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Definition

�LÚM�½Â3�½¼ê�mS�(�©)�
Î§eéuT¼ê�mS�?¿ü�¼êuÚv§
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(v, Lu) = (Mv, u)
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v∗Ludx =
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(Mv)∗udx
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~13.1 L =
d

dx∫ b

a

v∗
du

dx
dx = v∗u

∣∣∣b
a
−

∫ b

a

dv∗

dx
udx

¤±§�uÚvÑ÷v>.^�

y(a) = y(b)

�§
d

dx
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dx

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Þ~

~13.1 L =
d

dx∫ b

a

v∗
du

dx
dx = v∗u

∣∣∣b
a
−

∫ b

a

dv∗

dx
udx

¤±§�uÚvÑ÷v>.^�

y(a) = y(b)

�§
d

dx
���Î´− d

dx

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Þ~

~13.1 L =
d

dx∫ b

a

v∗
du

dx
dx = v∗u

∣∣∣b
a
−

∫ b

a

dv∗

dx
udx

¤±§�uÚvÑ÷v>.^�

y(a) = y(b)

�§
d

dx
���Î´− d

dx

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

?Ø
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v∗Mudx =
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(Mu)∗vdx

]∗
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u∗Lvdx

]∗
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(Lv)∗udx
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dx2
dx =
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a
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(d2v
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)∗
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Definition

eL�g��Î§K�§

Ly(x) = λy(x)

¡�g��Î����¯K
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5�2

g��Î����7�¢ê

Proof

Ly = λy =⇒ (Ly)∗ = λ∗y∗

duL´g��Î∫ b

a

[y∗Ly − (Ly)∗y] dx = 0 =⇒ (λ− λ∗)

∫ b

a

yy∗dx = 0

∴ λ = λ∗ i.e.���λ�¢ê
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a
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y∗i (x)yj(x)dx = 0

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

g��Î���¯K�5�

5�3

g��Î���¼êäk��5§=éAØÓ�
�����¼ê�½��

Proof

�λiÚλj´Ø���ü����§éA���¼ê�yiÚyj

Lyi = λiyi Lyj = λjyj

���λi, λj�¢ê∫ b

a

[y∗i Lyj − (Lyi)
∗yj] dx = (λj − λi)

∫ b

a

y∗i yjdx

∴
∫ b

a

y∗i (x)yj(x)dx = 0

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

g��Î���¯K�5�

5�3

g��Î���¼êäk��5§=éAØÓ�
�����¼ê�½��

Proof

�λiÚλj´Ø���ü����§éA���¼ê�yiÚyj

Lyi = λiyi Lyj = λjyj

���λi, λj�¢ê∫ b

a

[y∗i Lyj − (Lyi)
∗yj] dx = (λj − λi)

∫ b

a

y∗i yjdx

∴
∫ b

a

y∗i (x)yj(x)dx = 0

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

g��Î���¯K�5�

5�3

g��Î���¼êäk��5§=éAØÓ�
�����¼ê�½��

Proof

�λiÚλj´Ø���ü����§éA���¼ê�yiÚyj

Lyi = λiyi Lyj = λjyj

���λi, λj�¢ê∫ b

a

[y∗i Lyj − (Lyi)
∗yj] dx = (λj − λi)

∫ b

a

y∗i yjdx

∴
∫ b

a

y∗i (x)yj(x)dx = 0

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

?Ø

du��¼ê´àg�©�§3àg>.^

�e�)§¤±ò��¼ê¦±���"~
êÏfE,´��¼ê

�±·�ÀJù�~êÏf§¦�éu?¿
�����λi§Ñk∫ b

a

y∗i (x)yi(x)dx = 1

ù����Ò´����8��¼ê|∫ b

a

y∗i (x)yj(x)dx = δij

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

?Ø

du��¼ê´àg�©�§3àg>.^

�e�)§¤±ò��¼ê¦±���"~
êÏfE,´��¼ê

�±·�ÀJù�~êÏf§¦�éu?¿
�����λi§Ñk∫ b

a

y∗i (x)yi(x)dx = 1

ù����Ò´����8��¼ê|∫ b

a

y∗i (x)yj(x)dx = δij

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

?Ø

du��¼ê´àg�©�§3àg>.^

�e�)§¤±ò��¼ê¦±���"~
êÏfE,´��¼ê

�±·�ÀJù�~êÏf§¦�éu?¿
�����λi§Ñk∫ b

a

y∗i (x)yi(x)dx = 1

ù����Ò´����8��¼ê|∫ b

a

y∗i (x)yj(x)dx = δij

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

g��Î���¯K�5�

5�4

g��Î���¼ê(��N)�¤����¼ê
|§=?¿��3«m[a, b]¥këY���ê!
�÷vÚg��ÎL�Ó>.^��¼êf(x)§
þ�U��¼ê{yn(x)}Ðm�ýé���Âñ
�?ê

f(x) =
∞∑

n=1

cnyn(x)

(���Y)

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

g��Î���¯K�5�

5�4

(Yc�)

Ù¥ cn =

∫ b

a

f(x)y∗n(x)dx∫ b

a

yn(x)y
∗
n(x)dx

AO´§éu8�z���¼ê|

cn =

∫ b

a

f(x)y∗n(x)dx

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

g��Î���¯K�5�

5�4

(Yc�)

Ù¥ cn =

∫ b

a

f(x)y∗n(x)dx∫ b

a

yn(x)y
∗
n(x)dx

AO´§éu8�z���¼ê|

cn =

∫ b

a

f(x)y∗n(x)dx

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

g��Î���¯K�5�

��8����¼ê|���5
∞∑

n=1

yn(x)y
∗
n(x

′) = δ(x− x′)

?Ø

dþ¡�5�3Ú4�±w�§��ò��¼
ê·�8�z§K��¼ê��NÒ�¤

�������8�¼ê8

Ïd§þ�!¥k'�����8�¼ê8
�?Øþ�·^

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

g��Î���¯K�5�

��8����¼ê|���5
∞∑

n=1

yn(x)y
∗
n(x

′) = δ(x− x′)

?Ø

dþ¡�5�3Ú4�±w�§��ò��¼
ê·�8�z§K��¼ê��NÒ�¤

�������8�¼ê8

Ïd§þ�!¥k'�����8�¼ê8
�?Øþ�·^

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

g��Î���¯K�5�

��8����¼ê|���5
∞∑

n=1

yn(x)y
∗
n(x

′) = δ(x− x′)

?Ø

dþ¡�5�3Ú4�±w�§��ò��¼
ê·�8�z§K��¼ê��NÒ�¤

�������8�¼ê8

Ïd§þ�!¥k'�����8�¼ê8
�?Øþ�·^

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

g��Î���¯K�5�

?Ø

±þ6��ÑK�«�U5§=éAu��
����UkØ���(�5Ã'�)��¼
ê§Ï�U¿Ø*d��

��ò?Øù«�/

=¦3ù«�/§�o��±æ^Schmidt�
��zÚ½(�Ö18.1!)¦���z§ ÏE
,�±���������8�¼ê8

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

g��Î���¯K�5�

?Ø

±þ6��ÑK�«�U5§=éAu��
����UkØ���(�5Ã'�)��¼
ê§Ï�U¿Ø*d��

��ò?Øù«�/

=¦3ù«�/§�o��±æ^Schmidt�
��zÚ½(�Ö18.1!)¦���z§ ÏE
,�±���������8�¼ê8

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

g��Î���¯K�5�

?Ø

±þ6��ÑK�«�U5§=éAu��
����UkØ���(�5Ã'�)��¼
ê§Ï�U¿Ø*d��

��ò?Øù«�/

=¦3ù«�/§�o��±æ^Schmidt�
��zÚ½(�Ö18.1!)¦���z§ ÏE
,�±���������8�¼ê8

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

g��Î���¯K�5�

?Ø

±þ�Ðm^���±�°µéu?¿3[a, b]¥
²��È�¼ê§Ðmª

f(x) =
∞∑

n=1

cnyn(x)

