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1 v wxzyz{z|z}�~z�z�z�z�z�z�z���Z}��z�z�z�z�z�z�
Nash �z�z���z� [1] � [2] �z�z� �z}

Nash �j� �j~j�j�j���^�j j�j¡j¢j�j£j¤¦¥j§j¨¦�j©¦ªj«j¬¦­j�¦}Z¤j®j¯¦°j±¦�j�j�¦�j²³ � Selten[3] ´ � ±¦¡¦¢¦�¦£¦�¦µ¦¯¦�¦£¦¶¦¯¦�¦·¦¸¦}Z¨¦¹¦±¦¡¦º (perfect) �¦� }Z»¦¼¦±
Nash �¦�¦½ ¨¦£¦�¦¾¦¿ �ZÀ¦Á¦Â }ZÃ¦µ Myerson[4]

�¦Ä¦Å
(proper) �¦� �¦¾¦¿ � ~¦Æ¦©¦ª«Ç}

Kohlberg � Mertens[5]
�

Nash �Ç� � ½ ¨Ç£Ç¼ÇÈÇ±Ç¢ÇÉÇÊÇËÇÌÇ�Ç¾Ç¿Ç} ´ � ±Ç¤ÇÍ�jÎjÏjÐÑ¥j� ½ ¨j� Nash �j� ²jÅjÒjÓjÔjÕjÖj×j�jØjÙ�Ú^¤j�jÖj�jÛj�j¾j¿ �ÑÜ y¦Ý �jÞ�jÐÑßj�jàjáj�jâÑ�jãjµj¯
n
�j�j�j�j�j�

( � �j�j���^�j�jäj�jåjæjçjµj¯j�j}Ñæjèjéjê�j�jå
),
Äj�

Nash �j�jë àj� �jìjíjîjïjðjñj� Hillas[6]
³ �j�jòj�jó�ô^²jõjöj�j÷jøjùújû �j�jòjüjýjþjÿj�j÷jøj}��j¼j±

[5]
���j� ��� µj¯ n

�j�j�j�j�j�j�j¾j¿������j¥��
n
�¦�¦�¦�¦�¦�¦�¦¾¦¿¦}

[7]
² ³ �
	¦£
�
�¦�


�¦}����5±

Nash �¦�¦ë à í¦î¦ï¦ð¦ñ �� ~j£ � ~j¤����j} [8–10]
���j���j¹j�j�

( ������� ) ����� � �j��!j� �j�jë àj}� ����± íjîjïjðjñ � � ~j£j}ZÊ [2] "�#j� ±�$j¥j� íjîjïjðjñ � � ~j£¦¨j� �
* %'&)(+*',��'-'. (10061002) /����'0)(+*',��'-1.1213'415167'8)9+:';

2003-05-29,
7'<'='>'8)9+:';

2004-11-05.
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G ¥�
jÉj}
1952 H } Ky Fan[11] � Glicksberg[12] I�J ���^±j��K�L Mjò��^��N�O ë �~j£j¨j�j}QPj² ³ ãj�j�j�j�j�j�j�j�j¾j¿ �QR�S ù�Tj}QUjµ n

�j�j�j�j�j�j} ���^�
i
�äj�zåzàz� ÀWVWX Mzò Xi, Si

�zäj�zåzà
Xi

«z� � µz�WYWZ V µi( [W\ êz�z�zå )
�WMzòz}

]�^ üjýjþjÿj�
ui(µ1, µ2, · · · , µn) =

∫

X

fi(x)dµ1dµ2 · · · dµn,

_ �
fi

�z���Z�
i
~zäj�zåW`z�zà

X =
∏n

i=1 Xi

«z� ïWa üzýzþzÿ �cb [12], d S =
∏n

i=1 Sie�f
∗ g�h �j��K�L Mjò ∏n

i=1 C(Si)
∗
�^�j��L À à (

_ �^}
C(Si)

