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Abstract The problem about cosmological constant is a difficult and important problem, people even

don’t know what it is really originated from. In this letter, we show up a kind of origin of the cosmological

constant from the viewpoint of some extra dimensional spaces, obtain different values of the cosmological

constant under different circumstances, acquire the evolution function with time t. And we achieve a

cosmological constant that may be fitted with modern astronomic observation.
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1 Introduction

The physical origin of the cosmological constant

is considered to be one of the most difficult and im-

portant problems in modern physics
[1—3]

, especially

in cosmology. According to the recent observation, it

should be a very small but nonzero value. In quan-

tum field theory (QFT), vacuum energy density is be-

lieved to contribute to the cosmological constant
[4, 5]

,

but there is a very huge discrepancy between their

orders of magnitude. Though many people propose

some explanations, it now is still being considered a

problem.

In general relativity, one deduces Einstein equa-

tion with cosmological constant through adding a free

λ into action, but one can not explain what it is. An

old but still exciting idea is to assume that we live in

a fundamentally higher-dimensional spacetime
[6—10]

,

but most papers just give volumes of some extra di-

mensional spaces. In this letter, we propose a new

idea about cosmological constant and some other new

ideas about some extra dimensional spaces.

2 Bulk spacetime manifold

For a n-dimensional bulk spacetime manifold, we

assume that its’ infinitesimal square line element has

the form as follows

ds2 = g00dt2 +gijdxidxj +gab(t)dxadxb , (1)

where i, j = 1,2,3; a,b = 1,2, · · · ,n−4.

By carefully and long calculating in terms of the

metrics of the bulk spacetime manifold, we obtain

that the Ricci scalar of the n-dimensional bulk space-

time manifold is

R̃total = gABR̃AB = R+R′+∆ , (2)

where

R = gµν(Γ α
µν,α−Γ α

µα,ν +Γ α
βαΓ β

µν −Γ α
βνΓ

β
µα) , (3)

R′ = gab(Γ c
ab,c−Γ c

ac,b +Γ c
dcΓ

d
ab−Γ c

dbΓ
d
ac) , (4)

∆ =gµν(−Γ c
µc,ν +Γ c

βcΓ
β
µν −Γ c

βνΓ
β
µc−Γ c

aνΓ
a
µc)+

gab(Γ α
ab,α +Γ α

βαΓ
β

ab−Γ α
dbΓ

d
aα +Γ c

βcΓ
β

ab−Γ c
βbΓ

β
ac) .

(5)

We consider a 3-dimensional extra space. This

space has a big symmetric form which is similar to

the space part of Robertson-Walker spacetime mani-

fold with k = 1 as follows

gabdxadxb = B2(t)

[

dr2

1−r2
+r2(dθ2 +sin2 θdϕ2)

]

.

(6)
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Because taking k = 1 may result in positive curvature,

further may lead to a positive cosmological constant,

see Eq. (4.5), as the positive cosmological constant

may result in cosmic accelerative expansion
[11, 12]

.

After carefully and long calculating in terms of

the metrics of the concrete bulk spacetime manifold,

we have

R′ =
6

B2
, (7)

∆ =−6

(

Ḃ

B

)2

g00−6

(

B̈

B

)

g00+3
Ḃ

B
gαβΓ 0

αβ−3
Ḃ

B
gα0Γ ν

αν .

(8)

Using the above researches, we can further deduce

Einstein equation.

3 Einstein equation

Then the geometrical action of the (4+3)-

dimensional bulk spacetime is

Ig =
∫
d4xd3y

√

−g̃R̃ =
∫
d4xd3y

√
−g
√

g′R̃ . (9)

According to the expression of Eq. (9), we can carry

on the integral in the additional dimensions, thus we

obtain ∫
d3y
√

g′ = B3V , (10)

where V is the volume. We define

R′+∆ = L′ , (11)

Then we can have

Ig =

∫
d4xd3y

√

−g̃R̃ =

V

∫
d4x d3y

√

g′

√
−g(R+L′) . (12)

According to variational principle, we have δIg =

0, we, then, can deduce the gravitational field equa-

tion of the 4-dimensional spacetime as follows

Rµν −
1

2
gµνR− 1

2
L′gµν = κTµν , (13)

where

Tµν =
3

κ

[

2

(

Ḃ2

B2
+

B̈

B

)

δ0
µδ0

ν +
Ḃ

B
(δ0

µδ0
νg

αβgαβ,0+

g00gµν,0)+
∂0(B

2Ḃ
√−gg00gµν)√−gB3

]

, (14)

Tµν is the effective energy-momentum tensor depend-

ing on the conformal factor of the extra dimensional

space and the derivatives of the conformal factor.