3²þÂñ

lim
N→∞

∫ b

a

∣∣∣f(x)−
N∑

n=1

cnyn(x)
∣∣∣2dx = 0

�¿ÂeE,¤á

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

g��Î���¯K�5�

`²

î�`5§þ¡'ug��Î�����3
5Ú��¼ê���5�?Ø§�5�A�
«©ÛÉ�(«mÃ.½�Ã.¶ ½´3k.
«mþ�©�§kÛ:)Ú�ÛÉ�(«mk
.§��©�§3«mþÃÛ:)���¯K
ùü«�/

�du¿vk�Ñk'�y²§¤±�Ò�
Q«©ùüa���¯K

�§�
Qã��B§3k'�Lã¥Ñ
æ^
k.«m�/ª

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

g��Î���¯K�5�

`²

î�`5§þ¡'ug��Î�����3
5Ú��¼ê���5�?Ø§�5�A�
«©ÛÉ�(«mÃ.½�Ã.¶ ½´3k.
«mþ�©�§kÛ:)Ú�ÛÉ�(«mk
.§��©�§3«mþÃÛ:)���¯K
ùü«�/

�du¿vk�Ñk'�y²§¤±�Ò�
Q«©ùüa���¯K

�§�
Qã��B§3k'�Lã¥Ñ
æ^
k.«m�/ª

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

g��Î���¯K�5�

`²

î�`5§þ¡'ug��Î�����3
5Ú��¼ê���5�?Ø§�5�A�
«©ÛÉ�(«mÃ.½�Ã.¶ ½´3k.
«mþ�©�§kÛ:)Ú�ÛÉ�(«mk
.§��©�§3«mþÃÛ:)���¯K
ùü«�/

�du¿vk�Ñk'�y²§¤±�Ò�
Q«©ùüa���¯K

�§�
Qã��B§3k'�Lã¥Ñ
æ^
k.«m�/ª

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

ùÇ�:

1 Sturm-Liouville.�§����¯K
g��Î����¯K

Sturm-Liouville.�§����¯K
Sturm-Liouville.�§���¯K¥�{¿
y�

2 lS-L.�§���¯Kw©lCþ{
©lCþ{°Â

©lCþ{�uÐ

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Sturm-Liouville.�§

�8c��§·�?ØLA�~�©�§���
�¯K©�9��©�§k

X ′′ + λX = 0

d

dx

[(
1− x2

) dy

dx

]
+

[
λ− m2

1− x2

]
y = 0

1

r

d

dr

(
r
dR

dr

)
+

[
λ− m2

r2

]
R = 0

§��±8B�e¡���/ª

d

dx

[
p(x)

dy

dx

]
+ [λρ(x)− q(x)] y = 0

¡�Sturm–Liouville.�§({¡S–L.�§)
C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Sturm-Liouville.�§

�8c��§·�?ØLA�~�©�§���
�¯K©�9��©�§k

X ′′ + λX = 0

d

dx

[(
1− x2

) dy

dx

]
+

[
λ− m2

1− x2

]
y = 0

1

r

d

dr

(
r
dR

dr

)
+

[
λ− m2

r2

]
R = 0

§��±8B�e¡���/ª

d

dx

[
p(x)

dy

dx

]
+ [λρ(x)− q(x)] y = 0

¡�Sturm–Liouville.�§({¡S–L.�§)
C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

?Ø

Sturm–Liouville.�§

d

dx

[
p(x)

dy

dx

]
+ [λρ(x)− q(x)] y = 0

¼êp(x), q(x)Úρ(x)Ñ´¢¼ê§�Ñ÷v
7��ëY5�¦

ρ(x)§¡��¼ê

��¼êρ(x) =~ê�§�±��1

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

?Ø

Sturm–Liouville.�§

d

dx

[
p(x)

dy

dx

]
+ [λρ(x)− q(x)] y = 0

¼êp(x), q(x)Úρ(x)Ñ´¢¼ê§�Ñ÷v
7��ëY5�¦

ρ(x)§¡��¼ê

��¼êρ(x) =~ê�§�±��1

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

?Ø

Sturm–Liouville.�§

d

dx

[
p(x)

dy

dx

]
+ [λρ(x)− q(x)] y = 0

¼êp(x), q(x)Úρ(x)Ñ´¢¼ê§�Ñ÷v
7��ëY5�¦

ρ(x)§¡��¼ê

��¼êρ(x) =~ê�§�±��1

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

?Ø

Sturm–Liouville.�§

d

dx

[
p(x)

dy

dx

]
+ [λρ(x)− q(x)] y = 0

¼êp(x), q(x)Úρ(x)Ñ´¢¼ê§�Ñ÷v
7��ëY5�¦

ρ(x)§¡��¼ê

��¼êρ(x) =~ê�§�±��1

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

?Ø

Øð�~ê��¼êρ(x)

�±5u��¡�IX�¦^(ù��±
lLaplace�Î�äNL�ª¥JÏ��¼
ê�l,¶ l��þ`§§�N
�I�Ý
ü ´TCþ�¼ê©�±¡��5u�
m�AÛ£ã�Øþ!5)

��U5u¯K¤�9�Ôn5��Øþ

!5(~X§�Ý©Ù�Øþ!)

Ïd§Ò·�¤'%�Ôn¯Kó§Ø�
b�ρ(x) ≥ 0§�Øð�0

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

?Ø

Øð�~ê��¼êρ(x)

�±5u��¡�IX�¦^(ù��±
lLaplace�Î�äNL�ª¥JÏ��¼
ê�l,¶ l��þ`§§�N
�I�Ý
ü ´TCþ�¼ê©�±¡��5u�
m�AÛ£ã�Øþ!5)

��U5u¯K¤�9�Ôn5��Øþ

!5(~X§�Ý©Ù�Øþ!)

Ïd§Ò·�¤'%�Ôn¯Kó§Ø�
b�ρ(x) ≥ 0§�Øð�0

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

?Ø

Øð�~ê��¼êρ(x)

�±5u��¡�IX�¦^(ù��±
lLaplace�Î�äNL�ª¥JÏ��¼
ê�l,¶ l��þ`§§�N
�I�Ý
ü ´TCþ�¼ê©�±¡��5u�
m�AÛ£ã�Øþ!5)

��U5u¯K¤�9�Ôn5��Øþ

!5(~X§�Ý©Ù�Øþ!)

Ïd§Ò·�¤'%�Ôn¯Kó§Ø�
b�ρ(x) ≥ 0§�Øð�0

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

?Ø

Øð�~ê��¼êρ(x)

�±5u��¡�IX�¦^(ù��±
lLaplace�Î�äNL�ª¥JÏ��¼
ê�l,¶ l��þ`§§�N
�I�Ý
ü ´TCþ�¼ê©�±¡��5u�
m�AÛ£ã�Øþ!5)

��U5u¯K¤�9�Ôn5��Øþ

!5(~X§�Ý©Ù�Øþ!)