∗
ç ï�a þjÿ�Mjò C(Si)«j� � µ ï�a 	j£�ijþj��Mjò ),

² ³ ��K�L Mjò��^��N�O ë ¨j�j} Nash �j�jë�j � ~j})k� ~
µ∗ = (µ∗

1, µ
∗

2, · · · , µ
∗

n) ∈ S, l �j�j� i,
µ

ui(µ
∗) = max

µi∈Si

ui(µi, µ
∗

−i),¤
m
µ∗

−i = (µ∗

1, µ
∗

2, · · · , µ
∗

i−1, µ
∗

i+1, · · · , µ
∗

n). d ç¦ä �¦å¦à Xi

¥
�¦�
n¦¯¦à¦}Z¤¦¥¦�¦�¦® \ç�nj¯j�j�j}ZÃ d çjüjýjþjÿ fi

� ï�a �j}Z¤j¥j�j� [�\ ç ï�a �j�j}�o [13] � [14].í�p ���^±�nj¯j�j� Nash �j�jë àj� íjîjïjðjñ � � ~j£j¨j� ��q�rj�j� �j�j} b ã
[2] � [7]

æj§j¨j���^�j�j�jåjàj��sj¥�	j£�t�u�Mjòj��L À àj} xjyz®�N�v b [2] � [7] wjÁx � nj¯j�j� Nash �j�jë à íjîjïjðjñ � � ~j£ �
2 y{z{|{}

~������ àjájõjö�� íjî à �jíjîjïjðjñ !jµ
�j�j� � £ î } "�� ��������o [2].U
X � Y

���j� V�X Mjòj} 2Y ��� Y
� � µj��M��jàj�jàj� � F : X → 2Y

�j¥j�àjájõjöj}
x ∈ X .���

2.1 (1) ��� � Y
�^�������jà

G ⊃ F (x),
� ~

x
~

X
�^�������

O, l �����
x′ ∈ O,

µ
G ⊃ F (x′), ��\ F

~
x � �j«�� ï�a �jâ (2) ��� ����� x ∈ X , F (x)

� À àj}�
F
~

x � �j«�� ï�a �j} ��\ F
�j¥j�

usco
õjö ����

2.2 (1) \ F (x)
�j��M����jà

e(x)
� íjî �j} ��� � Y

�^�������jà
U ⊃ e(x),� ~

δ > 0, l �
�
� x′ ∈ X, �
r d(x, x′) < δ,
 ¦µ

U ∩ F (x′) 6= ∅; (2) �
� F (x)
� í¦î à

m(x)
�

F (x)
�Z� � µ ízî àWeW�W���W�zçW�z�z¶��W�j} �W\ m(x)

�
F (x)

�z¶W� ízî à ����
2.3
�����

y ∈ F (x), � µ���� y
� ïjð �jàj� � à ( j � ïjð � ) \ ç F (x)

�j¥� ïjðjñ (
�jü

).�
� F (x)
� À à¦} � F (x)

�
 
�
¡¦ç
�
�
N
¢¦�¦µ¦¯¦�
£
n¦¯¦� ï¦ð¦ñ (
�¦ü

)
� �àj}�k

F (x) =
⋃

α∈Λ

Cα,

_ �
Λ
�j¥j� ��� àj}ZÊj�j� Cα

 j� À à ��
�
2.4 �
� F (x)

�¦¥¦� ï¦ð¦ñ (
�¦ü

) Cα

� í¦î �¦} �
\ Cα

ç
F (x)

�¦¥¦� í¦îïjðjñ (
�jü

).¤
¥
2.1

U
X, Y

�
�¦� V
X M¦ò¦} F : X → 2Y
�¦¥¦�

usco
õ¦ö¦} � �
�
� x ∈ X ,¦�§ � ~

F (x)
�j¥j�j¶�� íjî à �
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2.2
U

X, Y, Z
�
®¦� V
X M¦ò¦} F1 : X → 2Y

�¦¥¦�
usco

õ¦ö¦}
F2 : Z → 2Y�j¥j�jàjájõjöj} � ~ ï�a õjö T : Z → X , l ����� z ∈ Z,

µ
F2(z) = F1(T (z)). ��� ����

x ∈ X , F1(x)
¦�§ � ~j¥j� íjîjïjðjñ }°¯�±j����� z ∈ Z, F2(z)

