
Outline

1 8 ù

¥ ¼ ê (�)

�®�ÆÔnÆ�

2007cS

C. S. Wu 18ù ¥¼ê(�)



Outline

ùÇ�:

1 Legendreõ�ª�Ú\
Legendre�§�)
Legendreõ�ª

2 Legendreõ�ª�5�
Legendreõ�ª��©L«
Legendreõ�ª���5
Legendreõ�ª���5

C. S. Wu 18ù ¥¼ê(�)



Outline

ùÇ�:

1 Legendreõ�ª�Ú\
Legendre�§�)
Legendreõ�ª

2 Legendreõ�ª�5�
Legendreõ�ª��©L«
Legendreõ�ª���5
Legendreõ�ª���5

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

References

ÇÂÁ§5êÆÔn�{6§§16.1, 16.2,
16.3, 16.4

ù&�§5êÆÔn�{6§§10.1

�nÎ!X1Á§5êÆÔn�{6§§12.3

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

Legendreõ�ª�Ú\

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

ë�Legendre�§

òHelmholtz�§3¥�IXe©lCþ§��
�ë�Legendre�§

1

sin θ

d

dθ

(
sin θ

dΘ

dθ

)
+

[
λ− µ

sin2θ

]
Θ = 0

�C�x = cos θ, y(x) = Θ(θ)§K�U�¤

d

dx

[(
1− x2

) dy

dx

]
+

[
λ− µ

1− x2

]
y = 0

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

ë�Legendre�§

òHelmholtz�§3¥�IXe©lCþ§��
�ë�Legendre�§

1

sin θ

d

dθ

(
sin θ

dΘ

dθ

)
+

[
λ− µ

sin2θ

]
Θ = 0

�C�x = cos θ, y(x) = Θ(θ)§K�U�¤

d

dx

[(
1− x2

) dy

dx

]
+

[
λ− µ

1− x2

]
y = 0

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

Legendre�§

��AÏ�/§µ = 0§Legendre�§

1

sin θ

d

dθ

(
sin θ

dΘ

dθ

)
+ λΘ = 0

�C�x = cos θ, y(x) = Θ(θ)§K��U�¤

d

dx

[(
1− x2

) dy

dx

]
+ λy = 0

�ù9e�ùò?Øùü��§�)§§��Ì
�5�9Ù3©lCþ{¥�A^

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

Legendre�§

��AÏ�/§µ = 0§Legendre�§

1

sin θ

d

dθ

(
sin θ

dΘ

dθ

)
+ λΘ = 0

�C�x = cos θ, y(x) = Θ(θ)§K��U�¤

d

dx

[(
1− x2

) dy

dx

]
+ λy = 0

�ù9e�ùò?Øùü��§�)§§��Ì
�5�9Ù3©lCþ{¥�A^

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

Legendre�§

��AÏ�/§µ = 0§Legendre�§

1

sin θ

d

dθ

(
sin θ

dΘ

dθ

)
+ λΘ = 0

�C�x = cos θ, y(x) = Θ(θ)§K��U�¤

d

dx

[(
1− x2

) dy

dx

]
+ λy = 0

�ù9e�ùò?Øùü��§�)§§��Ì
�5�9Ù3©lCþ{¥�A^

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

ùÇ�:

1 Legendreõ�ª�Ú\
Legendre�§�)
Legendreõ�ª

2 Legendreõ�ª�5�
Legendreõ�ª��©L«
Legendreõ�ª���5
Legendreõ�ª���5

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

'uLegendre�§�?Ø

Legendre�§

d

dz

[(
1− z2

) dw

dz

]
+ λw = 0

3¦ÑLegendre�§�)�äN/ª�c§
�â~�©�§�)ÛnØ§¯kÒ�±
éLegendre�§�)�)Û5�Ñ�ä

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

'uLegendre�§�?Ø

Legendre�§

d

dz

[(
1− z2

) dw

dz

]
+ λw = 0

F Legendre�§kn�Û:§z = ±1Ú∞§¿
�Ñ´�KÛ:© Ïd§Ø
ùn�:�U
´)�Û:	§Legendre�§�)3�²¡
)Û

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

'uLegendre�§�?Ø

Legendre�§

d

dz

[(
1− z2

) dw

dz

]
+ λw = 0

F Legendre�§kn�Û:§z = ±1Ú∞§¿
�Ñ´�KÛ:© Ïd§Ø
ùn�:�U
´)�Û:	§Legendre�§�)3�²¡
)Û

F z = 0:´Legendre�§�~:§Ïd§ �§
�)3±z = 0:��%�ü �|z| < 1S)
Û§�±Ðm�Taylor?ê

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

'uLegendre�§�?Ø

Legendre�§

d

dz

[
(1− z2)

dw

dz

]
+ λw = 0

Legendre�§3z = 0��S��ü��5Ã')

w1(z) =
∞∑

n=0

22n

(2n)!

Γ
(
n− ν

2

)
Γ

(
n +

ν + 1

2

)
Γ

(
−ν

2

)
Γ

(
ν + 1

2

) z2n

w2(z) =
∞∑

n=0

22n

(2n + 1)!

Γ

(
n− ν − 1

2

)
Γ

(
n + 1 +

ν

2

)
Γ

(
−ν − 1

2

)
Γ

(
1 +

ν

2

) z2n+1

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

w1(z)3z = ±1�Âñ5

éuw1(z)§�nv
��§ÙXê

c2n =
22n

(2n)!

Γ
(
n− ν

2

)
Γ

(
n +

ν + 1

2

)
Γ

(
−ν

2

)
Γ

(
ν + 1

2

)

∼ 22n

Γ
(
−ν

2

)
Γ

(
ν + 1

2

)
(
n− ν

2

)n−(ν+1)/2

e−n+ν/2

(2n + 1)2n+1/2e−(2n+1)

×
(

n +
ν + 1

2

)n+ν/2

e−n−(ν+1)/2
√

2π

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

w1(z)3z = ±1�Âñ5

Ïd§�nv
��

c2n ∼~ê× 1

n

ù`²§Ø
��~ê�	§w1(z)3z = ±1NC�1
�§Ú

ln
1

1− z2
=

∞∑
n=1

1

n
z2n

���Ó

Ïd§w1(z)3z=±1éêuÑ©z=±1´w1(z) �{:

XJr Legendre�§3z = 0�1�)w1(z))Ûòÿ
��²¡þ§ §�½´��õ�¼ê

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

w1(z)3z = ±1�Âñ5

Ïd§�nv
��

c2n ∼~ê× 1

n

ù`²§Ø
��~ê�	§w1(z)3z = ±1NC�1
�§Ú

ln
1

1− z2
=

∞∑
n=1

1

n
z2n

���Ó

Ïd§w1(z)3z=±1éêuÑ©z=±1´w1(z) �{:

XJr Legendre�§3z = 0�1�)w1(z))Ûòÿ
��²¡þ§ §�½´��õ�¼ê

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

w1(z)3z = ±1�Âñ5

Ïd§�nv
��

c2n ∼~ê× 1

n

ù`²§Ø
��~ê�	§w1(z)3z = ±1NC�1
�§Ú

ln
1

1− z2
=

∞∑
n=1

1

n
z2n

���Ó

Ïd§w1(z)3z=±1éêuÑ©z=±1´w1(z) �{:

XJr Legendre�§3z = 0�1�)w1(z))Ûòÿ
��²¡þ§ §�½´��õ�¼ê

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

w1(z)3z = ±1�Âñ5

Ïd§�nv
��

c2n ∼~ê× 1

n

ù`²§Ø
��~ê�	§w1(z)3z = ±1NC�1
�§Ú

ln
1

1− z2
=

∞∑
n=1

1

n
z2n

���Ó

Ïd§w1(z)3z=±1éêuÑ©z=±1´w1(z) �{:

XJr Legendre�§3z = 0�1�)w1(z))Ûòÿ
��²¡þ§ §�½´��õ�¼ê

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

w2(z)3z = ±1�Âñ5

Ó�§éuw2(z)§�nv
��§ÙXê

c2n+1 =
22n

(2n + 1)!