Ïd§Ò·�¤'%�Ôn¯Kó§Ø�
b�ρ(x) ≥ 0§�Øð�0

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Sturm–Liouville.�§

d

dx

[
p(x)

dy

dx

]
+ [λρ(x)− q(x)] y = 0

½Â�©�Î

L ≡ − d

dx

[
p(x)

d

dx

]
+ q(x)

Kk

Sturm–Liouville.�§��Î/ª

Ly(x) = λρ(x)y(x)

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Sturm–Liouville.�§

d

dx

[
p(x)

dy

dx

]
+ [λρ(x)− q(x)] y = 0

½Â�©�Î

L ≡ − d

dx

[
p(x)

d

dx

]
+ q(x)

Kk

Sturm–Liouville.�§��Î/ª

Ly(x) = λρ(x)y(x)

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Sturm–Liouville.�§���¯K

Sturm–Liouville.�§

d

dx

[
p(x)

dy

dx

]
+ [λρ(x)− q(x)] y = 0

N\þ·��>.^�§Ò�¤Sturm–Liouville
.�§����¯K

�λ�,
A½��§k÷vSturm–Liouville�
§9>.^���")§ λ�ù
A½�=��

��§�A��")=���¼ê

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Sturm–Liouville.�§���¯K

Sturm–Liouville.�§

d

dx

[
p(x)

dy

dx

]
+ [λρ(x)− q(x)] y = 0

N\þ·��>.^�§Ò�¤Sturm–Liouville
.�§����¯K

�λ�,
A½��§k÷vSturm–Liouville�
§9>.^���")§ λ�ù
A½�=��

��§�A��")=���¼ê

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Sturm–Liouville.�§���¯K�g�5

Sturm–Liouville.�§Ly(x) = λρ(x)y(x)Ú
Ly(x) = λy(x)�«O3uÑy
�¼êρ(x)

�¦Sturm–Liouville.�§���¯K�ÎÜg
��Î���¯K��¦§��Xe?U

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Sturm–Liouville.�§���¯K�g�5

Sturm–Liouville.�§Ly(x) = λρ(x)y(x)Ú
Ly(x) = λy(x)�«O3uÑy
�¼êρ(x)

�¦Sturm–Liouville.�§���¯K�ÎÜg
��Î���¯K��¦§��Xe?U

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Sturm–Liouville.�§���¯K�g�5

?U��

• Ú?#��Î

L′ ≡ 1

ρ(x)
L ≡ 1

ρ(x)

{
− d

dx

[
p(x)

d

dx

]
+ q(x)

}
KSturm–Liouville.�§Òz�

L′y(x) = λy(x)

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Sturm–Liouville.�§���¯K�g�5

?U��

• Ú?#��Î

L′ ≡ 1

ρ(x)
L ≡ 1

ρ(x)

{
− d

dx

[
p(x)

d

dx

]
+ q(x)

}
KSturm–Liouville.�§Òz�

L′y(x) = λy(x)

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Sturm–Liouville.�§���¯K�g�5

?U��

• æ^#�SÈ½Â

(y1, y2)ρ ≡
∫ b

a

y∗1(x)y2(x)ρ(x)dx

3ù��SÈ½Âe§Òk

(y1,L
′y2)ρ = (y1,Ly2) (L′y1, y2)ρ = (Ly1, y2)

∴ y∗1Ly2−(Ly1)
∗y2 =− d

dx

[
p(x)

(
y∗1

dy2

dx
−y2

dy∗1
dx

)]
C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Sturm–Liouville.�§���¯K�g�5

?U��

• æ^#�SÈ½Â

(y1, y2)ρ ≡
∫ b

a

y∗1(x)y2(x)ρ(x)dx

3ù��SÈ½Âe§Òk

(y1,L
′y2)ρ = (y1,Ly2) (L′y1, y2)ρ = (Ly1, y2)

∴ y∗1Ly2−(Ly1)
∗y2 =− d

dx

[
p(x)

(
y∗1

dy2

dx
−y2

dy∗1
dx

)]
C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Sturm–Liouville.�§���¯K�g�5

?U��

• æ^#�SÈ½Â

(y1, y2)ρ ≡
∫ b

a

y∗1(x)y2(x)ρ(x)dx

3ù��SÈ½Âe§Òk

(y1,L
′y2)ρ = (y1,Ly2) (L′y1, y2)ρ = (Ly1, y2)

∴ y∗1Ly2−(Ly1)
∗y2 =− d

dx

[
p(x)

(
y∗1

dy2

dx
−y2

dy∗1
dx

)]
C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Sturm–Liouville.�§���¯K�g�5

?U�n

• N\>.^�

p(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)∣∣∣∣b
a

= 0

ùÒ��

(y1,Ly2)=(Ly1, y2) = (y1,L
′y1)ρ =(L′y1, y2)ρ

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Sturm–Liouville.�§���¯K�g�5

?U�n

• N\>.^�

p(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)∣∣∣∣b
a

= 0

ùÒ��

(y1,Ly2)=(Ly1, y2) = (y1,L
′y1)ρ =(L′y1, y2)ρ

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Sturm–Liouville.�§���¯K�g�5

(Ø

ùL²§��æ^SÈ½Â

(y1, y2)ρ ≡
∫ b

a

y∗1(x)y2(x)ρ(x)dx

K�ÎL′ ≡ 1

ρ(x)

{
− d

dx

[
p(x)

d

dx

]
+ q(x)

}
3>.^�p(x)

(
y∗1

dy2

dx
− y2

dy∗1
dx

)∣∣∣∣b
a

= 0 e´g�

�

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Sturm–Liouville.�§���¯K�g�5

(Ø

�é{`§3>.^�

p(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)∣∣∣∣b
a

= 0

�e§g��Î���¯K��X�(ØÑU£
��S–L.�§

d

dx

[
p(x)

dy

dx

]
+ [λρ(x)− q(x)] y = 0

����¯K¥

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Sturm–Liouville.�§���¯K�g�5

(Ø

�é{`§g��Î���¯K��X�(ØÑ
U£��S–L.�§����¯K

d

dx

[
p(x)

dy

dx

]
+ [λρ(x)− q(x)] y = 0

p(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)∣∣∣∣b
a

= 0

¥

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

Sturm–Liouville.�§���¯K�g�5

(Ø

���UC´3SÈ½Â¥IÑy�¼êρ(x)©
�A/§��¼ê���5ÒC�∫ b

a

y∗i (x)yj(x)ρ(x) dx = 0, λi 6= λj

k'��¼ê��59ÐmXêúª�I��A

�UC

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

>.^�p(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)∣∣∣∣b
a

= 0�äNz

�/�µp(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)
3x = a, bþ�0

±à:x = a�~

1. ep(a) 6= 0§�\þ1�!�!na>.^�

αy(a)− βy′(a) = 0, αÚβþ�(�)¢ê

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

>.^�p(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)∣∣∣∣b
a

= 0�äNz

�/�µp(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)
3x = a, bþ�0

±à:x = a�~

1. ep(a) 6= 0§�\þ1�!�!na>.^�

αy(a)− βy′(a) = 0, αÚβþ�(�)¢ê

Skip proof

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

>.^�p(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)∣∣∣∣b
a

= 0�äNz

�/�µp(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)
3x = a, bþ�0

±à:x = a�~

1. ep(a) 6= 0§�\þ1�!�!na>.^�

αy(a)− βy′(a) = 0, αÚβþ�(�)¢ê

y²µ αyi(a)− βy′i(a) = 0, i = 1, 2

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

>.^�p(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)∣∣∣∣b
a

= 0�äNz

�/�µp(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)
3x = a, bþ�0

±à:x = a�~

1. ep(a) 6= 0§�\þ1�!�!na>.^�

αy(a)− βy′(a) = 0, αÚβþ�(�)¢ê

y²µ αyi(a)− βy′i(a) = 0, i = 1, 2

αy∗i (a)− βy∗i
′(a) = 0, i = 1, 2

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

>.^�p(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)∣∣∣∣b
a

= 0�äNz

�/�µp(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)
3x = a, bþ�0

±à:x = a�~

1. ep(a) 6= 0§�\þ1�!�!na>.^�

αy(a)− βy′(a) = 0, αÚβþ�(�)¢ê

y²µ αyi(a)− βy′i(a) = 0, i = 1, 2

αy∗i (a)− βy∗i
′(a) = 0, i = 1, 2

αÚβØÓ��0§�k∣∣∣∣y∗1(a) y∗′1 (a)
y2(a) y′2(a)