¦�§ � ~j¥j� íjîjïjðñj�
²
2.1 ³ � 2.1 � 2.2

���jç
[2]
�^¨j�

3.1(1) ´¶µ ���j¶�� íjî àj� � ~j£�· ³ � [2]�^¨j�
3.1
�jØZÙ

(C),
ØjÙ

(C)
� ³  ����^¶�� íjî àj� ïjð £j�¹¸ ��³ � 2.8(2).xjy�º q�r ~j�j�jêj�j�jå�Mjò Si

� ³ Ìj÷jøjþjÿj}�P�»j� _�¼ �j£ îj������
µi, νi ∈ Si,

¨j¹
di(µi, νi) =

∞
∑

j=1

1

2j

∣

∣

∣

∫

Xi

g
j
i

‖ g
j
i ‖

dµi −

∫

Xi

g
j
i

‖ g
j
i ‖

dνi

∣

∣

∣
,

¤�m���½
Fi = {gj

i 6= 0}∞j=1

�j¡�¾����j� ï�a þjÿ�Mjò C(Xi)
�^�j¥j���jÿ�¿��jà ���¥

2.1 (Si, di)
�j¥j� V�X Mjòj}ZÊ � di

~
Si

� ��À x � g�h�Á f ∗ g�h !�Â �Ã �
�
�
µi, νi, λi ∈ Si, b di

�¦¨¦¹
Ä¦{
di(µi, νi) ≥ 0; Å µi = νi, � di(µi, νi) = 0;

di(µi, νi) ≤ di(µi, λi) + di(λi, νi)._�Æ } Å di(µi, νi) = 0, �
∫

Xi

g
j
i

‖ g
j
i ‖

dµi =

∫

Xi

g
j
i

‖ g
j
i ‖

dνi, j = 1, 2, · · · ,

£�Ç
∫

Xi

g
j
i dµi =

∫

Xi

g
j
i dνi, j = 1, 2, · · · .èjé��

{gj
i }

∞

j=1

~
C(Xi)

� ¿�Èj}Z�����
pi ∈ C(Xi),

µ
∫

Xi

pidµi =

∫

Xi

pidνi.

É Ê
µi = νi.

¤j®����^±
di

�
Si

�^�j÷jø �Ê ÉË�Ì�
di �ËÀ x � gËhËÁ f ∗ gËh !ËÂ }�k ùË�Ì� µn

i −→ µi (
f

∗)
Å �ËÍ Å

di(µ
n
i , µi) −→ 0,

_ �
µi, µ

n
i ∈ Si, n = 1, 2, · · ·.� ��Î��j£ ��Å di(µ

n
i , µi) −→ 0, �

lim
n→∞

∫

Xi

g
j
i

‖ g
j
i ‖

dµn
i =

∫

Xi

g
j
i

‖ g
j
i ‖

dµi,

£�Ç
lim

n→∞

∫

Xi

g
j
i dµn

i =

∫

Xi

g
j
i dµi, j = 1, 2, · · · .�����

pi ∈ C(Xi), j = 1, 2, · · ·,
µ
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∣

∣

∣

∫

Xi

pidµn
i −

∫

Xi

pidµi

∣

∣

∣

≤
∣

∣

∣

∫

Xi

pidµn
i −

∫

Xi

g
j
i dµn

i

∣

∣

∣
+

∣

∣

∣

∫

Xi

g
j
i dµn

i −

∫

Xi

g
j
i dµi

∣

∣

∣
+

∣

∣

∣

∫

Xi

g
j
i dµi −

∫

Xi

pidµi

∣

∣

∣

≤ 2‖pi − g
j
i ‖ +

∣

∣

∣

∫

Xi

g
j
i dµn

i −

∫

Xi

g
j
i dµi

∣

∣

∣
.