Γ

(
n− ν − 1

2

)
Γ

(
n + 1 +

ν

2

)
Γ

(
−ν − 1

2

)
Γ

(
1 +

ν

2

)

∼
22n

(
n− ν−1

2

)n−ν/2

e−n+(ν−1)/2

Γ

(
n− ν−1

2

)
Γ

(
n+1+

ν

2

)
(2n + 2)2n+3/2e−(2n+2)

×
(
n + 1 +

ν

2

)n+(ν+1)/2

e−n−1−ν/2
√

2π

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

w2(z)3z = ±1�Âñ5

Ïd§�nv
��

c2n+1 ∼~ê× 1

2n + 1

ù`²§Ø
��~ê�	§w2(z)3z = ±1NC�1
�§Ú

ln
1 + z

1− z
=

∞∑
n=1

2

2n + 1
z2n+1

���Ó

Ïd§w2(z)3z=±1éêuÑ©z=±1´w1(z) �{:

XJr Legendre�§3z = 0�1�)w2(z))Ûòÿ
��²¡þ§ §�½´��õ�¼ê

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

w2(z)3z = ±1�Âñ5

Ïd§�nv
��

c2n+1 ∼~ê× 1

2n + 1

ù`²§Ø
��~ê�	§w2(z)3z = ±1NC�1
�§Ú

ln
1 + z

1− z
=

∞∑
n=1

2

2n + 1
z2n+1

���Ó

Ïd§w2(z)3z=±1éêuÑ©z=±1´w1(z) �{:

XJr Legendre�§3z = 0�1�)w2(z))Ûòÿ
��²¡þ§ §�½´��õ�¼ê

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

w2(z)3z = ±1�Âñ5

Ïd§�nv
��

c2n+1 ∼~ê× 1

2n + 1

ù`²§Ø
��~ê�	§w2(z)3z = ±1NC�1
�§Ú

ln
1 + z

1− z
=

∞∑
n=1

2

2n + 1
z2n+1

���Ó

Ïd§w2(z)3z=±1éêuÑ©z=±1´w1(z) �{:

XJr Legendre�§3z = 0�1�)w2(z))Ûòÿ
��²¡þ§ §�½´��õ�¼ê

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

w2(z)3z = ±1�Âñ5

Ïd§�nv
��

c2n+1 ∼~ê× 1

2n + 1

ù`²§Ø
��~ê�	§w2(z)3z = ±1NC�1
�§Ú

ln
1 + z

1− z
=

∞∑
n=1

2

2n + 1
z2n+1

���Ó

Ïd§w2(z)3z=±1éêuÑ©z=±1´w1(z) �{:

XJr Legendre�§3z = 0�1�)w2(z))Ûòÿ
��²¡þ§ §�½´��õ�¼ê

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

'uLegendre�§�?Ø

Legendre�§

d

dz

[(
1− z2

) dw

dz

]
+ λw = 0

F ��±3z = 1(½z = −1):���S¦
)Legendre�§

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

'uLegendre�§�?Ø

Legendre�§

d

dz

[(
1− z2

) dw

dz

]
+ λw = 0

F z = ±1´�§��KÛ:§�§3�
�0 < |z − 1| < 2Skü��K)

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

'uLegendre�§�?Ø

Legendre�§

d

dz

[(
1− z2

) dw

dz

]
+ λw = 0

F z = ±1´�§��KÛ:§�§3�
�0 < |z − 1| < 2Skü��K)

F ���

w(z) = (z − 1)ρ

∞∑
n=0

cn(z − 1)n

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

'uLegendre�§�?Ø

Legendre�§

d

dz

[(
1− z2

) dw

dz

]
+ λw = 0

F �\Legendre�§§Ò�±��3z = 1:�
�I�§

ρ(ρ− 1) + ρ = 0 =⇒ ρ1 = ρ2 = 0

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

'uLegendre�§�?Ø

Legendre�§

d

dz

[(
1− z2

) dw

dz

]
+ λw = 0

F �\Legendre�§§Ò�±��3z = 1:�
�I�§

ρ(ρ− 1) + ρ = 0 =⇒ ρ1 = ρ2 = 0

F `²Legendre�§3z = 1:��S�1�)
3��|z − 1| < 2)Û§ 
1�)K�½¹
kéê�§±z = 1(Úz = −1)�{:

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

'uLegendre�§�?Ø

Legendre�§

d

dz

[
(1− z2)

dw

dz

]
+ λw = 0

Legendre�§3z = 1��S�ü��5Ã')

Pν(z) =
∞∑

n=0

1

(n!)2

Γ (ν + n + 1)

Γ (ν − n + 1)

(
z − 1

2

)n

Qν(z) =
1

2
Pν(z)

[
ln

z + 1

z − 1
− 2γ − 2ψ(ν + 1)

]
+

∞∑
n=0

1

(n!)2

Γ (ν+n+1)

Γ (ν−n+1)

(
1+

1

2
+· · ·+ 1

n

) (
z−1

2

)n

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

ùÇ�:

1 Legendreõ�ª�Ú\
Legendre�§�)
Legendreõ�ª

2 Legendreõ�ª�5�
Legendreõ�ª��©L«
Legendreõ�ª���5
Legendreõ�ª���5

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

�µ

¥S«�Laplace�§�¶é¡>�¯K

∇2u = 0

u
∣∣
Σ

= f(Σ)

Ù¥Σ�L¥¡x2 + y2 + z2 = a2þ�C:

�Ä�y3¤?Ø��m«��äN/G§
g,¬æ^¥�IX5¦)ù�½)¯K§

�¬r�I�:��3¥%

XJ>.^�äk7,��(ÏL¥%�)�½
¶^=ØC�é¡5§@o§�,�ÒA�
rù�é¡¶�����4¶���

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

�µ

¥S«�Laplace�§�¶é¡>�¯K

∇2u = 0

u
∣∣
Σ

= f(Σ)

Ù¥Σ�L¥¡x2 + y2 + z2 = a2þ�C:

�Ä�y3¤?Ø��m«��äN/G§
g,¬æ^¥�IX5¦)ù�½)¯K§

�¬r�I�:��3¥%

XJ>.^�äk7,��(ÏL¥%�)�½
¶^=ØC�é¡5§@o§�,�ÒA�
rù�é¡¶�����4¶���

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

�µ

¥S«�Laplace�§�¶é¡>�¯K

∇2u = 0

u
∣∣
Σ

= f(Σ)

Ù¥Σ�L¥¡x2 + y2 + z2 = a2þ�C:

�Ä�y3¤?Ø��m«��äN/G§
g,¬æ^¥�IX5¦)ù�½)¯K§

�¬r�I�:��3¥%

XJ>.^�äk7,��(ÏL¥%�)�½
¶^=ØC�é¡5§@o§�,�ÒA�
rù�é¡¶�����4¶���

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

�µ

¥S«�Laplace�§�¶é¡>�¯K

∇2u = 0

u
∣∣
Σ

= f(Σ)

ù�ÀJ
�IX�§¤�¦���¼êu�

,Ò�φÃ'

u = u(r, θ)

�Ñ½)¯K3¥�IXe�äN/ª

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

�µ

¥S«�Laplace�§�¶é¡>�¯K

∇2u = 0

u
∣∣
Σ

= f(Σ)

ù�ÀJ
�IX�§¤�¦���¼êu�

,Ò�φÃ'

u = u(r, θ)

�Ñ½)¯K3¥�IXe�äN/ª

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

�µ

¥S«�Laplace�§�¶é¡>�¯K

∇2u = 0

u
∣∣
Σ

= f(Σ)

�3�Ñ½)¯K3¥�IXe�äN/ª�§I�5¿

Laplace�§3θ = 0Úθ = π��þØ¤á§
3ùü:þ¿Ùþ��3u(r, θ)éθ�üý�

ê

rLaplace�§U��¥�IX�§�
�±
½)¯K��d5§ 7LÖ¿þu(r, θ)3
θ = 0Úθ = π��þ�k.^�

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

�µ

¥S«�Laplace�§�¶é¡>�¯K

∇2u = 0

u
∣∣
Σ

= f(Σ)

�3�Ñ½)¯K3¥�IXe�äN/ª�§I�5¿

Laplace�§3θ = 0Úθ = π��þØ¤á§
3ùü:þ¿Ùþ��3u(r, θ)éθ�üý�

ê

rLaplace�§U��¥�IX�§�
�±
½)¯K��d5§ 7LÖ¿þu(r, θ)3
θ = 0Úθ = π��þ�k.^�

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

�µ

¥S«�Laplace�§�¶é¡>�¯K

∇2u = 0

u
∣∣
Σ

= f(Σ)

�3�Ñ½)¯K3¥�IXe�äN/ª�§I�5¿

Laplace�§3θ = 0Úθ = π��þØ¤á§
3ùü:þ¿Ùþ��3u(r, θ)éθ�üý�

ê

rLaplace�§U��¥�IX�§�
�±
½)¯K��d5§ 7LÖ¿þu(r, θ)3
θ = 0Úθ = π��þ�k.^�

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

�µ

¥S«�Laplace�§�¶é¡>�¯K

∇2u = 0

u
∣∣
Σ

= f(Σ)

�3�Ñ½)¯K3¥�IXe�äN/ª�§I�5¿

Laplace�§3�I�:r = 0�Ø¤á§3T
:¿Ùþ��3u(r, θ)ér�üý�ê

rLaplace�§U��¥�IX�§�
�±
½)¯K��d5§ �7LÖ¿þu(r, θ)3
�I�:r = 0?�k.^�

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

�µ

¥S«�Laplace�§�¶é¡>�¯K

∇2u = 0

u
∣∣
Σ

= f(Σ)

�3�Ñ½)¯K3¥�IXe�äN/ª�§I�5¿

Laplace�§3�I�:r = 0�Ø¤á§3T
:¿Ùþ��3u(r, θ)ér�üý�ê

rLaplace�§U��¥�IX�§�
�±
½)¯K��d5§ �7LÖ¿þu(r, θ)3
�I�:r = 0?�k.^�

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

�µ

¥�IXe�½)¯K

1

r2

∂

∂r

(
r2∂u

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂u

∂θ

)
= 0

u
∣∣
θ=0
k. u

∣∣
θ=π
k.

u
∣∣
r=0
k. u

∣∣
r=a

= f(θ)

-u(r, θ) = R(r)Θ(θ)§ò�§Úk.^�©lCþ

d

dr

(
r2 dR(r)

dr

)
− λR(r) = 0

1

sin θ

d

dθ

(
sin θ

dΘ(θ)

dθ

)
+ λΘ(θ) = 0

Θ(0)k. Θ(π)k.

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

�µ

¥�IXe�½)¯K

1

r2

∂

∂r

(
r2∂u

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂u

∂θ

)
= 0

u
∣∣
θ=0
k. u

∣∣
θ=π
k.

u
∣∣
r=0
k. u

∣∣
r=a

= f(θ)

-u(r, θ) = R(r)Θ(θ)§ò�§Úk.^�©lCþ

d

dr

(
r2 dR(r)

dr

)
− λR(r) = 0

1

sin θ

d

dθ

(
sin θ

dΘ(θ)

dθ

)
+ λΘ(θ) = 0

Θ(0)k. Θ(π)k.

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

�µ

¥�IXe�½)¯K

1

r2

∂

∂r

(
r2∂u

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂u

∂θ

)
= 0

u
∣∣
θ=0
k. u

∣∣
θ=π
k.

u
∣∣
r=0
k. u

∣∣
r=a

= f(θ)

-u(r, θ) = R(r)Θ(θ)§ò�§Úk.^�©lCþ

d

dr

(
r2 dR(r)

dr

)
− λR(r) = 0

1

sin θ

d

dθ

(
sin θ

dΘ(θ)

dθ

)
+ λΘ(θ) = 0

Θ(0)k. Θ(π)k.

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

Legendre�§3k.^�e����¯K

Legendre�§§�þk.^�§�¤���¯K

1

sin θ

d

dθ

(
sin θ

dΘ(θ)

dθ

)
+ λΘ(θ) = 0

Θ(0)k. Θ(π)k.

Ï~�C�x = cos θ, y(x) = Θ(θ)§¿�r�½ëêλ�
¤ν(ν + 1)§ ���¯KÒC�

d

dx

[(
1− x2

) dy

dx

]
+ ν(ν + 1)y = 0

y(±1)k.

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

Legendre�§3k.^�e����¯K

Legendre�§§�þk.^�§�¤���¯K

1

sin θ

d

dθ

(
sin θ

dΘ(θ)

dθ

)
+ λΘ(θ) = 0

Θ(0)k. Θ(π)k.

Ï~�C�x = cos θ, y(x) = Θ(θ)§¿�r�½ëêλ�
¤ν(ν + 1)§ ���¯KÒC�

d

dx

[(
1− x2

) dy

dx

]
+ ν(ν + 1)y = 0

y(±1)k.

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

¦)���¯K

d

dx

[(
1− x2

) dy

dx

]
+ ν(ν + 1)y = 0

y(±1)k.

�{� lx = 0:��Sü��5Ã')Ñu5¦)

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

¦)���¯K

d

dx

[(
1− x2

) dy

dx

]
+ ν(ν + 1)y = 0

y(±1)k.