∣∣∣∣ = y∗1(a)y
′
2(a)− y2(a)y

∗′
1 (a) = 0

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

>.^�p(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)∣∣∣∣b
a

= 0�äNz

�/�µp(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)
3x = a, bþ�0

±à:x = a�~

2. ep(a) = 0§ù�x = a:´�§�Û:©b½
p(x), q(x)Úρ(x)÷v�½��¦§¦�x = a:

´�§��KÛ:§�1�)k.§1�)Ã
.©ù��>.^�Ï~´k.^�

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

>.^�p(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)∣∣∣∣b
a

= 0�äNz

�/�µp(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)
3x = a, bþ�0

±à:x = a�~

2. ep(a) = 0§ù�x = a:´�§�Û:©b½
p(x), q(x)Úρ(x)÷v�½��¦§¦�x = a:

´�§��KÛ:§�1�)k.§1�)Ã
.©ù��>.^�Ï~´k.^�

Skip details

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

>.^�p(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)∣∣∣∣b
a

= 0�äNz

�/�µp(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)
3x = a, bþ�0

±à:x = a�~

2. ep(a) = 0§ù�x = a:´�§�Û:©b½
p(x), q(x)Úρ(x)÷v�½��¦§¦�x = a:

´�§��KÛ:§�1�)k.§1�)Ã
.©ù��>.^�Ï~´k.^�
~X

p(a) = 0 p′(a) 6= 0

ρ(x)Ú(x− a)q(x)þ3x = a:)Û

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

>.^�p(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)∣∣∣∣b
a

= 0�äNz

�/�µp(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)
3x = a, bþ�0

±à:x = a�~

2. ep(a) = 0§ù�x = a:´�§�Û:©b½
p(x), q(x)Úρ(x)÷v�½��¦§¦�x = a:

´�§��KÛ:§�1�)k.§1�)Ã
.©ù��>.^�Ï~´k.^�
½

p(a) = 0 p′(a) = 0 p′′(a) 6= 0

ρ(x)Úq(x)þ3x = a:)Û

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

>.^�p(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)∣∣∣∣b
a

= 0�äNz

�/�µp(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)
3x = a, bþ�0

±à:x = a�~

3. ep(a) = 0§�x = a:´�§���KÛ:

3�½^�e§�ÏL�¦¼ê²��È(=
/8�z^�0)(½���

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

>.^�p(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)∣∣∣∣b
a

= 0�äNz

�/�µp(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)
3x = a, bþ�0

±à:x = a�~

3. ep(a) = 0§�x = a:´�§���KÛ:

3�½^�e§�ÏL�¦¼ê²��È(=
/8�z^�0)(½���

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

>.^�p(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)∣∣∣∣b
a

= 0�äNz

�/�µp(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)
3x = a, bü:�ê

���§�Ø�0

XJ

p(a) = p(b) q(a) = q(b) ρ(a) = ρ(b)

¿�

y(a) = y(b) y′(a) = y′(b)

Ò�±÷vù��¦

ù�´?ØL�±Ï^���/

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

>.^�p(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)∣∣∣∣b
a

= 0�äNz

�/�µp(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)
3x = a, bü:�ê

���§�Ø�0

XJ

p(a) = p(b) q(a) = q(b) ρ(a) = ρ(b)

¿�

y(a) = y(b) y′(a) = y′(b)

Ò�±÷vù��¦

ù�´?ØL�±Ï^���/

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

>.^�p(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)∣∣∣∣b
a

= 0�äNz

�/�µp(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)
3x = a, bü:�ê

���§�Ø�0

XJ

p(a) = p(b) q(a) = q(b) ρ(a) = ρ(b)

¿�

y(a) = y(b) y′(a) = y′(b)

Ò�±÷vù��¦

ù�´?ØL�±Ï^���/

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

ùÇ�:

1 Sturm-Liouville.�§����¯K
g��Î����¯K

Sturm-Liouville.�§����¯K
Sturm-Liouville.�§���¯K¥�{¿
y�

2 lS-L.�§���¯Kw©lCþ{
©lCþ{°Â

©lCþ{�uÐ

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

�0�(Ø©y²��Ö§18.5

½n

XJS–L.�§���¯K���¼ê´E�§
�Ù¢ÜÚJÜ�5Ã'§Kd���¯K´�
{¿�

½n

�y1(x)Úy2(x)Ñ´S–L.�§���¯K�ü�
¢��5Ã'���¼ê§ ¿

�p(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)
3x = aÚx = b:þ�0§

Ky1(x)Úy2(x)Ø�UéAuÓ�����λ

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

�0�(Ø©y²��Ö§18.5

½n

XJS–L.�§���¯K���¼ê´E�§
�Ù¢ÜÚJÜ�5Ã'§Kd���¯K´�
{¿�

½n

�y1(x)Úy2(x)Ñ´S–L.�§���¯K�ü�
¢��5Ã'���¼ê§ ¿

�p(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)
3x = aÚx = b:þ�0§

Ky1(x)Úy2(x)Ø�UéAuÓ�����λ

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

Eigenproblem of Self-Adjiont Operators
Eigenproblem of Sturm-Liouville Eqn
Degeneration in Eigenproblem of S-L Eqn

�0�(Ø©y²��Ö§18.5

½n

XJS–L.�§���¯K���¼ê´E�§
�Ù¢ÜÚJÜ�5Ã'§Kd���¯K´�
{¿�

½n

�y1(x)Úy2(x)Ñ´S–L.�§���¯K�ü�
¢��5Ã'���¼ê§ ¿

�p(x)
(
y∗1

dy2

dx
− y2

dy∗1
dx

)
3x = aÚx = b:þ�0§

Ky1(x)Úy2(x)Ø�UéAuÓ�����λ

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

ùÇ�:

1 Sturm-Liouville.�§����¯K
g��Î����¯K

Sturm-Liouville.�§����¯K
Sturm-Liouville.�§���¯K¥�{¿
y�

2 lS-L.�§���¯Kw©lCþ{
©lCþ{°Â

©lCþ{�uÐ

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

©Ûµé½)¯K��¦

E±u�î�Ä¯K�~

üà�½u�gd�Ä

∂2u

∂t2
− a2∂

2u

∂x2
= 0 0 < x < l, t > 0

u
∣∣
x=0

= 0 u
∣∣
x=l

= 0 t ≥ 0

u
∣∣
t=0

= φ(x)
∂u

∂t

∣∣∣
t=0

= ψ(x) 0 ≤ x ≤ l

XJ�3��S–L�§����¯K
LX = λρX

X(0) = 0 X(l) = 0

üö�>.^�/ª���Ó

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

©Ûµé½)¯K��¦

E±u�î�Ä¯K�~

üà�½u�gd�Ä

∂2u

∂t2
− a2∂

2u

∂x2
= 0 0 < x < l, t > 0

u
∣∣
x=0

= 0 u
∣∣
x=l

= 0 t ≥ 0

u
∣∣
t=0

= φ(x)
∂u

∂t

∣∣∣
t=0

= ψ(x) 0 ≤ x ≤ l

XJ�3��S–L�§����¯K
LX = λρX

X(0) = 0 X(l) = 0

üö�>.^�/ª���Ó

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

©Ûµé½)¯K��¦

E±u�î�Ä¯K�~

üà�½u�gd�Ä

∂2u

∂t2
− a2∂

2u

∂x2
= 0 0 < x < l, t > 0

u
∣∣
x=0

= 0 u
∣∣
x=l

= 0 t ≥ 0

u
∣∣
t=0

= φ(x)
∂u

∂t

∣∣∣
t=0

= ψ(x) 0 ≤ x ≤ l

XJ�3��S–L�§����¯K
LX = λρX

X(0) = 0 X(l) = 0

üö�>.^�/ª���Ó

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

©Ûµé½)¯K��¦

Ïd§�±ò½)¯K�)u(x, t)Uì��¼ê��
N{Xn(x), n = 1, 2, 3, · · · }Ðm

u(x, t) =
∞∑

n=1

Tn(t)Xn(x)

(��Bå�§b���¼ê®8�z)

ùp§��¼ê|���5å
û½5��^

�
�y
∞∑

n=1

Tn(t)Xn(x)U
Âñ(��´²þÂñ)�

)u(x, t)§ 7LH9�Ü��¼ê¦Ú©ýØ�±Ã
nd/VïeZ���¼ê

ÄK§¦+3/ªþq�EU¦���?ê/)0§
�§ýØ�UÂñ�ý��)u(x, t)

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

©Ûµé½)¯K��¦

Ïd§�±ò½)¯K�)u(x, t)Uì��¼ê��
N{Xn(x), n = 1, 2, 3, · · · }Ðm

u(x, t) =
∞∑

n=1

Tn(t)Xn(x)

(��Bå�§b���¼ê®8�z)

ùp§��¼ê|���5å
û½5��^

�
�y
∞∑

n=1

Tn(t)Xn(x)U
Âñ(��´²þÂñ)�

)u(x, t)§ 7LH9�Ü��¼ê¦Ú©ýØ�±Ã
nd/VïeZ���¼ê

ÄK§¦+3/ªþq�EU¦���?ê/)0§
�§ýØ�UÂñ�ý��)u(x, t)

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

©Ûµé½)¯K��¦

Ïd§�±ò½)¯K�)u(x, t)Uì��¼ê��
N{Xn(x), n = 1, 2, 3, · · · }Ðm

u(x, t) =
∞∑

n=1

Tn(t)Xn(x)

(��Bå�§b���¼ê®8�z)

ùp§��¼ê|���5å
û½5��^

�
�y
∞∑

n=1

Tn(t)Xn(x)U
Âñ(��´²þÂñ)�

)u(x, t)§ 7LH9�Ü��¼ê¦Ú©ýØ�±Ã
nd/VïeZ���¼ê

ÄK§¦+3/ªþq�EU¦���?ê/)0§
�§ýØ�UÂñ�ý��)u(x, t)

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

©Ûµé½)¯K��¦

Ïd§�±ò½)¯K�)u(x, t)Uì��¼ê��
N{Xn(x), n = 1, 2, 3, · · · }Ðm

u(x, t) =
∞∑

n=1

Tn(t)Xn(x)

(��Bå�§b���¼ê®8�z)

ùp§��¼ê|���5å
û½5��^

�
�y
∞∑

n=1

Tn(t)Xn(x)U
Âñ(��´²þÂñ)�

)u(x, t)§ 7LH9�Ü��¼ê¦Ú©ýØ�±Ã
nd/VïeZ���¼ê

ÄK§¦+3/ªþq�EU¦���?ê/)0§
�§ýØ�UÂñ�ý��)u(x, t)

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

©Ûµé½)¯K��¦

ò)ªu(x, t) =
∞∑

n=1

Tn(t)Xn(x)�\�§§k

∞∑
m=1

T ′′
m(t)Xm(x)− a2

∞∑
m=1

Tm(t)X ′′
m(x) = 0

d��¼ê���5§�

T ′′
n (t)− a2

∞∑
m=1

(Xn, X
′′
m)Tm(t) = 0 n = 1, 2, 3, · · ·

Ó��òÐ©^�Uù�|��¼êÐm§��

Tn(0) = (Xn, φ) T ′
n(0) = (Xn, ψ)

¦ÑTn(t)§�£�)ª¥§Ò¦Ñ
½)¯K�)u(x, t)

ùp�¦)�´'u��¼ê{Tn(t), n = 1, 2, 3, · · · }�~
�©�§|©��`5§'�(J

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

©Ûµé½)¯K��¦

ò)ªu(x, t) =
∞∑

n=1

Tn(t)Xn(x)�\�§§k

∞∑
m=1

T ′′
m(t)Xm(x)− a2

∞∑
m=1

Tm(t)X ′′
m(x) = 0

d��¼ê���5§�

T ′′
n (t)− a2

∞∑
m=1

(Xn, X
′′
m)Tm(t) = 0 n = 1, 2, 3, · · ·

Ó��òÐ©^�Uù�|��¼êÐm§��

Tn(0) = (Xn, φ) T ′
n(0) = (Xn, ψ)

¦ÑTn(t)§�£�)ª¥§Ò¦Ñ
½)¯K�)u(x, t)

ùp�¦)�´'u��¼ê{Tn(t), n = 1, 2, 3, · · · }�~
�©�§|©��`5§'�(J

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

©Ûµé½)¯K��¦

ò)ªu(x, t) =
∞∑

n=1

Tn(t)Xn(x)�\�§§k

∞∑
m=1

T ′′
m(t)Xm(x)− a2

∞∑
m=1

Tm(t)X ′′
m(x) = 0

d��¼ê���5§�

T ′′
n (t)− a2

∞∑
m=1

(Xn, X
′′
m)Tm(t) = 0 n = 1, 2, 3, · · ·

Ó��òÐ©^�Uù�|��¼êÐm§��

Tn(0) = (Xn, φ) T ′
n(0) = (Xn, ψ)

¦ÑTn(t)§�£�)ª¥§Ò¦Ñ
½)¯K�)u(x, t)

ùp�¦)�´'u��¼ê{Tn(t), n = 1, 2, 3, · · · }�~
�©�§|©��`5§'�(J

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

©Ûµé½)¯K��¦

ò)ªu(x, t) =
∞∑

n=1

Tn(t)Xn(x)�\�§§k

∞∑
m=1

T ′′
m(t)Xm(x)− a2

∞∑
m=1

Tm(t)X ′′
m(x) = 0

d��¼ê���5§�

T ′′
n (t)− a2

∞∑
m=1

(Xn, X
′′
m)Tm(t) = 0 n = 1, 2, 3, · · ·

Ó��òÐ©^�Uù�|��¼êÐm§��

Tn(0) = (Xn, φ) T ′
n(0) = (Xn, ψ)

¦ÑTn(t)§�£�)ª¥§Ò¦Ñ
½)¯K�)u(x, t)