Ï ¨
j,
µ

lim
n→∞

∣

∣

∣

∫

Xi

pidµn
i −

∫

Xi

pidµi

∣

∣

∣
≤ 2‖pi − g

j
i ‖.

d {gj
i }

∞

j=1

~
C(Xi)

� ¿�Èj}Zµ
lim

n→∞

∣

∣

∣

∫

Xi

pidµn
i −

∫

Xi

pidµi

∣

∣

∣
= 0,

k
lim

n→∞

∫

Xi

pidµn
i =

∫

Xi

pidµi.

�   µn
i −→ µi (

f
∗).����� j�r £ ��Å µn

i −→ µi (
f

∗), ��b {gj
i }

∞

j=1 ⊂ C(Xi),
µ

lim
n→∞

∫

Xi

g
j
i dµn

i =

∫

Xi

g
j
i dµi,

£�Ç
lim

n→∞

∫

Xi

g
j
i

‖ g
j
i ‖

dµn
i =

∫

Xi

g
j
i

‖ g
j
i ‖

dµi.

� # ε > 0, Ðj��Ñ ÿ m, l +∞
∑

j=m+1

1
2j < ε

2 .
ãj�

di(µ
n
i , µi) ≤

m
∑

j=1

1

2j

∣

∣

∣

∫

Xi

g
j
i

‖ g
j
i ‖

dµn
i −

∫

Xi

g
j
i

‖ g
j
i ‖

dµi

∣

∣

∣
+ ε.

É Ê
lim

n→∞

di(µ
n
i , µi) ≤ ε,

k
di(µ

n
i , µi) −→ 0.²
2.2 Si

«j�
Lévy-Prohorov

÷jøjç
LPi(µi, νi) =

∞
∑

j=1

1

2j
min

{

1,
∣

∣

∣

∫

Xi

g
j
i dµi −

∫

Xi

g
j
i

∣

∣

∣
dνi

}

, ∀µi, νi ∈ Si,

ß ��À x � g�h � Á f ∗ g�h !�Âj�j}�Ò�o [15]
� Ó

6 Ô Ó 3 Õ â b ¨j� 2.1, V�X di Ö�×Á �
N I }�Ø �
À x � g
h
[
Á f ∗ g
h !
Â ��d Æ¦~
  Ê �
»¦� �5}Zx¦y � ×¦ç¦÷¦ø di~
Si

� ��À x � g�h�Á f ∗ g�h ¥�ÙjÊ�N�Ú ñ � �
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2.1 (1)
U

µi, νi, λi ∈ Si, a + b = 1, a ≥ 0, b ≥ 0, �
di(aµi + bνi, aµi + bλi) = bdi(νi, λi).

(2)
U

Ai, Bi

�
Si

�Z�ÝL À àz} hi

�
Si

«z�
Hausdorff

÷zøz}
a+ b = 1, a ≥ 0, b ≥ 0, �

hi(Ai, aAi + bBi) ≤ hi(Ai, Bi).

Ã ~�� µ ���j} aµi + bνi ∈ Si, aµi + bλi ∈ Si.
¦ ã

(1)
� Þ �j} ��wjÁ ej¨j¹�Þ���k� � I Í µ �
� aAi + bBi

�
Si

�5��L À à¦}ZÊ r ��� (2), �
ß ���5ÐZ�
�
� r > 0, �
�
hi(Ai, Bi) < r, � hi(Ai, aAi + bBi) < r.