�{� lx = 0:��Sü��5Ã')Ñu5¦)

y1(x) =
∞∑

n=0

22n

(2n)!

Γ
(
n− ν

2

)
Γ

(
n +

ν + 1

2

)
Γ

(
−ν

2

)
Γ

(
ν + 1

2

) x2n

y2(x) =
∞∑

n=0

22n

(2n + 1)!

Γ

(
n− ν − 1

2

)
Γ

(
n + 1 +

ν

2

)
Γ

(
−ν − 1

2

)
Γ

(
1 +

ν

2

) x2n+1

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

¦)���¯K

d

dx

[(
1− x2

) dy

dx

]
+ ν(ν + 1)y = 0

y(±1)k.

�{� lx = 0:��Sü��5Ã')Ñu5¦)

y(x) = c1y1(x) + c2y2(x)

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

¦)���¯K

d

dx

[(
1− x2

) dy

dx

]
+ ν(ν + 1)y = 0

y(±1)k.

�{� lx = 0:��Sü��5Ã')Ñu5¦)

y(x) = c1y1(x) + c2y2(x)

F y1(x)Úy2(x)3x = ±1þéêuÑ

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

¦)���¯K

d

dx

[(
1− x2

) dy

dx

]
+ ν(ν + 1)y = 0

y(±1)k.

�{� lx = 0:��Sü��5Ã')Ñu5¦)

y(x) = c1y1(x) + c2y2(x)

F y1(x)Úy2(x)3x = ±1þéêuÑ

F �
¦��§�)3x = ±1þk.§Ò�¦λ(½ν)�
,
AÏ�

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

¦)���¯K

d

dx

[(
1− x2

) dy

dx

]
+ ν(ν + 1)y = 0

y(±1)k.

�{� lx = 1:��Sü��5Ã')Ñu5¦)

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

¦)���¯K

d

dx

[(
1− x2

) dy

dx

]
+ ν(ν + 1)y = 0

y(±1)k.

�{� lx = 1:��Sü��5Ã')Ñu5¦)

Pν(x) =
∞∑

n=0

1

(n!)2

Γ (ν + n + 1)

Γ (ν − n + 1)

(
x− 1

2

)n

Qν(x) =
1

2
Pν(x)

[
ln

x + 1

x− 1
− 2γ − 2ψ(ν + 1)

]
+

∞∑
n=0

1

(n!)2

Γ (ν+n+1)

Γ (ν−n+1)

(
1+

1

2
+· · ·+ 1

n

) (
x−1

2

)n

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

¦)���¯K

d

dx

[(
1− x2

) dy

dx

]
+ ν(ν + 1)y = 0

y(±1)k.

�{� lx = 1:��Sü��5Ã')Ñu5¦)

y(x) = c1Pν(x) + c2Qν(x)

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

¦)���¯K

d

dx

[(
1− x2

) dy

dx

]
+ ν(ν + 1)y = 0

y(±1)k.

�{� lx = 1:��Sü��5Ã')Ñu5¦)

y(x) = c1Pν(x) + c2Qν(x)

• Qν(x)3x = ±1þéêuÑ =⇒ c2 = 0

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

¦)���¯K

d

dx

[(
1− x2

) dy

dx

]
+ ν(ν + 1)y = 0

y(±1)k.

�{� lx = 1:��Sü��5Ã')Ñu5¦)

y(x) = c1Pν(x) + c2Qν(x)

• Qν(x)3x = ±1þéêuÑ =⇒ c2 = 0

• ��c1 6= 0§ÒØ��c1 = 1

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

¦)���¯K

d

dx

[(
1− x2

) dy

dx

]
+ ν(ν + 1)y = 0

y(±1)k.

�{� lx = 1:��Sü��5Ã')Ñu5¦)

y(x) = c1Pν(x) + c2Qν(x)

• Qν(x)3x = ±1þéêuÑ =⇒ c2 = 0

• ��c1 6= 0§ÒØ��c1 = 1

• Pν(x)3x = 1Âñ§x = −1XÛº

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

¦)���¯K

d

dx

[(
1− x2

) dy

dx

]
+ ν(ν + 1)y = 0

y(±1)k.

�{� lx = 1:��Sü��5Ã')Ñu5¦)

y(x) = c1Pν(x) + c2Qν(x)

• Qν(x)3x = ±1þéêuÑ =⇒ c2 = 0

• ��c1 6= 0§ÒØ��c1 = 1

• Pν(x)3x = 1Âñ§x = −1´ÄÂñº

• ��Ã¡?ê§Pν(x)�½3x = −1éêuÑ�

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

Pν(x)3x = −1?�1�

Pν(x) =
∞∑

n=0

1

(n!)2

Γ (ν + n + 1)

Γ (ν − n + 1)

(
x− 1

2

)n

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

Pν(x)3x = −1?�1�

Pν(x) =
∞∑

n=0

1

(n!)2

Γ (ν + n + 1)

Γ (ν − n + 1)

(
x− 1

2

)n

�ä�{��   Pν(x) = d1y1(x) + d2y2(x)

Q,Pν(x)3x = 1:Âñ(`²y1(x)Úy2(x)�ÛÉ5-
�)§ @o§��Ã¡?ê§Pν(x)3x = −1:Ò�½é
êuÑ�

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

Pν(x)3x = −1?�1�

Pν(x) =
∞∑

n=0

1

(n!)2

Γ (ν + n + 1)

Γ (ν − n + 1)

(
x− 1

2

)n

�ä�{�� 3x = −1:§Pν(x)�ê��

Pν(−1) =
∞∑

n=0

(−)n

(n!)2

Γ (ν + n + 1)

Γ (ν − n + 1)

=− sin νπ

π

∞∑
n=0

Γ (n + ν + 1) Γ (n− ν)

(n!)2

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

Pν(x)3x = −1?�1�

Pν(x) =
∞∑

n=0

1

(n!)2

Γ (ν + n + 1)

Γ (ν − n + 1)

(
x− 1

2

)n

dStirlingúª�±�O�

Γ (n + ν + 1) Γ (n− ν)

(n!)2

∼ (n + ν + 1)n+ν+1/2e−n−ν−1(n− ν)n−ν−1/2e−n+ν

(n + 1)n+1/2e−n−1(n + 1)n+1/2e−n−1

∼ 1

n

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

Pν(x)3x = −1?�1�

Pν(x) =
∞∑

n=0

1

(n!)2

Γ (ν + n + 1)

Γ (ν − n + 1)

(
x− 1

2

)n

�ä�{�� 3x = −1:§Pν(x)�ê��

Pν(−1) =
∞∑

n=0

(−)n

(n!)2

Γ (ν + n + 1)

Γ (ν − n + 1)

=− sin νπ

π

∞∑
n=0

Γ (n + ν + 1) Γ (n− ν)

(n!)2

(Øµ��Pν(x)´Ã¡?ê§ÒØ�U3x=−1:k.�

´Ä�3,
ν�(=λ�)§¦�Pν(x)Ø´Ã¡?êº

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

¦)���¯K

d

dx

[(
1− x2

) dy

dx

]
+ ν(ν + 1)y = 0

y(±1)k.