ùp�¦)�´'u��¼ê{Tn(t), n = 1, 2, 3, · · · }�~
�©�§|©��`5§'�(J

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

©Ûµé½)¯K��¦

ò)ªu(x, t) =
∞∑

n=1

Tn(t)Xn(x)�\�§§k

∞∑
m=1

T ′′
m(t)Xm(x)− a2

∞∑
m=1

Tm(t)X ′′
m(x) = 0

d��¼ê���5§�

T ′′
n (t)− a2

∞∑
m=1

(Xn, X
′′
m)Tm(t) = 0 n = 1, 2, 3, · · ·

Ó��òÐ©^�Uù�|��¼êÐm§��

Tn(0) = (Xn, φ) T ′
n(0) = (Xn, ψ)

¦ÑTn(t)§�£�)ª¥§Ò¦Ñ
½)¯K�)u(x, t)

ùp�¦)�´'u��¼ê{Tn(t), n = 1, 2, 3, · · · }�~
�©�§|©��`5§'�(J

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

©Ûµé½)¯K��¦

l½)¯Kw§û½Ï�k�µ
1 ½)¯K( �©�§!>.^�!Ð©^�)´�5�
2 >.^�´àg�

Ïd§XJò½)¯K¥� �©�§U��àg

∂2u

∂t2
− a2∂

2u

∂x2
= f(x, t)

f(x, t)��x�¼ê§Ú{Xn(x)}A�áuÓ��¼ê�m

Ó��U��~�©�§|

T ′′
n (t)− a2

∞∑
m=1

(Xn, X
′′
m)Tm(t) = (Xn, f) n = 1, 2, 3, · · ·

Tn(0) = (Xn, φ) T ′
n(0) = (Xn, ψ)

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

©Ûµé½)¯K��¦

l½)¯Kw§û½Ï�k�µ
1 ½)¯K( �©�§!>.^�!Ð©^�)´�5�
2 >.^�´àg�

Ïd§XJò½)¯K¥� �©�§U��àg

∂2u

∂t2
− a2∂

2u

∂x2
= f(x, t)

f(x, t)��x�¼ê§Ú{Xn(x)}A�áuÓ��¼ê�m

Ó��U��~�©�§|

T ′′
n (t)− a2

∞∑
m=1

(Xn, X
′′
m)Tm(t) = (Xn, f) n = 1, 2, 3, · · ·

Tn(0) = (Xn, φ) T ′
n(0) = (Xn, ψ)

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

©Ûµé½)¯K��¦

l½)¯Kw§û½Ï�k�µ
1 ½)¯K( �©�§!>.^�!Ð©^�)´�5�
2 >.^�´àg�

Ïd§XJò½)¯K¥� �©�§U��àg

∂2u

∂t2
− a2∂

2u

∂x2
= f(x, t)

f(x, t)��x�¼ê§Ú{Xn(x)}A�áuÓ��¼ê�m

Ó��U��~�©�§|

T ′′
n (t)− a2

∞∑
m=1

(Xn, X
′′
m)Tm(t) = (Xn, f) n = 1, 2, 3, · · ·

Tn(0) = (Xn, φ) T ′
n(0) = (Xn, ψ)

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

©Ûµé½)¯K��¦

l½)¯Kw§û½Ï�k�µ
1 ½)¯K( �©�§!>.^�!Ð©^�)´�5�
2 >.^�´àg�

Ïd§XJò½)¯K¥� �©�§U��àg

∂2u

∂t2
− a2∂

2u

∂x2
= f(x, t)

f(x, t)��x�¼ê§Ú{Xn(x)}A�áuÓ��¼ê�m

Ó��U��~�©�§|

T ′′
n (t)− a2

∞∑
m=1

(Xn, X
′′
m)Tm(t) = (Xn, f) n = 1, 2, 3, · · ·

Tn(0) = (Xn, φ) T ′
n(0) = (Xn, ψ)

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

©Ûµé½)¯K��¦

l½)¯Kw§û½Ï�k�µ
1 ½)¯K( �©�§!>.^�!Ð©^�)´�5�
2 >.^�´àg�

Ïd§XJò½)¯K¥� �©�§U��àg

∂2u

∂t2
− a2∂

2u

∂x2
= f(x, t)

f(x, t)��x�¼ê§Ú{Xn(x)}A�áuÓ��¼ê�m

Ó��U��~�©�§|

T ′′
n (t)− a2

∞∑
m=1

(Xn, X
′′
m)Tm(t) = (Xn, f) n = 1, 2, 3, · · ·

Tn(0) = (Xn, φ) T ′
n(0) = (Xn, ψ)

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

©Ûµé½)¯K��¦

l½)¯Kw§û½Ï�k�µ
1 ½)¯K( �©�§!>.^�!Ð©^�)´�5�
2 >.^�´àg�

Ïd§XJò½)¯K¥� �©�§U��àg

∂2u

∂t2
− a2∂

2u

∂x2
= f(x, t)

f(x, t)��x�¼ê§Ú{Xn(x)}A�áuÓ��¼ê�m

Ó��U��~�©�§|

T ′′
n (t)− a2

∞∑
m=1

(Xn, X
′′
m)Tm(t) = (Xn, f) n = 1, 2, 3, · · ·

Tn(0) = (Xn, φ) T ′
n(0) = (Xn, ψ)

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

g�K

éu��mk'�(ÅÄ�§½9D��§)½)
¯K§XJ>.^�´�àg�§AXÛ¦)º

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

?�Ú�©Ûµé��¼ê��¦

éu��¼ê§Ø
�¦§÷vÚ½)¯K
�Ó�>.^�	§éu§¤÷v��©�
§�´�¦7L´S–L.�§§ �éu�§
�äN/ª�\��

��¼ê÷v��©�§ØÓ§
{Xn(x), n = 1, 2, 3, · · · }�/ªØÓ§ Ï�
��'uTn(t)�~�©�§|�/ª�Ø�
Ó§¦�� Tn(t)�Ø�Ó

½)¯K�)��3��5§�y
��¦
��)�Ó

¿Ø´?Û~�©�§|ÑN´¦)
C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

?�Ú�©Ûµé��¼ê��¦

éu��¼ê§Ø
�¦§÷vÚ½)¯K
�Ó�>.^�	§éu§¤÷v��©�
§�´�¦7L´S–L.�§§ �éu�§
�äN/ª�\��

��¼ê÷v��©�§ØÓ§
{Xn(x), n = 1, 2, 3, · · · }�/ªØÓ§ Ï�
��'uTn(t)�~�©�§|�/ª�Ø�
Ó§¦�� Tn(t)�Ø�Ó

½)¯K�)��3��5§�y
��¦
��)�Ó

¿Ø´?Û~�©�§|ÑN´¦)
C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

?�Ú�©Ûµé��¼ê��¦

éu��¼ê§Ø
�¦§÷vÚ½)¯K
�Ó�>.^�	§éu§¤÷v��©�
§�´�¦7L´S–L.�§§ �éu�§
�äN/ª�\��

��¼ê÷v��©�§ØÓ§
{Xn(x), n = 1, 2, 3, · · · }�/ªØÓ§ Ï�
��'uTn(t)�~�©�§|�/ª�Ø�
Ó§¦�� Tn(t)�Ø�Ó

½)¯K�)��3��5§�y
��¦
��)�Ó

¿Ø´?Û~�©�§|ÑN´¦)
C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

?�Ú�©Ûµé��¼ê��¦

éu��¼ê§Ø
�¦§÷vÚ½)¯K
�Ó�>.^�	§éu§¤÷v��©�
§�´�¦7L´S–L.�§§ �éu�§
�äN/ª�\��

��¼ê÷v��©�§ØÓ§
{Xn(x), n = 1, 2, 3, · · · }�/ªØÓ§ Ï�
��'uTn(t)�~�©�§|�/ª�Ø�
Ó§¦�� Tn(t)�Ø�Ó

