∈ Np × Nq × Z, 	�

j = k0q + �0p = k0q + (m0q + r0)p. (2.5)
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�� 	� gcd(p, q) = 1, �� j ∈ Z, �� k, r ∈ Z, 	� j = kq + rp. �
���

k̃ ∈ Z � k0 ∈ Np, 	� k = k̃p + k0, �� j = k0q + �0p, �� �0 = k̃q + r. �� �0 ����

� (r0, m0) ∈ Nq × Z, 	�

�0 = m0q + r0. (2.6)

�� j = k0q + (m0q + r0)p.

	� (k0, �0)� (k0, r0, m0)����. �����	� (k′
0, �′0) ∈ Np×Z� (k′′

0 , r′′0 , m′′
0 )

∈ Np × Nq × Z, 	� (2.5) ���, � k0q + �0p = k′
0q + �′0p = k′′

0 q + (m′′
0q + r′′0 )p. 
�,

(k0 − k′
0)q = (�′0 − �0)p. �	 gcd(p, q) = 1 �� p | (k0 − k′

0), �	 k0, k′
0 ∈ Np � k0 = k′

0,

�� �0 = �′0. j = k0q + �0p � (k0, �0) ∈ Np × Z ������. ����� k′′
0 = k0,

m′′
0q + r′′0 = �0, 
�, 	 (2.6) �� (r0, m0) ������ (r0, m0) = (r′′0 , m′′

0). ��.

�� 2.4 � N , M ∈ N �
 N
M = p

q , �� p, q ∈ N, gcd(p, q) = 1, S � Z �� NZ

���, g ∈ l2(S). � j ∈ Z �
	��� θ ∈ R, 	� G(j, θ) 	 (2.4) �. �	��
�

(j, θ) �→ rank(G(j, θ)) ���� j � M
q ���, �� j ∈ Z �
	��� θ ∈ R,

rank(G(j, θ)) �
p−1∑
k=0

χ
S
(j + kM). (2.7)

�� �
��, ��� j ∈ Z �
	��� θ ∈ R,

rank(G(j, θ)) = rank(G(j + k0M, θ)) = rank(G(j + r0N, θ)), (2.8)

�� k0 ∈ Np, r0 ∈ Nq. ��� G(j, ·) �� k ��� r 
� Ak(j, ·) � Br(j, ·). ��, 	�

� Zak �������, � k0 ∈ Np,

Ak(j + k0M, ·) =

⎧⎨
⎩Ak+k0 (j, ·), �0 � k � p − k0 − 1;

e−2πi·Ak+k0−p(j, ·), �p − k0 � k � p − 1,

� r0 ∈ Nq,

Br(j + r0N, ·) =

⎧⎨
⎩Br−r0(j, ·), �r0 � r � q − 1;

e−2πi·Br−r0+q(j, ·), �0 � r � r0 − 1.

	���,

rank{Ak(j + k0M, ·) : k ∈ Np } = rank{Ak(j, ·) : k ∈ Np },
rank{Br(j + r0N, ·) : r ∈ Nq } = rank{Br(j, ·) : r ∈ Nq },


� (2.8) ���.

����rank(G(j, θ)) ���� j � M
q ���. �� � ∈ Z, 	�� 2.3 ����

(k0, r0, m0) ∈ Np × Nq × Z, 	� � = k0q + (m0q + r0)p. �	 N
M = p

q ��

M

q
� = k0M + m0qN + r0N,


�,

G

(
j +

M

q
�, ·

)
= e−2πim0·G(j + k0M + r0N, ·),


��

rank
(

G

(
j +

M

q
�, ·

))
= rank(G(j + k0M + r0N, ·)).
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�	 (2.8) ���

rank
(

G

(
j +

M

q
�, ·

))
= rank(G(j + r0N, ·)) = rank(G(j, ·)).

�
����� (2.7). 
 S � NZ ���, � Z \ S �� NZ ���. ��, 	�

χ
S
(j + kM) = 0, �� r ∈ Nq, j + kM − rN /∈ S, �	�� Zak ���	�, � r ∈ Nq �


	��� θ ∈ R, (ZqNg)(j + kM − rN, θ) = 0. ��, � k �
 χ
S
(j + kM) = 0,� G(j, θ) �

� k ��	�� 0, �� G(j, θ) ������������, �
∑p−1

k=0 χ
S
(j + kM). ��.

�� 2.5 � S0 = S ∩ NN . 
 N = pM
q , �� j ∈ Z,

p−1∑
k=0

χ
S
(j + kM) =

p−1∑
k=0

∑
n∈Z

χ
S0

(j + nN + kM)

=
p−1∑
k=0

∑
n∈Z

χ
S0

(
j +

np + kq

q
M

)
.

�
��� 2.3 ��
p−1∑
k=0

χ
S
(j + kM) =

∑
n∈Z

χ
S0

(
j +

M

q
n

)
.


�,
∑p−1

k=0 χ
S
(j + kM) � M

q ���. 	�� Zak ����� 2 ���������, �

j ∈ Z �
	��� θ ∈ R, ��� (2.7) ��
��
	� j ∈ N M
q
�
	��� θ ∈ [0, 1)

��.

3 Gabor ����������

� N , M ∈ N �
 N
M = p

q , �� p, q ∈ N, gcd(p, q) = 1, S � Z �� NZ ���. 	�

����	� g ∈ l2(S) �� l2(S) ��
 Gabor � G(g, N, M), �	��	� g ∈ l2(S) �

� l2(S) ��� G(g, N, M). ���
������.

�� 3.1 �	 g ∈ l2(Z). � N , M ∈ N �
 N
M = p

q , �� p, q ∈ N, gcd(p, q) = 1, 	

� G(j, θ)	 (2.4)�,�� f ∈ l2(Z), f � G(g, N, M)��
��
� j ∈ NM �
	��

� θ ∈ [0, 1),

G(j, θ)F (j, θ) = 0, (3.1)

����� j ∈ NM , � [0, 1) �
	��� F (j, ·) := ((ZqNf)(j + kM, ·))Tk∈Np
.

�� � r ∈ Nq, 	� gr(·) = g(· − rN). ��,

(ZqN e2πi m
M ·gr(· − nqN))(j, θ) = e2πi m

M je2πinθ(ZqN g)(j − rN, θ),

� f � G(g, N, M) ��
��
� m ∈ NM , n ∈ Z � r ∈ Nq,

〈f, e2πi m
M ·gr(· − nqN)〉 = 0.

�	� 2.1 �� S = Z, �� m ∈ NM , n ∈ Z � r ∈ Nq �

〈f, e2πi m
M ·gr(· − nqN)〉

=
qN−1∑
j=0

( ∫ 1

0

(ZqN f)(j, θ) (ZqN g)(j − rN, θ) e−2πinθ dθ

)
e−2πi m

M j
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=
M−1∑
j=0

(∫ 1

0

p−1∑
k=0

(ZqN f)(j + kM, θ) (ZqN g)(j + kM − rN, θ) e−2πinθ dθ

)
e−2πi m

M j . (3.2)


�, f � G(g, N, M) ��
��
����	� r ∈ Nq � j ∈ NM , 
�
p−1∑
k=0

(ZqN f) (j + kM, ·) (ZqN g) (j + kM − rN, ·)

� Fourier ���� 0, 
����� (3.1) ��. ��.

