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n�¥þ�m

½Â

��x, y, z, · · · (¡�¥þ)�8Ü¡�¢(E)¥þ�m§X
Je�ún¤á

(1) ?��é¥þx�y§k\{$�§=�3éA�¥þ
  x + y§¡�x�y�Ú§äke�5�µ
  (a) x + y = y + x
  (b) x + (y + z) = (x + y) + z
  (c) �3��¥þ0§¦�éuz�x§x + 0 = x
  (d) éuz�¥þx§�3��¥þ§P�−x§¦�
    x + (−x) = 0

(2) ?�¥þx9¢(E)êα§kê¦$�§=�3éA�
  ¥þαx§¦�
  (a) α(βx) = (αβ)x (b) (α + β)x = αx + βx
  (c) α(x + y) = αx + αy (d) 1x = x
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¢n�¥þ�m¥�SÈ

�½¢n�¥þ�m(=K�¢ê�)§3À½
�
|Ä{ei, i = 1, 2, · · · , n}��§ �m¥�?¿�
�¥þxÑ�±^§3ù�|Äþ�ÝK(�I)
x1, x2, · · · , xnL«

x = x1e1 + x2e2 + · · ·+ xnen =
n∑

i=1

xiei

Definition

éu�m¥�¥þxÚy§�~��SÈ½Â

(x, y) = x1y1 + x2y2 + · · ·+ xnyn =
n∑

i=1

xiyi
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Definition

éu�m¥�¥þxÚy§�~��SÈ½Â

(x, y) = x1y1 + x2y2 + · · ·+ xnyn =
n∑

i=1

xiyi

(x, y)´��¢ê

(x, y) = (y, x) (x, x) ≥ 0

��=�x = 0�§âk(x, x) = 0

Definition: ¥þx��Ý‖x‖
‖x‖ = (x, x)1/2
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En�¥þ�m¥�SÈ

éuEn�¥þ�m§XJE�3þãSÈ½
Â§K¥þ�ÝÒ�UØ´¢ê

�
�±¥þ�ÝE´¢ê§7L�y¥þ
Ú§g��SÈ��

Ø�3�±�Ý½Â�cJe§òSÈ½Â
½Â?U

(x, y) = x∗1y1 + x∗2y2 + · · ·+ x∗nyn =
n∑

i=1

x∗i yi

Ù¥x∗i´xi�E�Ý

w,§3E¥þ�m¥(x, y) = (y, x)∗
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SÈún

(½Â3¢ê½Eê�Kþ�)¥þ�m¥¥þ
xÚy�SÈ(x, y)´§��Iþ�¼ê§÷v

1 (x, y) = (y, x)∗

2 (αx + βy, z) = α∗(x, z) + β∗(y, z)§Ù¥
αÚβ´ê�Kþ�Iþ

3 éu?Ûx§(x, x) ≥ 0¶ ��=� x = 0
�§(x, x) = 0

SÈúnw,ºX
þ¡�A«SÈ½Â
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1 �âSÈún¥�11^�¦§�±wÑ§Ø
Ø´¢�½E�¥þ�m§��¥þÚ§g
��SÈo´¢ê§ ù�13^�¦¥�Ø�
ªâk¿Â

2 3dÄ:þ§Ò�±½Â

¥þx��(=¥þx�/�Ý0)

(x, x)1/2 = ‖x‖
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1 lSÈún¥�11Ú12^�¦§��

(x, αy) = α(x, y)

2 Ïd

‖αx‖ = (αx, αx)1/2

=
[
αα∗(x, x)

]1/2

= |α| ‖x‖

?Û���"¥þØ±§��Ò¤�/ü �
Ý0�¥þ§½¡�8�z�¥þ( x

‖x‖
,

x

‖x‖

)
= 1
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~12.1

®�¢ê�þ��¥þx =


x1

x2
...

xn

 Úy =


y1

y2
...

yn


±9é�Ý
(é��Piiþ��¢ê)

P =


P11 0 · · · 0
0 P22 · · · 0
...