b ã hi(Ai, Bi) < r,
µ

t > 0, l Ý hi(Ai, Bi) < t < r.
�
�
�

x ∈ Si, à U(x, t) = {w ∈

Si : di(x, w) < t}. b hi(Ai, Bi) < t,
µ

Ai ⊂
⋃

y∈Bi

U(y, t), Bi ⊂
⋃

x∈Ai

U(x, t).�á�á�
x ∈ Ai,

� ~
y ∈ Bi l Ý di(x, y) < t. b ã ax + by ∈ aAi + bBi,

� b (1)
µ

di(x, ax + by) = bdi(x, y) < t ,
�jÝ

Ai ⊂
⋃

u∈aAi+bBi

U(u, t).�����
u ∈ aAi + bBi,

� ~
x ∈ Ai, y ∈ Bi l Ý u = ax + by. b ã y ∈ Bi,

� ~
x′ ∈ Ai lÝ

di(x
′, y) < t. b ã Ai

��L5�¦}
x̄ = ax + bx′ ∈ Ai,

� b (1)
µ

di(u, x̄) = di(ax + by, ax +

bx′) = bdi(y, x′) < t,
�ÇÝ

aAi + bBi ⊂
⋃

x∈Ai

U(x, t).
É ÊÇµ

hi(Ai, aAi + bBi) ≤ t < r. �  
hi(Ai, aAi + bBi) ≤ hi(Ai, Bi).²

2.3
£ î 2.1(2)

�W�Ý��
W�WâWãz±
[8]
� ³ � 3.1

�W�Ý��
W� � GWä } ³ Lévy-Prohorov÷jø
LPi

ù újû ÷jø
di, � £ î 2.1

N�åj­ �æ ×�ç }Zxjy���  #j� S =
n
∏

i=1

Si

«j�j÷jøjþjÿ�è _�¼ �j£ îj� ����� µ, ν ∈ S,
¨j¹

d(µ, ν) =

n
∑

i=1

di(µi, νi).

é�ê ¨j�
2.1 � £ î 2.1,

��ÄjÝ���  Ê Þ��j���¥
2.2 (S, d)

�j¥j� V�X Mjòj}ZÊ � d
~

S
� ��À x � g�h�Á f ∗ g�h ¥�Ù �Û�Ü

2.2 (1)
U

µ, ν, λ ∈ S, a + b = 1, a ≥ 0, b ≥ 0, �
d(aµ + bν, aµ + bλ) = bd(ν, λ).

(2)
U

A, B
�

S
�^��L À àj} h

�
S
«j�

Hausdorff
÷jøj}

a + b = 1, a ≥ 0, b ≥ 0, �
h(A, aA + bB) ≤ h(A, B).

3 ë{ì{í{î{ïñðñòñóõôñö
à R = {R : S → 2S :

�����
µ ∈ S, R(µ)

�j��M�L À àj} � R
~

µ � �j«�� ï�a � }.�����
R, R′ ∈ R,

¨j¹
ρ(R, R′) = sup

µ∈S

h(R(µ), R′(µ)),
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_ �
h
�j¨j¹j~

S
«j�

Hausdorff
÷jø ��÷ × } (R, ρ)

�j¥j� V�X Mjò ������
R ∈ R,

� ~
µ∗ ∈ S, l Ý µ∗ ∈ R(µ∗).

³
F (R) ��� R

� � µ�N�O ë �jàj� � ¤Íj}
R → F (R)

® #j� ±j¥j� É R
�

S
�jàjájõjö �¤�¥

3.1 F : R → 2S
�j¥j�

usco
õjö �²

3.1
¤ � � [2]

� ³ � 3.3.¤W¥
3.2

�W�W�
R ∈ R, F (R)

¦W§ � ~z¥z�z¶W� ízî àz} � �z�z¶W� ízî àz� ïzð � �Ã �����
R ∈ R, b ³ � 2.1 � 3.1,

¦�§ � ~j¥j�
F (R)

�j¶�� íjî àj}�Ujç m(R).

Å m(R)
N ï ð } � � ~ S

�=�ø� � �øMøNù¢ � � í î �ø�ø� à E1, E2, l m(R) =
E1 ∪ E2.d S

� À à¦}�ú E1, E2

ç
�¦�
N
¢¦� À à ��j µ a = inf{d(µ, ν) : µ ∈ E1, ν ∈ E2} > 0.