�	Pν(x)�L�ª

Pν(x) =
∞∑

n=0

1

(n!)2

Γ (ν + n + 1)

Γ (ν − n + 1)

(
x− 1

2

)n

Γ¼ê3�²¡Ã": =⇒ þã?ê¥Xê�©f
Ø�U�0

Γ¼ê±09K�ê���4: =⇒ �ν�g,ê
�§ ?êXê�©1l,��m©ð�∞

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

¦)���¯K

d

dx

[(
1− x2

) dy

dx

]
+ ν(ν + 1)y = 0

y(±1)k.

�	Pν(x)�L�ª

Pν(x) =
∞∑

n=0

1

(n!)2

Γ (ν + n + 1)

Γ (ν − n + 1)

(
x− 1

2

)n

Γ¼ê3�²¡Ã": =⇒ þã?ê¥Xê�©f
Ø�U�0

Γ¼ê±09K�ê���4: =⇒ �ν�g,ê
�§ ?êXê�©1l,��m©ð�∞

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

¦)���¯K

d

dx

[(
1− x2

) dy

dx

]
+ ν(ν + 1)y = 0

y(±1)k.

�	Pν(x)�L�ª

Pν(x) =
∞∑

n=0

1

(n!)2

Γ (ν + n + 1)

Γ (ν − n + 1)

(
x− 1

2

)n

Γ¼ê3�²¡Ã": =⇒ þã?ê¥Xê�©f
Ø�U�0

Γ¼ê±09K�ê���4: =⇒ �ν�g,ê
�§ ?êXê�©1l,��m©ð�∞

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

¦)���¯K

���¯K

d

dx

[(
1− x2

) dy

dx

]
+ ν(ν + 1)y = 0

y(±1)k.

�)�

� � � λl = l(l + 1) l = 0, 1, 2, 3, · · ·
��¼ê yl(x) = Pl(x)

Pl(x)´��lgõ�ª§¡�lgLegendreõ�ª

Pl(x) =
l∑

n=0

1

(n!)2

(l + n)!

(l − n)!

(
x− 1

2

)n

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

¦)���¯K

���¯K

d

dx

[(
1− x2

) dy

dx

]
+ ν(ν + 1)y = 0

y(±1)k.

�)�

� � � λl = l(l + 1) l = 0, 1, 2, 3, · · ·
��¼ê yl(x) = Pl(x)

Pl(x)´��lgõ�ª§¡�lgLegendreõ�ª

Pl(x) =
l∑

n=0

1

(n!)2

(l + n)!

(l − n)!

(
x− 1

2

)n

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

Legendreõ�ª

Pl(x) =
l∑

n=0

1

(n!)2

(l + n)!

(l − n)!

(
x− 1

2

)n

1 Pl(1) = 1
2 cA�Legendreõ�ª�L�ª

P0(x) = 1 P1(x) = x

P2(x) =
1

2

(
3x2 − 1

)
P3(x) =

1

2

(
5x3 − 3x

)
P4(x) =

1

8

(
35x4 − 30x2 + 3

)
C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

Legendreõ�ª

Pl(x) =
l∑

n=0

1

(n!)2

(l + n)!

(l − n)!

(
x− 1

2

)n

1 Pl(1) = 1
2 cA�Legendreõ�ª�L�ª

P0(x) = 1 P1(x) = x

P2(x) =
1

2

(
3x2 − 1

)
P3(x) =

1

2

(
5x3 − 3x

)
P4(x) =

1

8

(
35x4 − 30x2 + 3

)
C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

Legendreõ�ª

Pl(x) =
l∑

n=0

1

(n!)2

(l + n)!

(l − n)!

(
x− 1

2

)n

1 Pl(1) = 1
2 cA�Legendreõ�ª�L�ª

P0(x) = 1 P1(x) = x

P2(x) =
1

2

(
3x2 − 1

)
P3(x) =

1

2

(
5x3 − 3x

)
P4(x) =

1

8

(
35x4 − 30x2 + 3

)
C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

cA�Legendreõ�ª�ã/

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

k'Legendreõ�ª5��ß�

Pl(x) =
l∑

n=0

1

(n!)2

(l + n)!

(l − n)!

(
x− 1

2

)n

1 Pl(x)äkÛó5µPl(−x) = (−)lPl(x)º

2 Legendreõ�ª�":þ3«m(−1, 1)Sº

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

k'Legendreõ�ª5��ß�

Pl(x) =
l∑

n=0

1

(n!)2

(l + n)!

(l − n)!

(
x− 1

2

)n

1 Pl(x)äkÛó5µPl(−x) = (−)lPl(x)º

2 Legendreõ�ª�":þ3«m(−1, 1)Sº

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Solutions to the Legendre Equation
Legendre Polynomials

k'Legendreõ�ª5��ß�

Pl(x) =
l∑

n=0

1

(n!)2

(l + n)!

(l − n)!

(
x− 1

2

)n

1 Pl(x)äkÛó5µPl(−x) = (−)lPl(x)º

2 Legendreõ�ª�":þ3«m(−1, 1)Sº

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª�5�

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

ùÇ�:

1 Legendreõ�ª�Ú\
Legendre�§�)
Legendreõ�ª

2 Legendreõ�ª�5�
Legendreõ�ª��©L«
Legendreõ�ª���5
Legendreõ�ª���5

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª

Rodriguesúª

Pl(x) =
1

2ll!

dl

dxl

(
x2 − 1

)l

Proof

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª

Rodriguesúª

Pl(x) =
1

2ll!

dl

dxl

(
x2 − 1

)l

Proof(
x2 − 1

)l
= (x− 1)l[2 + (x− 1)]l

=
l∑

n=0

l!

n!(l − n)!
2l−n(x− 1)l+n

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª

Rodriguesúª

Pl(x) =
1

2ll!

dl

dxl

(
x2 − 1

)l

Proof

1

2ll!

dl

dxl

(
x2−1

)l
=

dl

dxl

l∑
n=0

1

n!(l−n)!
2−n(x−1)l+n

=
l∑

n=0

1

n!(l−n)!

(l+n)!

n!

(
x−1

2

)n

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª

Rodriguesúª

Pl(x) =
1

2ll!

dl

dxl

(
x2 − 1

)l

íØ

Legendreõ�ª�Ûó5µl�óê�Pl(x)´
ó¼ê¶l�Ûê�Pl(x)´Û¼ê§=

Pl(−x) = (−)lPl(x)

(ÜPl(1) = 1§q�±��Pl(−1) = (−1)l

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª

Rodriguesúª

Pl(x) =
1

2ll!

dl

dxl

(
x2 − 1

)l

íØ

Legendreõ�ª�Ûó5µl�óê�Pl(x)´
ó¼ê¶l�Ûê�Pl(x)´Û¼ê§=

Pl(−x) = (−)lPl(x)

(ÜPl(1) = 1§q�±��Pl(−1) = (−1)l

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª

Rodriguesúª

Pl(x) =
1

2ll!

dl

dxl

(
x2 − 1

)l

íØ

Legendreõ�ª�Ûó5µl�óê�Pl(x)´
ó¼ê¶l�Ûê�Pl(x)´Û¼ê§=

Pl(−x) = (−)lPl(x)

(ÜPl(1) = 1§q�±��Pl(−1) = (−1)l

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª

Rodriguesúª

Pl(x) =
1

2ll!

dl

dxl

(
x2 − 1

)l

íØ

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª

Rodriguesúª

Pl(x) =
1

2ll!

dl

dxl

(
x2 − 1

)l

íØ

ò
(
x2 − 1

)l
Ðm

(
x2 − 1

)l
=

l∑
r=0

(−)r l!

r!(l − r)!
x2l−2r

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª

Rodriguesúª

Pl(x) =
1

2ll!

dl

dxl

(
x2 − 1

)l

íØ

,�Å��ûlg

dl

dxl

(
x2 − 1

)l
=

dl

dxl

l∑
r=0

(−)r l!

r!(l − r)!
x2l−2r

=

[l/2]∑
r=0

(−)r l!

r!(l − r)!