...
0 0 · · · Pnn


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K�½Â¥þxÚy�SÈ�

(x, y) =
(
x1, x2, · · · , xn

)
P11 0 · · · 0
0 P22 · · · 0
...

...
0 0 · · · Pnn




y1

y2
...

yn


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(x, y) =
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x1, x2, · · · , xn

)
P11 0 · · · 0
0 P22 · · · 0
...

...
0 0 · · · Pnn




y1

y2
...

yn



½öw¤Ý
¦{

(x, y) = x̃Py

x̃´x�=�
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¢Cþt�¤kEXê�õ�ª�8Ü§3õ�
ª\{±9õ�ªÚEê�¦{e�¤��E¥

þ�m
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1 ��=�x = 0�§(xi, x) = 0, i = 1, 2, · · · , k

2 éu?¿�x ∈ V§ðkx =
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i=1

k(xi, x)xi
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k ‖x‖2 =
∞∑
i=1

k |(xi, x)|2

4 Parseval�§¤á§=éu?¿�x, y ∈ V§ðk

(y, x) =
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i=1

k(y, xi)(xi, x)
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¼ê�m´�aAÏ�¥þ�mµ�m���´
¼ê§�(�/`§��§¥?Ø�´½Â3�
½«m(�±´k.«m! Ã.«m½�Ã.«
m§�(½å�§±eØ���a ≤ x ≤ b)þ�

E�²��È¼êf(x)(=È©
∫ b

a
|f(x)|2 dx�3)

½Â��f1Úf2�\{f1 + f2Ò´ü¼ê�\

(f1 + f2)(x) = f1(x) + f2(x)

��fÚEêα�ê¦αf´

(αf)(x) = αf(x)
C. S. Wu 1��ù SÈ�m�¼ê�m



Inner Product Space
Function Space

Inner Product in Function Space
Orthonormality of Functions
Completeness of Orthonormalized Set of Ftns

¼ê�m

¼ê�m´�aAÏ�¥þ�mµ�m���´
¼ê§�(�/`§��§¥?Ø�´½Â3�
½«m(�±´k.«m! Ã.«m½�Ã.«
m§�(½å�§±eØ���a ≤ x ≤ b)þ�

E�²��È¼êf(x)(=È©
∫ b

a
|f(x)|2 dx�3)

½Â��f1Úf2�\{f1 + f2Ò´ü¼ê�\

(f1 + f2)(x) = f1(x) + f2(x)

��fÚEêα�ê¦αf´

(αf)(x) = αf(x)
C. S. Wu 1��ù SÈ�m�¼ê�m



Inner Product Space
Function Space

Inner Product in Function Space
Orthonormality of Functions
Completeness of Orthonormalized Set of Ftns

¼ê�m

¼ê�m´�aAÏ�¥þ�mµ�m���´
¼ê§�(�/`§��§¥?Ø�´½Â3�
½«m(�±´k.«m! Ã.«m½�Ã.«
m§�(½å�§±eØ���a ≤ x ≤ b)þ�

E�²��È¼êf(x)(=È©
∫ b

a
|f(x)|2 dx�3)

½Â��f1Úf2�\{f1 + f2Ò´ü¼ê�\

(f1 + f2)(x) = f1(x) + f2(x)

��fÚEêα�ê¦αf´

(αf)(x) = αf(x)
C. S. Wu 1��ù SÈ�m�¼ê�m



Inner Product Space
Function Space

Inner Product in Function Space
Orthonormality of Functions
Completeness of Orthonormalized Set of Ftns

¼ê�m

¼ê�m´�aAÏ�¥þ�mµ�m���´
¼ê§�(�/`§��§¥?Ø�´½Â3�
½«m(�±´k.«m! Ã.«m½�Ã.«
m§�(½å�§±eØ���a ≤ x ≤ b)þ�

E�²��È¼êf(x)(=È©
∫ b

a
|f(x)|2 dx�3)

½Â��f1Úf2�\{f1 + f2Ò´ü¼ê�\

(f1 + f2)(x) = f1(x) + f2(x)