�� 3.2 � N , M ∈ N �
 N
M = p

q , �� p, q ∈ N, gcd(p, q) = 1, ���� m ∈ Z,

����� (j, r, k, �) ∈ N M
q
× Nq × Np × Z, 	�

m = j + kM − rN + �qN.

�� �m ∈ Z,�� �m ∈ Z,	�m−�mqN ∈ NqN . 
��� 2.2,�� (j, r, k, �′m) ∈
N M

q
×Nq ×Np×Z,	� m− �mqN = j +kM − rN + �′mqN ,
�, m = j +kM − rN + �qN ,�

� � = �m + �′m. ���� (j′, r′, k′, �′) ∈ N M
q
×Nq ×Np×Z,	� m = j′ +k′M −r′N + �′qN .

� n0 = M
q . ��,

(j − j′) + (k − k′)n0q + (r′ − r)n0p + (� − �′)n0pq = 0, (3.3)

	��� n0 | (j − j′). �	 j, j′ ∈ Nn0 � j = j′, �� (3.3)���� (k − k′)q + (r′ − r)p +

(� − �′)pq = 0. � q | (r′ − r), p | (k − k′). �	 r′, r ∈ Nq, k′, k ∈ Np �� r = r′, k = k′, �

� � = �′. ��.

�� 3.3 � N , M ∈ N �
 N
M = p

q , �� p, q ∈ N, gcd(p, q) = 1, S � Z �� NZ �

��. �	 g ∈ l2(S), G(j, θ) � (2.4) �	�� q × p ���
�, �	��
��:

(i) G(g, N, M) � l2(S) ��
;

(ii) � j ∈ N M
q
�
	��� θ ∈ [0, 1),

rank(G(j, θ)) =
p−1∑
k=0

χ
S
(j + kM);

(iii) � j ∈ Z �
	��� θ ∈ R,

rank(G(j, θ)) =
p−1∑
k=0

χ
S
(j + kM).

�� 		� 2.4 �	� 2.5, rank(G(j, θ)) �
∑p−1

k=0 χ
S
(j + kM) ���� j �� M

q

���. �	 rank(G(j, θ)) ���� θ � 1 ����� (ii) ��� (iii).

���� 3.1 ����. ��, � f ∈ l2(Z), f = 0 
��
� j ∈ NM �
	���

θ ∈ [0, 1), F (j, θ) = 0. ��, 
��� 3.1, (i) ���, � f ∈ l2(S), G(j, θ)F (j, θ) = 0 ��

�� j ∈ NM �
	��� θ ∈ [0, 1), F (j, θ) = 0. � (iii) ��, � j ∈ NM �
	���

θ ∈ [0, 1), � f ∈ l2(S) �


G(j, θ)F (j, θ) = 0. (3.4)

��� (i) ��, ����� j ∈ NM �
	��� θ ∈ [0, 1), F (j, θ) = 0. �	 j ∈ NM .

���� k ∈ Np �� j + kM /∈ S, �	�� Zak ���	��, �
	��� θ ∈ [0, 1),

F (j, θ) = 0. ��� k ∈ Np, 	� j + kM ∈ S, ��	�� ∅ 
= B ⊂ Np, 	�
p−1∑
k=0

χ
S
(j + kM) =

∑
k∈B

χ
S
(j + kM) = card(B).
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� k ∈ Np \ B, 
 f ∈ l2(S), �
	��� θ ∈ [0, 1), (ZqNf)(j + kM, θ) = 0, �	 Z \ S �

NZ ���, �
	��� θ ∈ [0, 1), G(j, θ)r,k = 0. �
� (iii), 	 G(j, θ) �������

B ����� q × card(B) ������� card(B). �	�� (3.4) ��, � k ∈ B �
	

��� θ ∈ [0, 1), (ZqNf)(j + kM, θ) = 0. 
�, �
	��� θ ∈ [0, 1), F (j, θ) = 0.

	�, �� (iii) ���, 
�	� 2.4, �� j0 ∈ NM , B0 ⊂ Np ���� E0 ⊂ [0, 1), 	

�� θ ∈ E0 �

rank(G(j0, θ)) <

p−1∑
k=0

χ
S
(j0 + kM) =

∑
k∈B0

χ
S
(j0 + kM) = card(B0). (3.5)

�
	��� θ ∈ [0, 1), � P(j0, θ) : Cp → Cp �� G(j0, θ) ���������
��,

� ek, k ∈ Np, � Cp ������, � ek = (0, . . . , 0, 1, 0, . . . , 0)T, �� k ���� 1, �

����� 0. ���
	��� θ ∈ [0, 1), E = span{ ek : k ∈ B0 } ⊂ ker(P(j0, θ)), �

E ⊕ ker(G(j0, θ)) ����, 
��
	��� θ ∈ [0, 1),

p � dim(E ⊕ ker(G(j0, θ))) = card(B0) + (p − rank(G(j0, θ))).

	���, rank(G(j0, θ)) � card(B0), � (3.5) ���. ��, ���� k0 ∈ B0 ����

Ẽ0 ⊂ [0, 1), 	�� θ ∈ Ẽ0, P(j0, θ)ek0 
= 0. 	�

F (j, θ) :=

⎧⎨
⎩P(j0, θ)ek0 , �j = j0 �
	���θ ∈ [0, 1);

0, �j0 
= j ∈ NM �
	���θ ∈ [0, 1).

��, � j ∈ NM , k ∈ Np �
	��� θ ∈ [0, 1),

‖F (j, θ)‖Cp � 1, Fk(j0, θ) = 〈P(j0, θ) ek0 , ek〉 = 〈ek0 ,P(j0, θ) ek〉.
�
� k ∈ Np \ B0 �
	��� θ ∈ [0, 1), ek ∈ ker(G(j0, θ)), �

Fk(j0, θ) = 〈ek0 ,P(j0, θ) ek〉 = 〈ek0 , ek〉 = 0.

	� f ∈ l2(Z) �: � j ∈ NM , k ∈ Np �
	��� θ ∈ [0, 1),

(ZqN f) (j + kM, θ) = Fk(j, θ).


�	� 2.1, 0 
= f ∈ l2(S). 	�� (3.4) ���, �	�� 3.1 �� f � G(g, N, M) ��.


�� (i) ���. ��.

�� 3.4 � N, M ∈ N �
 N
M = p

q , �� p, q ∈ N, gcd(p, q) = 1, S � Z �� NZ �

��. �	 g ∈ l2(S), G(j, θ) � (2.4) ��	�� q × p ���
�. �	��
��:

(i) G(g, N, M) � l2(S) ����� 0 < A � B < ∞ ���;

(ii) � j ∈ N M
q
�
	��� θ ∈ [0, 1),

A

M
diag(χ

Bj
(0), . . . , χ

Bj
(p − 1)) � G∗(j, θ)G(j, θ)

� B

M
diag(χ

Bj
(0), . . . , χ

Bj
(p − 1)), (3.6)

�� Bj := { k ∈ Np : j + kM ∈ S };
(iii) � j ∈ NM �
	��� θ ∈ [0, 1), (3.6) ���.