4 Discussion and conclusion

1. When B is a constant, so Ḃ = 0, then Eq. (13) can

be rewritten as

Rµν −
1

2
gµνR− 1

2
gµν

6

B2
= 0 . (15)

Compare Eq. (15) with general Einstein equation

with cosmological constant in de Sitter spacetime

Rµν −
1

2
gµνR−gµνλ = 0 , (16)

we obtain λ =
3

B2
, then we conclude, if there is the ex-

tra dimensional space, or there are some extra dimen-

sional spaces similar to the extra dimensional space,

and these extra dimensional spaces do not vary with

time, then the cosmological constant would be the

curvature of the extra dimensional spaces, and
3

B2

may be a small value or a big value. For a big value,

this is contrast to the traditional viewpoint of string

theory. Refs. [6, 7] gave some explanations why we

can’t see these large extra dimensions.

2. When B is a function of time t, we choose B(t) =

b0t
η, then we have

B2 ∝ t2η, Ḃ ∝ ηtη−1, B̈ ∝ η(η−1)tη−2,

Ḃ

B
=

η

t
,

B̈

B
=

η(η−1)

t2
, (17)

where η is a parameter. Eq. (13) changes to

Rµν −
1

2
gµνR− 1

2
gµν

[

6

(b0tη)2
−

6
η(η−1)+η2

t2
g00−3

η

t
g00gαβgαβ,0

]

= κTµν , (18)

where t 6= 0, because the cosmic birth during the very

closest to t = 0 may be described by quantum cosmol-

ogy.

1) When η > 0 and t is big enough, we acquire
6

(b0tη)2
,

η

t
,

η2 +η(η−1)

t2
are all small.

Compare Eq. (18) with Einstein equation§we

have

λ =
1

2

[

6

(b0tη)2
−6

η(η−1)+η2

t2
g00−3

η

t
g00gαβgαβ,0

]

,

(19)
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Tµν =
3

κ

[

2
η2 +η(η−1)

t2
δ0

µδ0
ν +

η

t
(δ0

µδ0
νg

αβgαβ,0 +

g00gµν,0)+
∂0(ηt3η−1

√−gg00gµν)√−gt3η

]

. (20)

The cosmological constant is not only relative to

the curvature of the extra dimensional space, but

also relative to our usual universe. The constant is

function about t, and its value becomes smaller and

smaller as time t gets bigger and bigger. In the other

words, when t is very small, the constant is so large

that we must pay attention to it’s effect on the process

of the early universe’s varying. Furthermore, energy-

momentum tensor is also related to the parameter of

some extra space.

2) When η < 0 and t is big enough, we obtain that
η

t
,

η2 +η(η−1)

t2
are approach to zero, and

3

(b0tη)2
is so

large that it contrast to the observation result.

According to the expression of the cosmological

constant, we deduce, the cosmological constant is re-

lative to the scale factor of some extra dimensional

spaces and metrics of the 4-dimensional usual space-

time. And the energy-momentum tensor of the uni-

verse is also relative to the contribution of some extra

dimensional spaces.

3) When η approaches to zero,wehave
η

t
,
η2 +η(η−1)

t2

near to zero, but the cosmological constant
3

b2
0t

2η
ap-

proaches to a small quantity Eq. (19), b0 may be taken

some value so that
3

b2
0

is fitted with modern astro-

nomic observation. Thus§we can explain why cos-

mological constant is not zero but a small quantity.

Because our researches are general, the more re-

searches and their generalization about this letter will

be written in other papers due to length limit of let-

ter’s article.

One (Y. C. Huang) of the authors is grateful for

Prof. R. G. Cai, Prof. Y. Z. Zhang, Prof. X. M.

Zhang and Prof. C. G. Huang for discussion on some

problems relative to this letter in different periods.
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