��fÚEêα�ê¦αf´

(αf)(x) = αf(x)
C. S. Wu 1��ù SÈ�m�¼ê�m



Inner Product Space
Function Space

Inner Product in Function Space
Orthonormality of Functions
Completeness of Orthonormalized Set of Ftns

¼ê�m

ù��²��È¼ê�8Ü§éu\{Úê¦´
µ4�§Ïd�(�¤¥þ�m

AO´Ï�

|f1(x) + f2(x)|2 + |f1(x)− f2(x)|2

= 2
[
|f1(x)|2 + |f2(x)|2

]
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¼ê�SÈ

Definition

�f1(x)Úf2(x)´¼ê�m¥�ü�¼ê§§�

�SÈ´ (f1, f2) =
∫ b

a
f ∗1 (x)f2(x)dx

3dÄ:þ§�±½Â¼êf(x)��ê

‖f‖ = (f, f)1/2

½=¼êf(x)�/�Ý0
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µã

¯K´µ3dSÈ½Âe§XJ(f, f) = 0§
f(x)¿Ø��3��«mþ??�0
¯¢´§f(x)�±3k��:þØ�0§�ù

Ø�0�¼ê�¿Ø¬K�È©�§¤±E
�±k(f, f) = 0

O(/`§XJ(f, f) = 0§Kf(x)�±3ÿ
Ý�"�:8þ��"�© ¤±�U
`(f, f) = 0Û¹Xf(x)A�??�0

XJæ^2Â�"¼ê�Vg§r?ÛA�
??�0�¼ê¡�"¼ê§@o§ ùp½Â
�SÈ�ÒÎÜSÈún¥�13^�¦
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ùÇ�:

1 SÈ�m

SÈ�SÈ�m

��5

��5

2 ¼ê�m

¼ê�SÈ

¼ê���8�5

��8�¼ê8���5
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¼ê���8�5

e¼êf(x)Úg(x)÷v

(f, g) ≡
∫ b

a

f ∗(x)g(x)dx = 0

K¡§�(3«m[a, b]þ)��

e¼êf(x)Ú§g��SÈ

(f, f) ≡
∫ b

a

f ∗(x)f(x)dx = 1 ½= ‖f‖ = 1

K¡f(x)´8�z�
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¼ê���8�5

Ü¿å5§eéu¼ê8Ü{fi}§ðk

(fi, fj) ≡
∫ b

a

f ∗i (x)fj(x)dx = δij

K¡d¼ê8Ü��8�

Example

¼ê8Ü

{
1√
2π

einx, n = 0,±1,±2, · · ·
}
3«

m[−π, π]þ��8�

C. S. Wu 1��ù SÈ�m�¼ê�m



Inner Product Space
Function Space

Inner Product in Function Space
Orthonormality of Functions
Completeness of Orthonormalized Set of Ftns

¼ê���8�5

Ü¿å5§eéu¼ê8Ü{fi}§ðk

(fi, fj) ≡
∫ b

a

f ∗i (x)fj(x)dx = δij

K¡d¼ê8Ü��8�

Example

¼ê8Ü

{
1√
2π

einx, n = 0,±1,±2, · · ·
}
3«

m[−π, π]þ��8�

C. S. Wu 1��ù SÈ�m�¼ê�m



Inner Product Space
Function Space

Inner Product in Function Space
Orthonormality of Functions
Completeness of Orthonormalized Set of Ftns

ùÇ�:

1 SÈ�m

SÈ�SÈ�m

��5

��5

2 ¼ê�m

¼ê�SÈ

¼ê���8�5

��8�¼ê8���5

C. S. Wu 1��ù SÈ�m�¼ê�m



Inner Product Space
Function Space

Inner Product in Function Space
Orthonormality of Functions
Completeness of Orthonormalized Set of Ftns

��8�¼ê8���5Vg

eéu(¼ê�m¥�)?¿¼êf(x)§o�±L
«¤��8�¼ê8{fi, i = 1, 2, · · · }��5|Ü

f(x) =
∞∑
i=1

cifi(x)