�� ���� 3.1 ���. 	 (3.2) �, � f ∈ l2(S) �∑
n∈Z

M−1∑
m=0

|〈f, e2πi m
M ·g(· − nN)〉|2 = M

q−1∑
r=0

∑
n∈Z

M−1∑
j=0

∣∣∣∣
∫ 1

0

(G(j, θ)F (j, θ))re−2πinθdθ

∣∣∣∣
2

,
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�� (G(j, θ)F (j, θ))r � G(j, θ)F (j, θ) �� r ���. 
�	� 2.1,

‖f‖2 =
M−1∑
j=0

p−1∑
k=0

∫ 1

0

|(ZqN f)(j + kM, θ)|2dθ

=
M−1∑
j=0

∫ 1

0

‖F (j, θ)‖2dθ.



 F (j, θ) ���
	� Cp ����. ��, G(g, N, M) � l2(S) ����� 0 < A �
B < ∞ ���
��
� f ∈ l2(S),

A

M

M−1∑
j=0

∫ 1

0

‖F (j, θ)‖2 dθ �
q−1∑
r=0

∑
n∈Z

M−1∑
j=0

∣∣∣∣
∫ 1

0

(G(j, θ)F (j, θ))re−2πinθdθ

∣∣∣∣
2

� B

M

M−1∑
j=0

∫ 1

0

‖F (j, θ)‖2 dθ. (3.7)


 S� NZ���,	�� qNZ���. � S̃0 = S∩NqN . 		� 2.1, ZqN |l2(S)�� l2(S)�

L2(S̃0× [0, 1))����. � L∞(S̃0× [0, 1))���
	�
� f ����	: f � S̃0× [0, 1)

��
�, ���� j ∈ S̃0, f(j, ·) ∈ L∞[0, 1). 	� Γ =
(ZqN |l2(S)

)−1
L∞(S̃0 × [0, 1)). �

�,	 L∞(S̃0 × [0, 1))� L2(S̃0 × [0, 1))��	���	 ZqN |l2(S) ����� Γ� l2(S)�

�	��. 
�, 	�� [3,�� 5.1.7], G(g, N, M) � l2(S) ����� 0 < A � B < ∞ �
��
��
� f ∈ Γ, (3.7) ���. �	 j ∈ NM , 	��� f ∈ Γ, G(j, θ)F (j, θ) ���

����� L2[0, 1), ��, � f ∈ Γ,
q−1∑
r=0

∑
n∈Z

∣∣∣∣
∫ 1

0

(G(j, θ)F (j, θ))re
−2πinθdθ

∣∣∣∣
2

=
q−1∑
r=0

∫ 1

0

|(G(j, θ)F (j, θ))r|2 dθ

=
∫ 1

0

〈
G∗(j, θ)G(j, θ)F (j, θ), F (j, θ)

〉
dθ.

��, G(g, N, M) � l2(S) ����� 0 < A � B < ∞ ���
��
� f ∈ Γ,

A

M

M−1∑
j=0

∫ 1

0

‖F (j, θ)‖2 dθ �
M−1∑
j=0

∫ 1

0

〈
G∗(j, θ)G(j, θ)F (j, θ), F (j, θ)

〉
dθ

� B

M

M−1∑
j=0

∫ 1

0

‖F (j, θ)‖2 dθ. (3.8)

(i)=⇒ (iii). ����� x = (x0, . . . , xp−1)T ∈ Cp, j ∈ NM �
	��� θ ∈ [0, 1),

A

M

p−1∑
k=0

|xkχBj
(k)|2 �

〈
G∗(j, θ)G(j, θ)x, x

〉
� B

M

p−1∑
k=0

|xkχ
Bj

(k)|2.

	� g ∈ l2(S), ������ x = (x0, . . . , xp−1)T ∈ Cp, j ∈ NM �
	��� θ ∈ [0, 1),
A

M
‖x(j)‖2 �

〈
G∗(j, θ)G(j, θ)x(j), x(j)

〉
� B

M
‖x(j)‖2, (3.9)

��, x(j) = (x0χBj
(0), . . . , xp−1χBj

(p − 1))T. �	 x0, . . . , xp−1 ∈ C, j0 ∈ NM . 	��

G∗(j0, θ)G(j0, θ)�������� L1[0, 1),��
	�� θ ∈ [0, 1)�� G∗(j0, θ)G(j0, θ)
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������ Lebesgue
. � θ0�����
	�
. �����,����� x0, . . . , xp−1,

j0 � θ0, (3.9) ���. � ε > 0 �
 (θ0 − ε, θ0 + ε) ⊂ (0, 1). 	� f ∈ l2(S) �: � j ∈ NM ,

k ∈ Np � θ ∈ [0, 1),

(ZqNf) (j + kM, θ) :=

⎧⎪⎨
⎪⎩

1√
2ε

xkχ
Bj0

(k)χ(θ0−ε,θ0+ε)(θ), j = j0;

0, ��.

�� f ∈ Γ, �� j ∈ NM � θ ∈ [0, 1),

‖F (j, θ)‖2 =

⎧⎪⎪⎨
⎪⎪⎩

1
2ε

p−1∑
k=0

|xkχ
Bj0

(k)|2χ(θ0−ε,θ0+ε)(θ), j = j0;

0, ��.

	 (3.8) ��

A

M
‖x(j0)‖2 � 1

2ε

∫ θ0+ε

θ0−ε

〈G∗(j0, θ)G(j0, θ)x(j0), x(j0)〉 dθ

� B

M
‖x(j0)‖2.

	 ε → 0 ��� x0, . . . , xp−1, j0 � θ0, (3.9) ���.

(iii)=⇒ (i). � f ∈ Γ, j ∈ NM , � k /∈ Bj , ��
	��� θ ∈ [0, 1), F (j, θ) �� k �

���� 0. �	 (iii) ��, � f ∈ Γ, j ∈ NM �
	��� θ ∈ [0, 1),
A

M
‖F (j, θ)‖2 �

〈
G∗(j, θ)G(j, θ)F (j, θ), F (j, θ)

〉
� B

M
‖F (j, θ)‖2,

����, � f ∈ Γ, (3.8) ���.

(iii)=⇒ (ii). 
� N M
q
⊂ NM , ����.

(ii)=⇒ (iii). �� j ∈ N M
q
�
	��� θ ∈ [0, 1), (3.6) ���. 	�	� j ∈ NM

�
	��� θ ∈ [0, 1) ���. �	 j ∈ NM . 
��� 3.2, ����� (j′, r′, k′, �′) ∈
N M

q
×Nq ×Np ×Z, 	� j = j′ + k′M − r′N + �′qN . ��, 	�� Zak�������	�

	����, � k1, k2 ∈ Np �
	��� θ ∈ [0, 1),

(G∗(j, θ)G(j, θ))k1, k2

=
q−1∑
r=0

(ZqNg) (j′ + (k1 + k′)M − (r + r′)N, θ) (ZqNg) (j′ + (k2 + k′)M − (r + r′)N, θ)

=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(G∗(j′, θ)G(j′, θ))k1+k′, k2+k′ , �k1 + k′ < p, k2 + k′ < p;

e−2πiθ (G∗(j′, θ)G(j′, θ))k1+k′, k2+k′−p , �k1 + k′ < p, k2 + k′ � p;

e2πiθ (G∗(j′, θ)G(j′, θ))k1+k′−p, k2+k′ , �k1 + k′ � p, k2 + k′ < p;

(G∗(j′, θ)G(j′, θ))k1+k′−p, k2+k′−p , �k1 + k′ � p, k2 + k′ � p.