(2l − 2r)!

(l − 2r)!
xl−2r

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª

Rodriguesúª

Pl(x) =
1

2ll!

dl

dxl

(
x2 − 1

)l

íØ

Ï
�ÑLegendreõ�ª�,��w²L�ª

Pl(x) =

[l/2]∑
r=0

(−)r (2l − 2r)!

2lr!(l − r)!(l − 2r)!
xl−2r

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª

Pl(x) =

[l/2]∑
r=0

(−)r (2l − 2r)!

2lr!(l − r)!(l − 2r)!
xl−2r

íØ

Legendreõ�ªPl(x)3x = 0:�ê�

P2l(0) = (−)l (2l)!

22ll!l!
P2l+1(0) = 0

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª

Pl(x) =

[l/2]∑
r=0

(−)r (2l − 2r)!

2lr!(l − r)!(l − 2r)!
xl−2r

íØ

Legendreõ�ªPl(x)3x = 0:�ê�

P2l(0) = (−)l (2l)!

22ll!l!
P2l+1(0) = 0

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

ùÇ�:

1 Legendreõ�ª�Ú\
Legendre�§�)
Legendreõ�ª

2 Legendreõ�ª�5�
Legendreõ�ª��©L«
Legendreõ�ª���5
Legendreõ�ª���5

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���5

���¯K

d

dx

[(
1− x2

) dy

dx

]
+ ν(ν + 1)y = 0

y(±1)k.

Legendreõ�ª´þã���¯K�)§Ïd§
����¼ê§Legendreõ�ªAäk��5§
=ØÓgê�Legendreõ�ª3«m[−1, 1]þ�
� ∫ 1

−1

Pl(x)Pk(x)dx = 0 k 6= l

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���5

���¯K

d

dx

[(
1− x2

) dy

dx

]
+ ν(ν + 1)y = 0

y(±1)k.

Legendreõ�ª´þã���¯K�)§Ïd§
����¼ê§Legendreõ�ªAäk��5§
=ØÓgê�Legendreõ�ª3«m[−1, 1]þ�
� ∫ 1

−1

Pl(x)Pk(x)dx = 0 k 6= l

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���5∫ 1

−1

Pl(x)Pk(x)dx = 0 k 6= l

y²

�{��µ��l���¯KÑu
(�Övy²§3���)

�{��µ�âÈ©∫ 1

−1

xkPl(x)dx = 0 �k < l

íÑ

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���5∫ 1

−1

Pl(x)Pk(x)dx = 0 k 6= l

y²

�{��µ��l���¯KÑu
(�Övy²§3���)

�{��µ�âÈ©∫ 1

−1

xkPl(x)dx = 0 �k < l

íÑ

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���5∫ 1

−1

Pl(x)Pk(x)dx = 0 k 6= l

y²

�{��µ��l���¯KÑu
(�Övy²§3���)

�{��µ�âÈ©∫ 1

−1

xkPl(x)dx = 0 �k < l

íÑ

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���5∫ 1

−1

Pl(x)Pk(x)dx = 0 k 6= l

y²

Q,k 6= l§ÒØ�b�k < l∫ 1

−1

Pl(x)Pk(x)dx

=

∫ 1

−1

Pl(x)
[
ckx

k + ck−2x
k−2 + ck−4x

k−4 + · · ·
]
dx

= 0

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���5∫ 1

−1

Pl(x)Pk(x)dx = 0 k 6= l

y²

Q,k 6= l§ÒØ�b�k < l∫ 1

−1

Pl(x)Pk(x)dx

=

∫ 1

−1

Pl(x)
[
ckx

k + ck−2x
k−2 + ck−4x

k−4 + · · ·
]
dx

= 0

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���5∫ 1

−1

Pl(x)Pk(x)dx = 0 k 6= l

y²

Q,k 6= l§ÒØ�b�k < l∫ 1

−1

Pl(x)Pk(x)dx

=

∫ 1

−1

Pl(x)
[
ckx

k + ck−2x
k−2 + ck−4x

k−4 + · · ·
]
dx

= 0

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���AÏÈ©

O�È©

∫ 1

−1

xkPl(x)dx

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���AÏÈ©

O�È©

∫ 1

−1

xkPl(x)dx

�k ± l =Ûê�§l�È¼ê�Ûó5�±�ä∫ 1

−1

xkPl(x)dx = 0

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���AÏÈ©

O�È©

∫ 1

−1

xkPl(x)dx

�k ± l�óê�§�òPl(x)^§��©L«�\∫ 1

−1

xkPl(x)dx =
1

2ll!

∫ 1

−1

xk dl

dxl

(
x2 − 1

)l
dx

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���AÏÈ©

O�È©

∫ 1

−1

xkPl(x)dx

�k ± l�óê�∫ 1

−1

xkPl(x)dx =
1

2ll!

∫ 1

−1

xk dl

dxl

(
x2 − 1

)l
dx

=
1

2ll!

[
xk dl−1

dxl−1

(
x2 − 1

)l

∣∣∣∣1
−1

−
∫ 1

−1

dxk

dx

dl−1

dxl−1

(
x2 − 1

)l
dx

]
C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���AÏÈ©

O�È©

∫ 1

−1

xkPl(x)dx

�k ± l�óê�§©ÜÈ©�∫ 1

−1

xkPl(x)dx =
1

2ll!

∫ 1

−1

xk dl

dxl

(
x2 − 1

)l
dx

= − 1

2ll!

∫ 1

−1

dxk

dx

dl−1

dxl−1

(
x2−1

)l
dx

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���AÏÈ©

O�È©

∫ 1

−1

xkPl(x)dx

©ÜÈ©lg�§�û$�Ò�Ü=£�¼êxkþ∫ 1

−1

xkPl(x)dx =
(−)l

2ll!

∫ 1

−1

dlxk

dxl

(
x2 − 1

)l
dx

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���AÏÈ©

O�È©

∫ 1

−1

xkPl(x)dx

©ÜÈ©lg�§�û$�Ò�Ü=£�¼êxkþ∫ 1

−1

xkPl(x)dx =
(−)l

2ll!