K¡��8�¼ê8{fi, i = 1, 2, · · · }´���

¶ ��8�¼ê8���5Vgo´Ú?¿¼

ê´Ä�±UT¼ê8Ðm�éX�

ùpÛ¹
d¼ê8��ê8�b�
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eéu(¼ê�m¥�)?¿¼êf(x)§o�±L
«¤��8�¼ê8{fi, i = 1, 2, · · · }��5|Ü

f(x) =
∞∑
i=1

cifi(x)

K¡��8�¼ê8{fi, i = 1, 2, · · · }´���

'u��8�¼ê8¥¼ê�ê8(=�m�
�ê)§�±´k��(�m��êk�)§�
�±´Ã¡(�m��ê�Ã¡)§ �·��
'%uÃ¡��¼ê�m
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eéu(¼ê�m¥�)?¿¼êf(x)§o�±L
«¤��8�¼ê8{fi, i = 1, 2, · · · }��5|Ü

f(x) =
∞∑
i=1

cifi(x)

K¡��8�¼ê8{fi, i = 1, 2, · · · }´���

· ÐmªATé«m[a, b]S�z�:xÑ¤

á§½ö`§éu«m[a, b]S�z�:x§

?ê
∞∑
i=1

cifi(x)ÑÂñuf(x)

ù«Âñ5¡�Å:Âñ
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��8�¼ê8���5Vg

eéu(¼ê�m¥�)?¿¼êf(x)§o�±L«¤��
8�¼ê8{fi, i = 1, 2, · · · }��5|Ü

f(x) =
∞∑
i=1

cifi(x)

K¡��8�¼ê8{fi, i = 1, 2, · · · }´���

�
Ú2Â"¼ê�Vg�·A§��±rÐm
ªn)��müà����2Â�"¼ê§=ò

?ê
∞∑
i=1

cifi(x)n)�²þÂñuf(x)

lim
n→∞

∫ b

a

∣∣∣f(x)−
n∑

i=1

cifi(x)
∣∣∣2dx = 0
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��8�¼ê8���5Vg

eéu(¼ê�m¥�)?¿¼êf(x)§o�±L
«¤��8�¼ê8{fi, i = 1, 2, · · · }��5|Ü

f(x) =
∞∑
i=1

cifi(x)

K¡��8�¼ê8{fi, i = 1, 2, · · · }´���

¸ d¼ê8{fi, i = 1, 2, · · · }���8�5§�
¦�ÐmXê

ci =

∫ b

a

f ∗i (x)f(x)dx = (fi, f)
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¹

∫ b

a

∣∣∣f(x)−
n∑

i=1

cifi(x)
∣∣∣2dx

= (f, f)−
n∑

i=1

c∗i (fi, f)−
n∑

i=1

ci(f, fi) +
n∑

i=1

∣∣ci

∣∣2
= (f, f)−

n∑
i=1

|ci|2

Ïd§��¼ê8{fi, i = 1, 2, · · · }´���§K�â
?ê�²þÂñ5§Òk

(f, f) =
∞∑
i=1

|cn|2 =
∞∑
i=1

|(fi, f)|2

ùÒ´¼ê8{fi, i = 1, 2, · · · }���5'
X(Parseval�§)
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¼ê��Z%C

¯Kµ�k��8��¼ê8{fi, i = 1, 2, · · · }§
,
Ø�½��§XJ^ù�¼ê8��5|Ü
n∑

i=1
aifi(x)5%Cf(x)§XÛÀJ(�nÃ'�)|

ÜXêai§�±���Z%C§¦Ø�∥∥∥f(x)−
n∑

i=1

aifi(x)
∥∥∥2

≡
∫ b

a

∣∣∣f(x)−
n∑

i=1

aifi(x)
∣∣∣2dx

�4�º
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¼ê��Z%C

�ìParseval�§�y²�{§�±¦�∫ b

a

∣∣∣f(x)−
n∑

i=1

aifi(x)
∣∣∣2dx

= (f, f)−
n∑

i=1

a∗i (fi, f)−
n∑

i=1

ai(f, fi)+
n∑

i=1

∣∣ai

∣∣2

C. S. Wu 1��ù SÈ�m�¼ê�m



Inner Product Space
Function Space

Inner Product in Function Space
Orthonormality of Functions
Completeness of Orthonormalized Set of Ftns