(3.10)

	� U : Cp → Cp �: � x ∈ Cp, Ux = y = (y0, y1, . . . , yp−1)T, ��

yk =

⎧⎨
⎩e−2πiθxk−k′+p, �0 � k � k′ − 1;

xk−k′ , �k′ � k � p − 1.
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��, U ����, ��
	��� θ ∈ [0, 1) ��� x ∈ Cp,

〈G∗(j, θ)G(j, θ)x, x〉 = 〈G∗(j′, θ)G(j′, θ)Ux, Ux〉. (3.11)

�	 (ii), �
	��� θ ∈ [0, 1) ��� x ∈ Cp,
A

M
〈U∗diag(χ

B
j′

(0), . . . , χ
B

j′
(p − 1))Ux, x〉

� 〈G∗(j, θ)G(j, θ)x, x〉
� B

M
〈U∗diag(χ

B
j′

(0), . . . , χ
B

j′
(p − 1))Ux, x〉. (3.12)


 k+k′ < p
, k+k′ ∈ Bj′ 
��
 j′+(k+k′)M ∈ S,���, j′+k′M−r′N+�′qN+kM ∈ S,

�, j +kM ∈ S. 
�,
 k+k′ < p
, k+k′ ∈ Bj′ 
��
 k ∈ Bj . ����,
 k+k′ � p


, k + k′ − p ∈ Bj′ 
��
 k ∈ Bj . 	���

U∗diag(χ
B

j′
(0), . . . , χ

B
j′

(p − 1))U = diag(χ
Bj

(0), . . . , χ
Bj

(p − 1)), (3.13)

�	 (3.12)��� (iii). ��.

�� 3.5 
 S = Z
,	� 3.4���� [4, 1.6.5.2],����, ��� 0 < A, B < ∞,

A‖f‖2 �
∑
n∈Z

M−1∑
m=0

∣∣〈f, e2πi m
M ·g(· − nN)〉∣∣2 � B‖f‖2, f ∈ l2(Z)

⇐⇒ A

M
Ip×p � G∗(j, θ)G(j, θ) � B

M
Ip×p, j ∈ Z, a.e. θ ∈ R,

�� Ip×p �� p × p 	
��.

� 3.6 �	 M ∈ N, N = M + 1, S = NM + NZ. �

A(·) = (A0(·), A1(·), . . . , AN (·))
�M×N ���
�,������ L2[0, 1), A1(·) = 0,�� [0, 1)�
	��� rank(A(·))
= M . 	� g ∈ l2(Z) �: � j ∈ Z �
	��� θ ∈ [0, 1),

G(j, θ) = ((ZMNg)(j + kM − rN, θ))r∈NM , k∈NN
, G(0, θ) = A(θ). (3.14)

� G(g, N, M) � l2(S) ��
.

�� ��	� 3.3����.�� p = N , q = M , qN = MN , M
q = 1. 
��� 2.3�

����, g 	 G(0, ·) ��
	, � g ∈ l2(Z). 	 A1(·) = 0 ��, � r ∈ NM , (ZMNg)(M −
rN, ·) = 0. 
�, � r ∈ NM � � ∈ Z, g(M − rN + �MN) = g(M + (�M − r)N) = 0,

��, � n ∈ Z, g(M + nN) = 0. �	 S �	�� g ∈ l2(S). �� 1 
= k ∈ NN , kM =

(M + 1− k) + (k − 1)N ⊂ S,��,
∑N−1

k=0 χ
S
(kM) = M ,��, rank(G(0, ·)) =

∑N−1
k=0 χ

S
(kM).


�	� 3.3, G(g, N, M) � l2(S) ��
.

�� 3.7 �� 3.6 ����� g, 	� G(g, N, M) � l2(S) ��
, �� N = M + 1.

���, � A(·) = (ar,k(·))r∈NM , k∈NN , ��� (3.14) ���, � n ∈ Z,

g(M + nN) = 0 (3.15)

�	� [0, 1) �
	���

((ZMNg)(j + kM − rN, ·))r∈NM , k∈NN\{1} = (ar,k(·))r∈NM , k∈NN\{1}. (3.16)

���, 	�� [0, 1) �	

ar,k(·) = 0, 0 
= r � k, k 
= 1, (3.17)
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a0,0(·) = c0, ar,r+1(·) = cr, 1 � r � M − 1, (3.18)

�� cr, r ∈ NM ,��
��, ����� g ��� G(g, N, M)� l2(S)��
. 	�� Zak

���	�� (3.15)–(3.18)�, 	� g ∈ l2(Z) �
�
 g(0)g(1) · · · g(M − 1) 
= 0,� g ��

	

({kM − rN : r � k, r ∈ NM \ {0}, k ∈ NN\{1}}+ MNZ)

∪ ({M − rN : r ∈ NM} + MNZ) ∪ (NM + MN(Z\{0}))
��� 0, � G(g, N, M) � l2(S) ��
. ���, �	 N = 4, M = 3, 	� g ∈ l2(Z) �


g(0)g(1)g(2) 
= 0, � g ��	

({ 3, 4, 7, 8, 10, 11 } + 12Z) ∪ ({ 0, 1, 2 } + 12(Z \ {0}))
��� 0, � G(g, 4, 3) � l2(S) ��
.

� 3.8 � N = 6, M = 4, S = {0, 1, 4 } + 6Z,

A(·) = (A0(·), A1(·), 0), B(·) = (B0(·), 0, 0)

��� 2 × 3 ���
�, ������ L2[0, 1), �� [0, 1) �
	��� rank(A(·)) = 2

� rank(B(·)) = 1. 	� g ∈ l2(Z) �: � j ∈ Z �
	��� θ ∈ [0, 1),

G(j, θ) = (Z12g(j + 4k − 6r, θ))0�r�1, 0�k�2 , G(0, θ) = A(θ), G(1, θ) = B(θ). (3.19)

��, ���� 3.6, G(g, 6, 4) � l2(S) ��
. ���, ���	� 3.7 ������, 	�

g ∈ l2(Z) �
 g(0)g(1)g(−2) 
= 0, � g ��	

({−1, 2, 3, 5, 6, 8, 9 } + 12Z) ∪ ({−2, 0, 1 } + 12(Z \ {0}))
��� 0, � G(g, 6, 4) � l2(S) ��
.

� 3.9 � N = 4, M = 3, S = {0, 1, 2 } + 4Z, g ∈ l1(Z) ��	

({ 3, 4, 5, 7, 8, 9, 10, 11 } + 12Z) ∪ ({ 0, 1, 2 } + 12(Z \ {0}))
��� 0, �

|g(1)|, |g(2)| > |g(0)| > 0, max
θ∈[0,1]

∣∣∣∣∑
�∈Z

g(6 + 12�)e2πi�θ

∣∣∣∣ < |g(0)|, (3.20)

� G(g, 4, 3) �� l2(S) ���.

�� ��	� 3.4 ����. 	 Z \ S = { 3 }+ 4Z = { 3, 7, 11 } + 12Z �� g ∈ l2(S).