½)¯K�)��3��5§�y
��¦
��)�Ó

¿Ø´?Û~�©�§|ÑN´¦)
C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

?�Ú�©Ûµé��¼ê��¦

3¢S¦)L§¥§ÒI�T�/ÀJ��
¼ê|{Xn(x), n = 1, 2, 3, · · · }§ ¦�Tn(t)�
¦)¯K¦�U/{ü

�{ü��/Ò´�¦

(Xn, X
′′
m) = −λmδnm

Ïd§Tn(t)÷v~�©�§

T ′′
n (t) + a2λnTn(t) = 0½ T ′′

n (t) + a2λnTn(t) = (Xn, f)

�~�©�§|

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

?�Ú�©Ûµé��¼ê��¦

3¢S¦)L§¥§ÒI�T�/ÀJ��
¼ê|{Xn(x), n = 1, 2, 3, · · · }§ ¦�Tn(t)�
¦)¯K¦�U/{ü

�{ü��/Ò´�¦

(Xn, X
′′
m) = −λmδnm

Ïd§Tn(t)÷v~�©�§

T ′′
n (t) + a2λnTn(t) = 0½ T ′′

n (t) + a2λnTn(t) = (Xn, f)

�~�©�§|

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

?�Ú�©Ûµé��¼ê��¦

3¢S¦)L§¥§ÒI�T�/ÀJ��
¼ê|{Xn(x), n = 1, 2, 3, · · · }§ ¦�Tn(t)�
¦)¯K¦�U/{ü

�{ü��/Ò´�¦

(Xn, X
′′
m) = −λmδnm

Ïd§Tn(t)÷v~�©�§

T ′′
n (t) + a2λnTn(t) = 0½ T ′′

n (t) + a2λnTn(t) = (Xn, f)

�~�©�§|

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

?�Ú�©Ûµé��¼ê��¦

�¦(Xn, X
′′
m) = −λmδnm�¹Â

Ï���¼ê|{Xn(x), n = 1, 2, 3, · · · }´�
�8��§ (Xn, Xm) = δmn§þã�¦Ò�
du

(Xn, X
′′
m)=−λm(Xn, Xm) = Xn, X

′′
m + λmXm =0

ù¿�X��¼êA�÷v~�©�§

X ′′
n(x) + λnXn(x) = 0

ù�´©lCþ{IOÚ½����©�§

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

?�Ú�©Ûµé��¼ê��¦

�¦(Xn, X
′′
m) = −λmδnm�¹Â

Ï���¼ê|{Xn(x), n = 1, 2, 3, · · · }´�
�8��§ (Xn, Xm) = δmn§þã�¦Ò�
du

(Xn, X
′′
m)=−λm(Xn, Xm) = Xn, X

′′
m + λmXm =0

ù¿�X��¼êA�÷v~�©�§

X ′′
n(x) + λnXn(x) = 0

ù�´©lCþ{IOÚ½����©�§

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

?�Ú�©Ûµé��¼ê��¦

�¦(Xn, X
′′
m) = −λmδnm�¹Â

Ï���¼ê|{Xn(x), n = 1, 2, 3, · · · }´�
�8��§ (Xn, Xm) = δmn§þã�¦Ò�
du

(Xn, X
′′
m)=−λm(Xn, Xm) = Xn, X

′′
m + λmXm =0

ù¿�X��¼êA�÷v~�©�§

X ′′
n(x) + λnXn(x) = 0

ù�´©lCþ{IOÚ½����©�§

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

?�Ú�©Ûµé��¼ê��¦

�¦(Xn, X
′′
m) = −λmδnm�¹Â

Ï���¼ê|{Xn(x), n = 1, 2, 3, · · · }´�
�8��§ (Xn, Xm) = δmn§þã�¦Ò�
du

(Xn, X
′′
m)=−λm(Xn, Xm) = Xn, X

′′
m + λmXm =0

ù¿�X��¼êA�÷v~�©�§

X ′′
n(x) + λnXn(x) = 0

ù�´©lCþ{IOÚ½����©�§

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

�(

©lCþ{Jø
ÀJ��¼ê|��Z�

Y

��¼ê���5´3nØþ�y
�½�

±ò½)¯K�)UT��¼ê|Ðm

(ù´k^��§½)¯KÚ��¼ê�÷v
�Ó�àg>.^�)

À^/�Aàg¯K���¼ê0K�y

�±�B/¦ÑÐmXê(¢Sþ´¼ê)§
�y
ù«){3¢^þ��15

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

�(

©lCþ{Jø
ÀJ��¼ê|��Z�

Y

��¼ê���5´3nØþ�y
�½�

±ò½)¯K�)UT��¼ê|Ðm

(ù´k^��§½)¯KÚ��¼ê�÷v
�Ó�àg>.^�)

À^/�Aàg¯K���¼ê0K�y

�±�B/¦ÑÐmXê(¢Sþ´¼ê)§
�y
ù«){3¢^þ��15

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

�(

©lCþ{Jø
ÀJ��¼ê|��Z�

Y

��¼ê���5´3nØþ�y
�½�

±ò½)¯K�)UT��¼ê|Ðm

(ù´k^��§½)¯KÚ��¼ê�÷v
�Ó�àg>.^�)

À^/�Aàg¯K���¼ê0K�y

�±�B/¦ÑÐmXê(¢Sþ´¼ê)§
�y
ù«){3¢^þ��15

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

ùÇ�:

1 Sturm-Liouville.�§����¯K
g��Î����¯K

Sturm-Liouville.�§����¯K
Sturm-Liouville.�§���¯K¥�{¿
y�

2 lS-L.�§���¯Kw©lCþ{
©lCþ{°Â

©lCþ{�uÐ

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

Úó

3�\n)
©lCþ{�° ¢��§¦) 
�©�§½)¯K�Ò¼�
���gd

ùØ=Ny3¦�·�éu�«a.�½)¯

K(�§àg½�àg§ >.^�àg½�à
g)�¦)k
��Ú����\�@£

��Ly3ÿ°
éu,
½)¯K�¦)g´

±e�¯K�~

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

Úó

3�\n)
©lCþ{�° ¢��§¦) 
�©�§½)¯K�Ò¼�
���gd

ùØ=Ny3¦�·�éu�«a.�½)¯

K(�§àg½�àg§ >.^�àg½�à
g)�¦)k
��Ú����\�@£

��Ly3ÿ°
éu,
½)¯K�¦)g´

±e�¯K�~

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

Úó

3�\n)
©lCþ{�° ¢��§¦) 
�©�§½)¯K�Ò¼�
���gd

ùØ=Ny3¦�·�éu�«a.�½)¯

K(�§àg½�àg§ >.^�àg½�à
g)�¦)k
��Ú����\�@£

��Ly3ÿ°
éu,
½)¯K�¦)g´

±e�¯K�~

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

Úó

3�\n)
©lCþ{�° ¢��§¦) 
�©�§½)¯K�Ò¼�
���gd

ùØ=Ny3¦�·�éu�«a.�½)¯

K(�§àg½�àg§ >.^�àg½�à
g)�¦)k
��Ú����\�@£

��Ly3ÿ°
éu,
½)¯K�¦)g´

±e�¯K�~

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

~13.4

ü ¥S�½¯K

∇2u = f x2 + y2 + z2 < 1

u
∣∣
x2+y2+z2=1

= 0

){1

æ^¥�IX¦)§òu(r, θ, φ)U/�Aàg¯
K���¼ê0Ym

l (θ, φ)Ðm

u(r, θ, φ) =
∞∑
l=0

l∑
m=−l

Rlm(r)Ym
l (θ, φ)