¼ê��Z%C

�ìParseval�§�y²�{§�±¦�∫ b

a

∣∣∣f(x)−
n∑

i=1

aifi(x)
∣∣∣2dx

= (f, f)−
n∑

i=1

a∗i (fi, f)−
n∑

i=1

ai(f, fi)+
n∑

i=1

∣∣ai

∣∣2
= (f, f)−

n∑
i=1

a∗i ci −
n∑

i=1

aic
∗
i +

n∑
i=1

a∗i ai
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¼ê��Z%C

�ìParseval�§�y²�{§�±¦�∫ b

a

∣∣∣f(x)−
n∑

i=1

aifi(x)
∣∣∣2dx

= (f, f)−
n∑

i=1

a∗i (fi, f)−
n∑

i=1

ai(f, fi)+
n∑

i=1

∣∣ai

∣∣2
= (f, f)−

n∑
i=1

a∗i ci −
n∑

i=1

aic
∗
i +

n∑
i=1

a∗i ai

= (f, f) +
n∑

i=1

∣∣ai − ci

∣∣2 − n∑
i=1

c∗i ci
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¼ê��Z%C

Ïd§�ai = ci ≡ (fi, f)�§Ø�

(f, f)−
n∑

i=1

∣∣ci

∣∣2 ≥ 0

�½�4��
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¼ê��Z%C

Ïd§�ai = ci ≡ (fi, f)�§Ø�

(f, f)−
n∑

i=1

∣∣ci

∣∣2 ≥ 0

�½�4��©
�§�X�ên�O\§Ø�
�5��

C. S. Wu 1��ù SÈ�m�¼ê�m



Inner Product Space
Function Space

Inner Product in Function Space
Orthonormality of Functions
Completeness of Orthonormalized Set of Ftns

¼ê��Z%C

Ïd§�ai = ci ≡ (fi, f)�§Ø�

(f, f)−
n∑

i=1

∣∣ci

∣∣2 ≥ 0

�½�4��©
�§�X�ên�O\§Ø�
�5��©�ÃØXÛ§ok

¼ê�m¥�BesselØ�ª

(f, f) ≥
∞∑
i=1

∣∣ci

∣∣2
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Ïd§�ai = ci ≡ (fi, f)�§Ø�

(f, f)−
n∑

i=1

∣∣ci
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�½�4��©
�§�X�ên�O\§Ø�
�5��©�ÃØXÛ§ok

¼ê�m¥�BesselØ�ª

(f, f) ≥
∞∑
i=1

∣∣ci

∣∣2
�Ò(=Parseval�§)éAu¼ê8´����/
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¼ê�m���5Vg

XJd�mS�¼ê|¤�CauchyS��4�E
�±3T�mS§K¡T�m����

²��È¼ê�¤��m´���

Ï~§r���SÈ�m¡�Hilbert�m©ù�
Vg§AO´�©�F�ËA�m(d��m�
Ä´�ê�)§ 3ÔnÆ¥k2��A^

e¡�?Ø§¢SþÑ´3Hilbert�m���S
?1�
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¼êSÈVg�í2

¼êSÈ�½Â��±?�Úí2�

(f1, f2)ρ =

∫ b

a

f ∗1 (x) f2(x) ρ(x) dx

Ù¥ρ(x) ≥ 0� 6≡ 0

k'úªþI���A�?U

~X§'u¼ê²��È��¦�AT?U�

�¦È©

∫ b

a

∣∣f(x)
∣∣2ρ(x) dx�3
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(f1, f2)ρ =

∫ b

a

f ∗1 (x) f2(x) ρ(x) dx

Ù¥ρ(x) ≥ 0� 6≡ 0
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