���, M
q = 1, B0 = { 0, 2, 3 }. ����� j = 0 �
	��� θ ∈ [0, 1), (3.6) ���,

�, �� 0 < C � D < ∞, 	�� x = (x0, x1, x2, x3)T ∈ C4 �
	��� θ ∈ [0, 1),

C(|x0|2 + |x2|2 + |x3|2) � 〈G∗(0, θ)G(0, θ)x, x〉 � D(|x0|2 + |x2|2 + |x3|2). (3.21)

�	����

〈G∗(0, θ)G(0, θ)x, x〉 = |g(0)|2|x0|2 + (|g(2)|2 + |(Z12g)(6, θ)|2)|x2|2

+|g(1)|2|x3|2 + 2Re(g(0)(Z12g)(6, θ)x0x2).

	 C = |g(0)|[|g(0)|−maxθ∈[0, 1] |(Z12g)(6, θ)|], D = max{ 2|g(0)|2 + |g(2)|2, |g(1)|2 }.	 (3.20)

�, C � D �
 (3.21) �. ��.

� 3.10 � N = 6, M = 4, S = {0, 1, 4 } + 6Z, g ∈ l1(Z) ��	

({−1, 2, 3, 5, 6, 8, 9 } + 12Z) ∪ ({−2, 0, 1 } + 12(Z \ {0}))

166



���� A �: �� � 39 � � 2 �

��� 0, �

|g(1)|, |g(−2)| > |g(0)| > 0, max
θ∈[0,1]

∣∣∣∣∑
�∈Z

g(4 + 12�)e2πi�θ

∣∣∣∣ < |g(0)|, (3.22)

� G(g, 6, 4) �� l2(S) ���.

�� ��	� 3.4 ����. 	�

Z \ S = {2, 3, 5} + 6Z = {−1, 2, 3, 5, 8, 9} + 12Z,

� g ∈ l2(S). 
���, M
q = 2, B0 = { 0, 1 }, B1 = { 0 }. ����� j ∈ { 0, 1 } �
	��

� θ ∈ [0, 1), (3.6)���, ��� 0 < C � D < ∞, 	�� x = (x0, x1, x2)T ∈ C3 �
	�

�� θ ∈ [0, 1),

C(|x0|2 + |x1|2) � 〈G∗(0, θ)G(0, θ)x, x〉 � D(|x0|2 + |x1|2), (3.23)

C|x0|2 � 〈G∗(1, θ)G(1, θ)x, x〉 � D|x0|2. (3.24)

�	����

〈G∗(0, θ)G(0, θ)x, x〉 = |g(0)|2|x0|2 + (|g(−2)|2 + |(Z12g)(4, θ)|2)|x1|2

+2Re(g(0)(Z12g)(4, θ)x0x1), (3.25)

〈G∗(1, θ)G(1, θ)x, x〉 = (|g(1)|2 + |(Z12g)(−5, θ)|2)|x0|2.
	

C = |g(0)|
[
|g(0)| − max

θ∈[0, 1]
|(Z12g)(4, θ)|

]
, D = max{D1, D2, D3 },

��, D1 = |g(0)|2 + |g(0)|maxθ∈[0, 1] |(Z12g) (4, θ)|, D2 = |g(1)|2 +maxθ∈[0, 1] |(Z12g) (−5, θ)|2,
D3 = |g(−2)|2 + |g(0)|maxθ∈[0, 1] |(Z12g) (4, θ)| + maxθ∈[0, 1] |(Z12g) (4, θ)|2. 	 g ∈ l1(Z) ��

D < ∞. �	 (3.22) �, C � D �
 (3.23)� (3.24) �. ��.

� 3.11 � N = 4, M = 6, S = {0, 2 } + 4Z, g ∈ l1(Z) ��	

({−1, 1, 2, 3, 4, 5, 7, 8, 9 } + 12Z) ∪ ({−2, 0} + 12(Z \ {0}))
��� 0, �

|g(−2)| > |g(0)| > 0, max
θ∈[0,1]

∣∣∣∣∑
�∈Z

g(6 + 12�)e2πi�θ

∣∣∣∣ < |g(0)|,

� G(g, 4, 6) �� l2(S) ���.

�� ��	� 3.4 ����. 
���, p = 2, q = 3, M
q = 2, B0 = { 0, 1 }, B1 = ∅,

��
	��� θ ∈ [0, 1), G(1, θ) = 0, 
�, ������ 0 < C � D < ∞, 	��

x = (x0, x1)T ∈ C2 �
	��� θ ∈ [0, 1),

C(|x0|2 + |x1|2) � 〈G∗(0, θ)G(0, θ)x, x〉 � D(|x0|2 + |x1|2). (3.26)

�	����

〈G∗(0, θ)G(0, θ)x, x〉 = |g(0)|2|x0|2 + (|g(−2)|2 + |(Z12g)(6, θ)|2)|x1|2

+2Re(g(0)(Z12g)(6, θ)x1x0).

	 C = |g(0)|[|g(0)| − maxθ∈[0, 1] |(Z12g)(6, θ)|], D = 2|g(0)|2 + |g(−2)|2, � (3.26) ���. �

�.
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4 �� Gabor ��� Gabor �������

	���
��
 Gabor ��	 Gabor ������. �� N , M ∈ N �
 N
M = p

q ,

�� p, q ∈ N, gcd(p, q) = 1, S � Z �� NZ ���. 	�����	� S, �� Z ���

	 E, 	� Gabor � G(χ
E
, N, M) � l2(S) ��
�	������ M �	��. ���

�, �����	�� S ���
����, �, � j ∈ N M
q

,

p−1∑
k=0

χ
S
(j + kM) � q. (4.1)

���������	��. ������: �
 G(χ
E
, N, M) �� l2(S) ����� M

�	���� E �����������. �
��������.

�� 4.1 �	 N , M ∈ N �
 N
M = p

q , �� p, q ∈ N, gcd(p, q) = 1. � S � Z ��

NZ ���, S0 = S ∩ NN , �� j ∈ N M
q

,
∑p−1

k=0 χ
S
(j + kM) � q, � card(S0) � M , ����

�
��
� j ∈ N M
q

,
p−1∑
k=0

χ
S
(j + kM) = q, (4.2)

���, � j ∈ Z, (4.2) ���.

�� 
�	� 2.5, � j ∈ N M
q

,

∑
n∈Z

χ
S0

(
j +

M

q
n

)
=

p−1∑
k=0

χ
S
(j + kM) � q,

��,

card(S0) =
∑
j∈Z

χ
S0

(j) =
M/q−1∑

j=0

∑
n∈Z

χ
S0

(
j +

M

q
n

)
� M

q
× q = M,

��, card(S0) = M 
��
� j ∈ N M
q

, (4.2) ���. �		� 2.5,
∑p−1

k=0 χ
S
(j + kM) �

M
q ���, �� (4.2) �� j ∈ N M

q
�����	� j ∈ Z ��. ��.

�� 4.2 � M ∈ N, ∅ 
= E ⊂ Z, �	��
��:

(i) { e2πi m
M ·χ

E
(·) : m ∈ NM } � l2(E) ����� M �	��;

(ii) { e2πi m
M ·χ

E
(·) : m ∈ NM } � l2(E) ��
;

(iii) E MZ ��� NM �����;

(iv) � Z �,
∑

k∈Z
χ

E
(· + kM) � 1.

�� �� (i)=⇒(ii). �����, 	��� (ii)=⇒(iii), (iii)=⇒(i), �	 (iii) � (iv)

��.