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

~13.4

ü ¥S�½¯K

∇2u = f x2 + y2 + z2 < 1

u
∣∣
x2+y2+z2=1

= 0

){1

æ^¥�IX¦)§òu(r, θ, φ)U/�Aàg¯
K���¼ê0Ym

l (θ, φ)Ðm

u(r, θ, φ) =
∞∑
l=0

l∑
m=−l

Rlm(r)Ym
l (θ, φ)

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

~13.4

ü ¥S�½¯K

∇2u = f x2 + y2 + z2 < 1

u
∣∣
x2+y2+z2=1

= 0

){1

KU\XêRlm(r)÷v~�©�§>�¯K

1

r2

d

dr

[
r2dRlm

dr

]
− l(l + 1)

r2
Rlm(r)

=

∫∫
Ym∗

l (θ, φ)f(r, θ, φ) sin θdθdφ

Rlm(0)k. Rlm(1) = 0

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

~13.4

ü ¥S�½¯K

∇2u = f x2 + y2 + z2 < 1

u
∣∣
x2+y2+z2=1

= 0

){1

KU\XêRlm(r)÷v~�©�§>�¯K

1

r2

d

dr

[
r2dRlm

dr

]
− l(l + 1)

r2
Rlm(r)

=

∫∫
Ym∗

l (θ, φ)f(r, θ, φ) sin θdθdφ

Rlm(0)k. Rlm(1) = 0

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

~13.4

ü ¥S�½¯K

∇2u = f x2 + y2 + z2 < 1

u
∣∣
x2+y2+z2=1

= 0

){1

ùp���~�©�§´��CXê��àg�

§§´ÄN´¦)�ûu�àg��äN/ª

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

~13.4

){2

Uìc¡�©Û§XJUé��|��¼ê§�
�§�÷vd½)¯K�àg>.^�§ @oÒ
�±òu(r, θ, φ)Uù�|��¼êÐm

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

~13.4

){2

Uìc¡�©Û§XJUé��|��¼ê§�
�§�÷vd½)¯K�àg>.^�§ @oÒ
�±òu(r, θ, φ)Uù�|��¼êÐm

äN`5§�±k¦)���¯K

−∇2w = λw x2 + y2 + z2 < 1

w
∣∣
x2+y2+z2=1

= 0

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

~13.4

){2

�±)����

λnl = k2
nl n = 1, 2, 3, · · · l = 0, 1, 2, · · ·

Ú��¼ê wnlm(r, θ, φ) = jl(knlr) Ym
l (θ, φ)§Ù¥

knl´l�¥Bessel¼êjl(x)�1n��":

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

~13.4

){2

�±)����

λnl = k2
nl n = 1, 2, 3, · · · l = 0, 1, 2, · · ·

Ú��¼ê wnlm(r, θ, φ) = jl(knlr) Ym
l (θ, φ)§Ù¥

knl´l�¥Bessel¼êjl(x)�1n��":

Ïd§�±òu(r, θ, φ)Uwnlm(r, θ, φ)Ðm

u(r, θ, φ) =
∞∑

n=1

∞∑
l=0

l∑
m=−l

cnlmjl(knlr)Y
m
l (θ, φ)

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

~13.4

){2

�\ �©�§§Ò��

− k2
nlcnlm

∫ 1

0

j2l (knlr)r
2dr =

∫ 1

0

jl(knlr)r
2dr

×
∫∫

Ym∗
l (θ, φ)f(r, θ, φ) sin θdθdφ

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

~13.4

){2

�\ �©�§§Ò��

− k2
nlcnlm

∫ 1

0

j2l (knlr)r
2dr =

∫ 1

0

jl(knlr)r
2dr

×
∫∫

Ym∗
l (θ, φ)f(r, θ, φ) sin θdθdφ

ù´���ê�§�

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

~13.4

){2

�â¥Bessel¼ê�½Â9k'(J§�±�Ñ∫ 1

0

j2l (knlr)r
2dr =

π

2knl

∫ 1

0

J2
l+1/2(knlr)rdr

=
π

4knl

[
J′l+1/2(knl)

]2

=
1

2

[
j′l(knl)

]2

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

~13.4

){2

¤±

cnlm =− 2

k2
nl

[
j′l(knl)

]2

∫ 1

0

jl(knlr)r
2dr

×
∫∫

Ym∗
l (θ, φ)f(r, θ, φ) sin θdθdφ

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

~13.4

){2

3¦)��¼ê�§®²^�
�Ü>.^
�§�)3=��¥�IX�Ñy�±Ï^
�Úk.^�© ùÒ�y
)u(r, θ, φ)�÷
vù
>.^�

ù«){�`:´Ø
�é�Ü·���¼

ê	§ÃI2)~�©�§

�ù´±õ�
�?êÐm��d�

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

~13.4

){2

3¦)��¼ê�§®²^�
�Ü>.^
�§�)3=��¥�IX�Ñy�±Ï^
�Úk.^�© ùÒ�y
)u(r, θ, φ)�÷
vù
>.^�

ù«){�`:´Ø
�é�Ü·���¼

ê	§ÃI2)~�©�§

�ù´±õ�
�?êÐm��d�

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

~13.4

){2

3¦)��¼ê�§®²^�
�Ü>.^
�§�)3=��¥�IX�Ñy�±Ï^
�Úk.^�© ùÒ�y
)u(r, θ, φ)�÷
vù
>.^�

ù«){�`:´Ø
�é�Ü·���¼

ê	§ÃI2)~�©�§

�ù´±õ�
�?êÐm��d�

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

~13.4

){2

���(J���uòRlm(r)�U¥Bessel¼
êjl(knlr)Ðm

ù«){§��±�B/í2�Ù¦AÛ/
G�n�«�§½��²¡þ��½«�

ù«){�Û�5µ�·^uØ¹�m�
½¯K§¿���¦�A����¯Kk
)§$���¦0Ø´���

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

~13.4

){2

���(J���uòRlm(r)�U¥Bessel¼
êjl(knlr)Ðm

ù«){§��±�B/í2�Ù¦AÛ/
G�n�«�§½��²¡þ��½«�

ù«){�Û�5µ�·^uØ¹�m�
½¯K§¿���¦�A����¯Kk
)§$���¦0Ø´���

C. S. Wu 1�nù ©lCþ{o(



Eigenproblem of Sturm-Liouville Eqn
Method of Separation of Variables . . .

. . . Method of Separation of Variables
Method of Separation of Variables: Development

~13.4

){2

���(J���uòRlm(r)�U¥Bessel¼
êjl(knlr)Ðm

ù«){§��±�B/í2�Ù¦AÛ/
G�n�«�§½��²¡þ��½«�

ù«){�Û�5µ�·^uØ¹�m�
½¯K§¿���¦�A����¯Kk
)§$���¦0Ø´���

C. S. Wu 1�nù ©lCþ{o(


	Outline
	Sturm-LiouvilleÐÍ·½³ÌµÄ±¾Õ÷ÖµÎÊÌâ
	Eigenproblem of Self-Adjiont Operators
	Eigenproblem of Sturm-Liouville Eqn
	Degeneration in Eigenproblem of S-L Eqn

	´ÓS-LÐÍ·½³Ì±¾Õ÷ÖµÎÊÌâ¿´·ÖÀë±äÁ¿·¨
	… Method of Separation of Variables
	Method of Separation of Variables: Development