∫ 1

−1

dlxk

dxl

(
x2 − 1

)l
dx

¤±§�k < l�∫ 1

−1

xkPl(x)dx = 0

dd=�íÑLegendreõ�ª���5

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���AÏÈ©

UYO�

∫ 1

−1

xkPl(x)dx =
(−)l

2ll!

∫ 1

−1

dlxk

dxl

(
x2−1

)l
dx

�k = l + 2n, n = 0, 1, 2, · · ·�

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���AÏÈ©

UYO�

∫ 1

−1

xkPl(x)dx =
(−)l

2ll!

∫ 1

−1

dlxk

dxl

(
x2−1

)l
dx

�k = l + 2n, n = 0, 1, 2, · · ·�∫ 1

−1

xl+2nPl(x)dx =
(−)l

2ll!

∫ 1

−1

dlxl+2n

dxl

(
x2−1

)l
dx

=
1

2ll!

(l+2n)!

(2n)!

∫ 1

−1

x2n
(
1−x2

)l
dx

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���AÏÈ©

UYO�

∫ 1

−1

xkPl(x)dx =
(−)l

2ll!

∫ 1

−1

dlxk

dxl

(
x2−1

)l
dx

�k = l + 2n, n = 0, 1, 2, · · ·�∫ 1

−1

xl+2nPl(x)dx =
1

2ll!

(l+2n)!

(2n)!

∫ 1

−1

x2n
(
1−x2

)l
dx

�C�x2 = t§¿|^B¼êÒ�±�ÑÈ©∫ 1

−1

xl+2nPl(x)dx =
1

2ll!

(l+2n)!

(2n)!

Γ (n+1/2) Γ (l+1)

Γ (n+l+3/2)

= 2l+1 (l + 2n)!(l + n)!

n!(2l + 2n + 1)!

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���AÏÈ©

UYO�

∫ 1

−1

xkPl(x)dx =
(−)l

2ll!

∫ 1

−1

dlxk

dxl

(
x2−1

)l
dx

�k = l + 2n, n = 0, 1, 2, · · ·�
AO´k = l§=n = 0�∫ 1

−1

xlPl(x)dx =
l!

2l

√
π

Γ (l + 3/2)

= 2l+1 l!l!

(2l + 1)!

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

(Ø

∫ 1

−1

xkPl(x)dx

=


2l+1 (l+2n)!(l+n)!

n!(2l+2n+1)!

k = l + 2n

n = 0, 1, 2, · · ·

0 Ù§�/

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

íØµLegendreõ�ª���

∫ 1

−1

Pl(x)Pl(x)dx

�âµ

∫ 1

−1

xlPl(x)dx = 2l+1 l!l!

(2l + 1)!

∫ 1

−1

Pl(x)Pl(x)dx

=

∫ 1

−1

[
clx

l + cl−2x
l−2 + cl−4x

l−4 + · · ·
]
Pl(x)dx

= cl

∫ 1

−1

xlPl(x)dx= cl × 2l+1 l!l!

(2l + 1)!
=

2

2l + 1

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

íØµLegendreõ�ª���

∫ 1

−1

Pl(x)Pl(x)dx

�âµ

∫ 1

−1

xlPl(x)dx = 2l+1 l!l!

(2l + 1)!

∫ 1

−1

Pl(x)Pl(x)dx

=

∫ 1

−1

[
clx

l + cl−2x
l−2 + cl−4x

l−4 + · · ·
]
Pl(x)dx

= cl

∫ 1

−1

xlPl(x)dx= cl × 2l+1 l!l!

(2l + 1)!
=

2

2l + 1

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

íØµLegendreõ�ª���

∫ 1

−1

Pl(x)Pl(x)dx

�âµ

∫ 1

−1

xlPl(x)dx = 2l+1 l!l!

(2l + 1)!

∫ 1

−1

Pl(x)Pl(x)dx

=

∫ 1

−1

[
clx

l + cl−2x
l−2 + cl−4x

l−4 + · · ·
]
Pl(x)dx

= cl

∫ 1

−1

xlPl(x)dx= cl × 2l+1 l!l!

(2l + 1)!
=

2

2l + 1

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

íØµLegendreõ�ª���

∫ 1

−1

Pl(x)Pl(x)dx

�âµ

∫ 1

−1

xlPl(x)dx = 2l+1 l!l!

(2l + 1)!

∫ 1

−1

Pl(x)Pl(x)dx

=

∫ 1

−1

[
clx

l + cl−2x
l−2 + cl−4x

l−4 + · · ·
]
Pl(x)dx

= cl

∫ 1

−1

xlPl(x)dx= cl × 2l+1 l!l!

(2l + 1)!
=

2

2l + 1

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

AO5¿¯�

È©

∫ 1

−1

Pl(x)Pl(x)dxØU�¤

∫ 1

−1

P2
l (x)dx

P2
l (x),k¹Â

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

AO5¿¯�

È©

∫ 1

−1

Pl(x)Pl(x)dxØU�¤

∫ 1

−1

P2
l (x)dx

P2
l (x),k¹Â

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���8�5

òLegendreõ�ª���5Ú��Ü¿�¤∫ 1

−1

Pk(x)Pl(x)dx =
2

2l + 1
δkl

=

∫ π

0

Pk(cos θ)Pl(cos θ) sin θdθ =
2

2l + 1
δkl

Pk(cos θ)ÚPl(cos θ)3«m[0,π]þ±�¼ê
sin θ��

ùp��¼êsin θ�ÐÒ´�©�§

d

dθ

[
sin θ

dΘ

dθ

]
+ λ sin θΘ = 0

¥���λ��¼êsin θ
C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���8�5

òLegendreõ�ª���5Ú��Ü¿�¤∫ 1

−1

Pk(x)Pl(x)dx =
2

2l + 1
δkl

=

∫ π

0

Pk(cos θ)Pl(cos θ) sin θdθ =
2

2l + 1
δkl

Pk(cos θ)ÚPl(cos θ)3«m[0,π]þ±�¼ê
sin θ��

ùp��¼êsin θ�ÐÒ´�©�§

d

dθ

[
sin θ

dΘ

dθ

]
+ λ sin θΘ = 0

¥���λ��¼êsin θ
C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���8�5

òLegendreõ�ª���5Ú��Ü¿�¤∫ 1

−1

Pk(x)Pl(x)dx =
2

2l + 1
δkl

=

∫ π

0

Pk(cos θ)Pl(cos θ) sin θdθ =
2

2l + 1
δkl

Pk(cos θ)ÚPl(cos θ)3«m[0,π]þ±�¼ê
sin θ��

ùp��¼êsin θ�ÐÒ´�©�§

d

dθ

[
sin θ

dΘ

dθ

]
+ λ sin θΘ = 0

¥���λ��¼êsin θ
C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���8�5

òLegendreõ�ª���5Ú��Ü¿�¤∫ 1

−1

Pk(x)Pl(x)dx =
2

2l + 1
δkl

=

∫ π

0

Pk(cos θ)Pl(cos θ) sin θdθ =
2

2l + 1
δkl

Pk(cos θ)ÚPl(cos θ)3«m[0,π]þ±�¼ê
sin θ��

ùp��¼êsin θ�ÐÒ´�©�§

d

dθ

[
sin θ

dΘ

dθ

]
+ λ sin θΘ = 0

¥���λ��¼êsin θ
C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

ùÇ�:

1 Legendreõ�ª�Ú\
Legendre�§�)
Legendreõ�ª

2 Legendreõ�ª�5�
Legendreõ�ª��©L«
Legendreõ�ª���5
Legendreõ�ª���5

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���5

?¿��3«m[−1, 1]¥©ãëY�¼ê
f(x)§(3²þÂñ¿Âe)�±Ðm�?ê

f(x) =
∞∑
l=0

clPl(x)

Ù¥�ÐmXêcl�±�âLegendreõ�ª�
��5¦�

cl =
2l + 1

2

∫ 1

−1

f(x)Pl(x)dx

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���5

?¿��3«m[−1, 1]¥©ãëY�¼ê
f(x)§(3²þÂñ¿Âe)�±Ðm�?ê

f(x) =
∞∑
l=0

clPl(x)

Ù¥�ÐmXêcl�±�âLegendreõ�ª�
��5¦�

cl =
2l + 1

2

∫ 1

−1

f(x)Pl(x)dx

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Û¢?ê²þÂñº

XJ

lim
N→∞

∫ 1

−1

∣∣∣f(x)−
N∑

l=0

clPl(x)
∣∣∣2dx = 0

K¡?ê
∞∑
l=0

clPl(x)²þÂñ�f(x)

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���5

��±U^±θ�gCþLã

ò¼êf(θ)ULegendreõ�ªPl(cos θ)Ðm

f(θ) =
∞∑
l=0

clPl(cos θ)

KÐmXê�

cl =
2l + 1

2

∫ π

0

f(θ)Pl(cos θ) sin θdθ

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���5

��±U^±θ�gCþLã

ò¼êf(θ)ULegendreõ�ªPl(cos θ)Ðm

f(θ) =
∞∑
l=0

clPl(cos θ)

KÐmXê�

cl =
2l + 1

2

∫ π

0

f(θ)Pl(cos θ) sin θdθ

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

Legendreõ�ª���5

��±U^±θ�gCþLã

ò¼êf(θ)ULegendreõ�ªPl(cos θ)Ðm

f(θ) =
∞∑
l=0

clPl(cos θ)

KÐmXê�

cl =
2l + 1

2

∫ π

0

f(θ)Pl(cos θ) sin θdθ

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

~6.1

ò¼êf(x) = x3ULegendreõ�ªÐm

){1

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

~6.1

ò¼êf(x) = x3ULegendreõ�ªÐm

){1

�x3 =
∞∑
l=0

clPl(x)§K

cl =
2l + 1

2

∫ 1

−1

x3Pl(x)dx

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

~6.1

ò¼êf(x) = x3ULegendreõ�ªÐm

){1

�x3 =
∞∑
l=0

clPl(x)§K

cl =
2l + 1

2

∫ 1

−1

x3Pl(x)dx

�±�ä§Ø
c1Úc3	§Ù{clþ�0

x3 = c1P1(x) + c3P3(x)

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

~6.1

ò¼êf(x) = x3ULegendreõ�ªÐm

){1

c1 =
3

2

∫ 1

−1

x3P1(x)dx =
3

5

c3 =
7

2

∫ 1

−1

x3P3(x)dx =
2

5

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

~6.1

ò¼êf(x) = x3ULegendreõ�ªÐm

){1

c1 =
3

2

∫ 1

−1

x3P1(x)dx =
3

5

c3 =
7

2

∫ 1

−1

x3P3(x)dx =
2

5

���(JÒ´

x3 =
3

5
P1(x) +

2

5
P3(x)

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

?Ø

~6.1

x3 = c1P1(x) + c3P3(x)

c1 + c3 =?

eò¼ê

f(x) =

{
0 x < 0

x3 x ≥ 0

ULegendreõ�ªÐm§AkÛ(Jº

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

?Ø

~6.1

x3 = c1P1(x) + c3P3(x)

c1 + c3 =?

eò¼ê

f(x) =

{
0 x < 0

x3 x ≥ 0

ULegendreõ�ªÐm§AkÛ(Jº

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

?Ø

~6.1

x3 = c1P1(x) + c3P3(x)

c1 + c3 =?

eò¼ê

f(x) =

{
0 x < 0

x3 x ≥ 0

ULegendreõ�ªÐm§AkÛ(Jº

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

~6.1

ò¼êf(x) = x3ULegendreõ�ªÐm

){2

Ï�

x3 =c1P1(x)+c3P3(x)=c1x+c3

(
5

2
x3−3

2
x

)
¤±

5

2
c3 = 1 c1 −

3

2
c3 = 0

dd��±)Ñc1Úc3 · · ·

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

~6.1

ò¼êf(x) = x3ULegendreõ�ªÐm

){2

Ï�

x3 =c1P1(x)+c3P3(x)=c1x+c3

(
5

2
x3−3

2
x

)
¤±

5

2
c3 = 1 c1 −

3

2
c3 = 0

dd��±)Ñc1Úc3 · · ·

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

~6.1

ò¼êf(x) = x3ULegendreõ�ªÐm

){2

Ï�

x3 =c1P1(x)+c3P3(x)=c1x+c3

(
5

2
x3−3

2
x

)
¤±

5

2
c3 = 1 c1 −

3

2
c3 = 0

dd��±)Ñc1Úc3 · · ·

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

~6.1

ò¼êf(x) = x3ULegendreõ�ªÐm

){2

Ï�

x3 =c1P1(x)+c3P3(x)=c1x+c3

(
5

2
x3−3

2
x

)
¤±

5

2
c3 = 1 c1 −

3

2
c3 = 0

dd��±)Ñc1Úc3 · · ·

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

~6.1

ò¼êf(x) = x3ULegendreõ�ªÐm

){3

Ï�

x3 =c1P1(x)+c3P3(x)=c1x+c3

(
5

2
x3−3

2
x

)
üà�\x =

√
3/5§���Û(Jº

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

~6.1

ò¼êf(x) = x3ULegendreõ�ªÐm

){3

Ï�

x3 =c1P1(x)+c3P3(x)=c1x+c3

(
5

2
x3−3

2
x

)
üà�\x =

√
3/5§���Û(Jº

C. S. Wu 18ù ¥¼ê(�)



Legendre Polynomials
Properties of Legendre Polynomials

Differential Representation of Legendre Polynomials
Orthogonality of Legendre Polynomials
Completeness of Legendre Polynomilas

~6.1

ò¼êf(x) = x3ULegendreõ�ªÐm

){3

Ï�

x3 =c1P1(x)+c3P3(x)=c1x+c3

(
5

2
x3−3

2
x

)
üà�\x =

√
3/5§���Û(Jº

C. S. Wu 18ù ¥¼ê(�)


	Outline
	Legendre¶àÏîÊ½µÄÒýÈë
	Solutions to the Legendre Equation
	Legendre Polynomials

	Legendre¶àÏîÊ½µÄÐÔÖÊ
	Differential Representation of Legendre Polynomials
	Orthogonality of Legendre Polynomials
	Completeness of Legendre Polynomilas