(ii)=⇒(iii). � { e2πi m
M ·χ

E
(·) : m ∈ NM } � l2(E) ��
. � � ∈ Z, 	� E� =

E ∩ (NM + �M), � {E� : � ∈ Z } � E �����, �
⋃

�∈Z
(E� − �M) ⊂ NM . ��� (iii)

��, ����� �, k ∈ Z, � 
= k,

(E� − �M) ∩ (Ek − kM) = ∅.
�	��. ���� �0, k0 ∈ Z, �0 
= k0, 	� F := (E�0 − �0M) ∩ (Ek0 − k0M) 
= ∅. 	�
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f ∈ l2(E) �

f(·) :=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1, �F + �0M�;

−1, �F + k0M�;

0, ��.

��, � m ∈ NM ,〈
f(·), e2πi m

M ·χ
E
(·)〉 =

∑
j∈E

f(j)e−2πi m
M j

=
∑

j∈F+�0M

e−2πi m
M j −

∑
j∈F+k0M

e−2πi m
M j = 0,


� { e2πi m
M ·χ

E
(·) : m ∈ NM } � l2(E) ��
��.

(iii)=⇒(i). ��� E ����� {E� : � ∈ Z },	� {E� − �M : � ∈ Z } �� NM �


�������, �� f ∈ l2(E),

〈f(·), e2πi m
M ·χE (·)〉=

∑
�∈Z

∑
j∈E�−�M

f(j + �M) e−2πi m
M j

=
M−1∑
j=0

∑
�∈Z

f(j + �M)χ
E�−�M

(j)e−2πi m
M j ,

�� Parseval���
M−1∑
m=0

|〈f(·), e2πi m
M ·χ

E
(·)〉|2 = M

M−1∑
j=0

∣∣∣∣∑
�∈Z

f(j + �M)χ
E�−�M

(j)
∣∣∣∣
2

= M
∑
�∈Z

∑
j∈E�−�M

|f(j + �M)|2

= M
∑
j∈E

|f(j)|2.

(i) ��.

(iii)=⇒(iv). ��� E ����� {Ek : k ∈ Z },	� {Ek − kM : k ∈ Z } � NM �


������. � j ∈ NM , k ∈ Z, 	� j + kM ∈ E, ��� j + kM ∈ Ek. ���, ��


k′ 
= k, j + kM ∈ Ek′ , � j ∈ Ek′ − k′M + (k′ − k)M ⊂ NM + (k′ − k)M , � j ∈ NM ��. 	∑
k∈Z

χ
E
(· + kM) ����, ����� NM �,∑

k∈Z

χ
E
(· + kM) � 1.

���	��. ���� j ∈ NM , 	� j + k1M ∈ E, j + k2M ∈ E,�� k1, k2 ∈ Z, k1 
= k2,

� j + k1M ∈ Ek1 , j + k2M ∈ Ek2 , 
�, j ∈ (Ek1 − k1M)∩ (Ek2 − k2M) = ∅,
�����.

(iv)=⇒(iii). � (iv) ��. � k ∈ Z, 	�

Ek := E ∩ (NM + kM) − kM,

� {Ek + kM : k ∈ Z } � E �����, �� k ∈ Z, Ek ⊂ NM . 
�, ���� Ek, k ∈ Z,


���. ���	��. ���
 k 
= k′, j ∈ Ek ∩ Ek′ , � j + kM , j + k′M ∈ E, � (iv)

��. ��.

�� 4.3 �	 N , M ∈ N �
 N
M = p

q , �� p, q ∈ N, gcd(p, q) = 1. � S � Z ��

�� NZ ���, �	��
��:
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(i) �� g ∈ l2(S), 	� G(g, N, M) � l2(S) ��
;

(ii) � j ∈ N M
q

,
p−1∑
k=0

χ
S
(j + kM) � q; (4.3)

(iii) � j ∈ Z, (4.3) ���.

�� 
�	� 2.5,
∑p−1

k=0 χ
S
(j + kM) � M

q ���. 
�, (ii) � (iii) ��.

(i)=⇒ (ii). 	� G(j, θ) ∈ Mq,p. �		� 3.3,� j ∈ N M
q

,

p−1∑
k=0

χ
S
(j + kM) = rank(G(j, θ)) � q.

(ii)=⇒ (i). 
�	� 3.3 ��� 2.3 �����, ���������
� G : N M
q
×

[0, 1) → Mq,p, 	�� (j, r, k) ∈ N M
q
× Nq × Np, G(j, ·)r, k ∈ L2[0, 1), �� j ∈ N M

q
�
	

��� θ ∈ [0, 1),

rank(G(j, θ)) =
p−1∑
k=0

χ
S
(j + kM).

� B ⊂ Np, 	�

IB :=
{

j ∈ N M
q

:
p−1∑
k=0

χ
S
(j + kM) =

∑
k∈B

χ
S
(j + kM) = card(B)

}
.

��, {IB : B ⊂ Np} �� N M
q
�����. �	 j ∈ IB . � [0, 1) �	��� q × p ���


� G(j, ·) = (G0(j, ·), . . . , Gp−1(j, ·)), 	��
� k /∈ B, Gk(j, ·) = 0, {Gk(j, ·) : k ∈ B}
� Cq �����, � Gk(j, ·) �������� L2[0, 1). 	 (4.3) �� card(B) � q, ��

�� G(j, ·)����� (���,�� card(B)��������������
����


�� {Gk(j, ·) : k ∈ B} ��
���
). ��, � j ∈ IB, � [0, 1) �
	���

rank(G(j, ·)) = card(B) =
p−1∑
k=0

χ
S
(j + kM).

	 B �� Np �����, ��������� G(j, θ). ��.

	��	��� (4.3) ����� E ⊂ Z 	� G(χ
E
, N, M) � l2(S) ����� M �

	���
����
.

�� 4.4 �	 N , M ∈ N �
 N
M = p

q , �� p, q ∈ N, gcd(p, q) = 1. � S � Z ��

�� NZ ���, �	��
��:

(i) �� E ⊂ Z, 	� G(χ
E
, N, M) �� l2(S) ����� M �	��;

(ii) � j ∈ N M
q

,
p−1∑
k=0

χ
S
(j + kM) � q; (4.4)

(iii) � j ∈ Z, (4.4) ���.

�� 
�	� 2.5 �� (ii) � (iii) ��, ������ (i)⇐⇒(ii). � G(χE , N, M)

� l2(S) ���, 	�	� l2(S) ��
. 		� 4.3 ���� “(i)=⇒(ii)” . 	� (ii)=⇒(i).
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� S0 := S ∩ NN . �������� E ⊂ Z, 	� E � NZ ��� S0, � MZ ��� NM

�����. ���, �	�, l2(S) ������

l2(S) =
⊕
n∈Z

l2(S0 + nN) =
⊕
n∈Z

l2(E + nN).

	�� 4.2, { e2πi m
M ·χ

E
(·) : m ∈ NM } �� l2(E) ����� M �	��. 
�, � n ∈ Z,

{ e2πi m
M ·χ

E
(·−nN) : m ∈ NM }�� l2(E+nN)�����M �	��. ��, G(χ

E
, N, M)

�� l2(S) ����� M �	��.

���	
	� E. ��� j ∈ N M
q

, 	�

Bj = { k ∈ Np : j + kM ∈ S } .

� Bj 
= ∅, �� Bj = {kj, i : i ∈ Ncard(Bj)
}. �
	� Bj , �

{ (rj, i, �j, i) : i ∈ Ncard(Bj)
} ⊂ Nq × Z,

	�� i, i′ ∈ Ncard(Bj)
, i 
= i′, �
 rj, i 
= rj, i′ . 	 (ii) � card(Bj) � q, ��
	�

{ (rj, i, �j, i) : i ∈ Ncard(Bj) } ����. 	�

Ej :=

⎧⎪⎨
⎪⎩
∅, �Bj = ∅;

{j + kj, iM − rj, iN + �j, iqN : i ∈ Ncard(Bj)
}, �Bj 
= ∅,

�	

E :=
⋃

j∈N M
q

Ej . (4.5)

	� E �������.

(1) E MZ ��� NM �����.

����, � j + kj, iM − rj, iN + �j, iqN, j′ + kj′, i′M − rj′, i′N + �j′, i′qN ∈ E, 	

M |[(j + kj, iM − rj, iN + �j, iqN) − (j′ + kj′, i′M − rj′, i′N + �j′, i′qN)], (4.6)

�	� j = j′, i = i′. � n0 = M
q . ��, (4.6) ����

n0q | [(j − j′) + (kj, i − kj′, i′)n0q + (rj′, i′ − rj, i)n0p + (�j, i − �j′, i′)n0pq],

	��� n0|(j − j′). �	 j, j′ ∈ Nn0 �� j = j′. ��

q | [(kj, i − kj, i′)q + (rj, i′ − rj, i)p + (�j, i − �j, i′)pq],

	��� q | [(rj, i′ − rj, i)p]. �	 gcd(p, q) = 1 � rj, i′ , rj, i ∈ Nq �� i = i′.

(2) E NZ ��� S0.

�� (1) ��, E NZ ��� NN �����. �	 E ⊂ S, E NZ ��� S0 ����

�. ��� 4.1 �����,

card(S0) =
n0−1∑
j=0

∑
n∈Z

χ
S0

(j + nn0)

=
n0−1∑
j=0

p−1∑
k=0

χ
S
(j + kM)

=
n0−1∑
j=0

card(Bj).
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	 (1), � (j, i) 
= (j′, i′) , j + kj,iM − rj,iN + �j, iqN 
= j′ + kj′,i′M − rj′,i′N + �j′, i′qN . ��
n0−1∑
j=0

card(Bj) = card(E).


�, card(S0) = card(E), E NZ ��� S0. ��.

�� 4.5 
 S = Z 
, 	� 4.3 � 4.4 �� (ii) � (iii) ��� N � M .

	� 4.4 
�����	 l2(S) ��	 G(χE , N, M) �	�����. 	��	���

l2(S) ������� M �	�� G(χ
E
, N, M) ��������.

�� 4.6 �	 N, M ∈ N�
 N
M = p

q , �� p, q ∈ N, gcd(p, q) = 1. � E ⊂ Z, S � Z

��� NZ ���. 	��
��:

(i) G(χ
E
, N, M) � l2(S) ����� M �	��;

(ii) E ��		��: E :=
⋃

j∈N M
q

Ej , ��,

Ej :=

⎧⎪⎨
⎪⎩
∅, �Bj = ∅;

{j + kj, iM − rj, iN + �j, iqN : i ∈ Ncard(Bj)
}, �Bj 
= ∅,

� i ∈ Ncard(Bj)
, kj, i ∈ Bj 
= ∅, (rj, i, �j, i) ∈ Nq × Z, ���� i, i′ ∈ Ncard(Bj)

, i 
= i′, �

rj, i 
= rj, i′ ;

(iii) E � MZ ��� NM �����, � NZ ��� S0, �� S0 = S ∩ NN .

�� ��,		� 4.4� (1)� (2)�� (ii)=⇒(iii),�	� 4.4����� (iii)=⇒(i).


�, ���� (i)=⇒(ii).

��	� 3.4 ����. � j ∈ N M
q

, � Bj 
= ∅, �
� Bj = {kj, i : i ∈ Ncard(Bj)
}. �

j ∈ N M
q
� k ∈ Np, � Ak(j, ·) � G(j, ·) �� k �. 
�	� 3.4, � j ∈ N M

q
, � [0, 1) �


	���

G∗(j, ·)G(j, ·) = diag(χBj
(0), . . . , χBj

(p − 1)).

	���� i, i′ ∈ Ncard(Bj),

A∗
kj, i

(j, ·)Akj, i′ (j, ·) =

⎧⎨
⎩1, �i = i′;

0, �i 
= i′.
(4.7)

��
 Bj 
= ∅ � j ∈ N M
q
� (r, �) ∈ Nq × Z, � εj, i, r, � = χ

E
(j + kj, iM − rN + �qN). 	�

� Zak ���	�, Akj, i(j, ·) =
(∑

�∈Z
εj, i, r, �e2πi�θ

)T

r∈Nq
. 
�, (4.7) ��
��

∑
�∈Z

( ∑
�′∈Z

q−1∑
r=0

εj, i, r, �+�′εj, i′, r, �′

)
e2πi�θ =

⎧⎨
⎩1, �i = i′;

0, �i 
= i′,

���,

∑
�′∈Z

q−1∑
r=0

εj, i, r, �+�′εj, i, r, �′ =

⎧⎨
⎩1, �� = 0;

0, �� 
= 0,
(4.8)

∑
�′∈Z

q−1∑
r=0

εj, i, r, �+�′εj, i′, r, �′ = 0, i 
= i′, � ∈ Z. (4.9)
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	�� εj, i, r, � ∈ {0, 1}. 	 (4.8) �, ����� (rj, i, �j, i) ∈ Nq × Z, 	�

εj, i, r, � =

⎧⎨
⎩1, �(r, �) = (rj, i, �j, i);

0, ��,


���� (r, �) ∈ Nq × Z,

j + kj,iM − rN + �qN

⎧⎨
⎩∈ E, �(r, �) = (rj, i, �j, i),

/∈ E, ��.

� k ∈ Np \Bj ,� j + kM /∈ S. ��,� (r, �) ∈ Nq ×Z, j + kM − rN + �qN /∈ S. �	 E ⊂ S

�� j +kM − rN + �qN /∈ E. � j ∈ N M
q
�
 Bj = ∅,����� k ∈ Np, j +kM /∈ S,��

� (r, k, �) ∈ Nq ×Np ×Z, j +kM − rN + �qN /∈ S. �	 E ⊂ S�� j +kM − rN + �qN /∈ E.


��� 3.2,

Z = { j + kM − rN + �qN : (j, r, k, �) ∈ N M
q
× Nq × Np × Z }.

��,

E =
⋃

j∈N M
q

, Bj �=∅
{ j + kj, iM − rj, iN + �j, iqN : i ∈ Ncard(Bj)

}.

��, � i, i′ ∈ Ncard(Bj)
, i 
= i′, � rj, i 
= rj, i′ . ��, 	 (4.9) �, � �′ ∈ Z, εj, i, rj, i, �j, i

εj, i′, rj, i′ , �′ = 0, 
� εj, i′, rj, i′ , �j, i′ = 1 ��. ��.

5 Gabor ��������


�	� 4.3 ��� 4.1, l2(S) ����
 Gabor �����
� card(S0) � M . 	�

���� card(S0) = M 	 (4.1)����������,�����	������ Gabor

��� Riesz �. �
����		��:

�� 5.1 � N , M ∈ N, g, γ ∈ l2(Z), �� f , h ∈ l0(Z),

∑
n∈Z

M−1∑
m=0

〈f, e2πi m
M ·g(· − nN)〉 〈e2πi m

M ·γ(· − nN), h〉

= M
∑
k∈Z

∑
j∈Z

Gk,γ(j)f
(
j − kM)h(j), (5.1)

�� Gk,γ =
∑

n∈Z
g(· − kM − nN)γ(· − nN), � (5.1) ����������.

�� 
���, � m ∈ NM � n ∈ Z,

〈f, e2πi m
M ·g(· − nN)〉 =

M−1∑
j=0

∑
k∈Z

f(j − kM)g(j − kM − nN)e−2πi m
M j ,

〈h, e2πi m
M ·γ(· − nN)〉=

M−1∑
j=0

∑
k∈Z

h(j − kM)γ(j − kM − nN)e−2πi m
M j .

� j ∈ Z, � F (j) =
∑

k∈Z
f(j − kM)g(j − kM − nN). ��, F � M ���. ��, �

Parseval��, (5.1) �
������

M
∑
n∈Z

M−1∑
j=0

F (j)
∑
k′∈Z

h(j − k′M)γ(j − k′M − nN).
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�� F ����, ���
����

M
∑
n∈Z

M−1∑
j=0

∑
k′∈Z

F (j − k′M)h(j − k′M)γ(j − k′M − nN)

= M
∑
n∈Z

∑
j∈Z

F (j)h(j)γ(j − nN).


�, (5.1) �
������

M
∑
n∈Z

∑
j∈Z

∑
k∈Z

g(j − kM − nN)γ(j − nN)f(j − kM)h(j)

= M
∑
k∈Z

∑
j∈Z

Gk,γ(j)f(j − kM)h(j),



����, 
�	 f , h ∈ l0(Z) ��� j � k ���
�������
. 
�
��

� (5.1) ����������. ��.

�� 5.2 �	 N , M ∈ N � Z ���� NZ ��� S. � G(g, N, M) � l2(S) ��

�, �

(i) card(S0) � M , �� S0 = S ∩ NN .

(ii) G(g, N, M) � l2(S) � Riesz �
��
 card(S0) = M .

�� 
 G(g, N, M) � l2(S) ���
, 	� l2(S) ��
. 		� 4.3 ��� 4.1 �

� (i) ��. 	��� (i) ������.

� m ∈ NM � n ∈ Z, 	� l2(S) ������ E m
M
����� TnN �: � f ∈ l2(S),

E m
M

f(·) := e2πi m
M ·f(·), TnNf(·) := f(· − nN),

�� G(g, N, M) ������� S ����: � f ∈ l2(S),

Sf =
∑
n∈Z

M−1∑
m=0

〈f, E m
M

TnNg〉E m
M

TnNg.


���, SE m
M

TnN = E m
M

TnNS. ��, � f ∈ l2(S),

f =
∑
n∈Z

M−1∑
m=0

〈f, E m
M

TnNg〉E m
M

TnNS−1g. (5.2)

� k ∈ Z, � I(k) = NM + kM , �� k ∈ Z, f , h ∈ l0(Z), supp(f), supp(h) ⊂ S0 ∩ I(k), 	

(5.2) ���� 5.1, � � ∈ Z �

〈f, h〉= 〈T�Nf, T�Nh〉

=
∑
n∈Z

M−1∑
m=0

〈T�Nf, E m
M

TnNg〉 〈E m
M

TnNS−1g, T�Nh〉

= M
∑
n∈Z

∑
j∈Z

Gn,S−1g(j)T�N+nMf(j)T�Nh(j),

��,� n ∈ Z, Gn,S−1g(·) =
∑

k∈Z
TnM+kNg(·)TkN (S−1g)(·). 
� supp(f), supp(h) ⊂ I(k),

��� n 
= 0, supp(T�N+nMfT�Nh) = ∅. ��, � � ∈ Z,

〈f, h〉 = M
∑
j∈Z

G0,S−1g(j)T�Nf(j)T�Nh(j)

= M
∑

j∈S0∩I(k)

G0, S−1g(j + �N) f (j) h (j).
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	 f � h ����, � k, � ∈ Z, � S0 ∩ I(k) �� G0,S−1g(· + �N) = 1
M . 	 k �� Z, �

� � ∈ Z, � S0 �� G0, S−1g(· + �N) = 1
M , ��, � S �� G0,S−1g(·) = 1

M . ����, �

k ∈ Z, 
� TkNS−1g, TkNg ∈ l2(S), 
�� Z\S �, G0, S−1g(·) = 0. ��, G0,S−1g = 1
M χ

S
.

��,

card(S0) =
N−1∑
j=0

χ
S
(j) = M

N−1∑
j=0

G0,S−1g(j).

�	 G0,S−1g �	���,
1
M

card(S0) =
∑
j∈Z

g(j) (S−1g)(j) = 〈S−1g, g〉 = ‖S− 1
2 g‖2. (5.3)


� G(g, N, M)� l2(S)���, G(S− 1
2 g, N, M)� l2(S)���	��,�� ‖S− 1

2 g‖2 � 1.

�	 (5.3)��� (i). ���, G(g, N, M)� l2(S)� Riesz�
��
��	�� G(S− 1
2 g,

N, M) � l2(S) ������, ���, ‖S− 1
2 g‖2 = 1. �	 (5.3) ��� (ii). ��.

�� 5.3 �	 N , M ∈ N�
 N
M = p

q ,�� p, q ∈ N, gcd(p, q) = 1. � S� Z���

� NZ ���, ��� g ∈ l2(S), 	� G(g, N, M) � l2(S) � Riesz �
��
� j ∈ N M
q

,∑p−1
k=0 χ

S
(j + kM) = q.

�� ���. � S0 = S∩NN . � G(g, N, M)� l2(S)� Riesz�.��,
�	� 5.2,

card(S0) = M . 
 G(g, N, M)� l2(S)��
,		� 4.3,� j ∈ N M
q

,
∑p−1

k=0 χ
S
(j +kM) � q.

�	�� 4.1 ��, � j ∈ N M
q

,
∑p−1

k=0 χ
S
(j + kM) = q.


��. �� j ∈ N M
q

,
∑p−1

k=0 χ
S
(j+kM) = q. 		� 4.4,�� E ⊂ Z,	� G(χ

E
, N, M)

� l2(S) ���. ����, 	�� 4.1, card(S0) = M , 
�, 
�	� 5.2, G(χ
E
, N, M) �

l2(S) � Riesz �. ��.

�� 5.4 ���, �	� 5.2 � 5.3 �, 	 S = Z, � card(S0) = M �
∑p−1

k=0 χ
S
(· +

kM) = q ��� N = M .

�� 5.5 ��	� 5.2 ���, ����� 3.9–3.11. �� 3.9 �, card(S0) = 3, ��

G(g, 4, 3) � l2(S) � Riesz �. �� 3.10 �, card(S0) = 3 < 4, �� G(g, 6, 4) � l2(S) ��

�, ��� Riesz �. ��, �� 3.11 �, G(g, 4, 6) � l2(S) ���, ��� Riesz �.

�� �������������
�, ��
�������������.
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