à U1 = {µ ∈ S : d(µ, E1) < a
3}, U2 = {µ ∈ S : d(µ, E2) < a

3}, � U1, U2

�
S
� �ù�à } �

U1 ⊃ E1, U2 ⊃ E2.
Ä {

U1, U2

�Ë�Ë�Ë�Ë� ç
U1 = {µ ∈ S : d(µ, E1) ≤ a

3},

U2 = {µ ∈ S : d(µ, E2) ≤
a
3},
�

U1 ∩ U2 = ∅.

b ã m(R)
� í¦î �¦} �  ¦�¦ã U1 ∪ U2 ⊃ m(R),

� ~
δ∗ > 0,

�¦ã
�
�
R′ ∈ R, �
r

ρ(R, R′) < δ∗, û µ F (R′) ∩ (U1 ∪ U2) 6= ∅.Ã b ã E1 � E2

� � í î � } �   � ã δ∗

4 > 0,
� ~

R1, R2 ∈ R,
Å

ρ(R1, R) < δ∗

4 ,

ρ(R2, R) < δ∗

4 ,
µ

F (R1) ∩ U1 = ∅, F (R2) ∩ U2 = ∅.xjyj¨j¹
R0 : S → 2S � Ê

R0(µ) = α(µ)R1(µ) + β(µ)R2(µ), ∀µ ∈ S,

_ �
α(µ) =

d(µ, U2)

d(µ, U1) + d(µ, U2)
, β(µ) =

d(µ, U1)

d(µ, U1) + d(µ, U2)
, ∀µ ∈ S.

÷ × α(µ), β(µ) ï�a } α(µ) ≥ 0, β(µ) ≥ 0,
�

α(µ) + β(µ) = 1.Ä�Þ��
R0
�j¥j�

usco
õjöj}�k

R0 ∈ R.

b £ î 2.2(2),
�����

µ ∈ S,
µ

h(R1(µ), R0(µ)) = h(R1(µ), α(µ)R1(µ) + β(µ)R2(µ))

≤ h(R1(µ), R2(µ)).

�  
sup
µ∈S

h(R1(µ), R0(µ)) ≤ sup
µ∈S

h(R1(µ), R2(µ)),

k
ρ(R1, R0) ≤ ρ(R1, R2).É Ê

ρ(R, R0) ≤ ρ(R, R1) + ρ(R1, R0)

≤ ρ(R, R1) + ρ(R1, R2)

≤ ρ(R, R1) + ρ(R1, R) + ρ(R, R2)

<
δ∗

4
+

δ∗

4
+

δ∗

4
< δ∗,
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�   F (R0) ∩ (U1 ∪ U2) 6= ∅.NýüùU

F (R0) ∩ U1 6= ∅,
k � ~

µ ∈ F (R0) ∩ U1.
ã �

α(µ) = 1, β(µ) = 0.
Æ J }

R0(µ) = R1(µ), b µ ∈ R0(µ)
Ý

µ ∈ R1(µ), F (R1) ∩ U1 = ∅, þ�ÿj� ¤j¥ þ�ÿ � � m(R) jjïðj� ��¥
3.1

�����
R ∈ R,

¦�§ � ~�N�O ë à F (R)
�^�j¥j� íjîjïjðjñj�Ã �
�
�

R ∈ R, b�³ � 3.2, F (R)
� � ~¦¥¦� ï¦ð �¦¶
� í¦î à m(R), � m(R) j���jã

F (R)
��sj¥ ïjðjñ Cα

� � ej¨j¹�k���Þ�� Cα

®j�
F (R)

�j¥j� íjîjïjðjñj�²
3.2

µz� ê���� ×zçz¨z�
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®z�

[2]
�Z�z¨z�
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X
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u
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S
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f
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¨j�

2.2),
P #j� ß�����j£ î (

£ î 2.2),
���������^¨j�

3.1
� �

4 �
	
�
� Nash 

�{í{î{ï{ðñòñóõôñö
�j�jí�p�³��j�j�j� �j}'U G

� � µj¤jÍj��nj¯j�j�j�jàj�jÐ����^� i
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Xi

« � µj��Y�Z V ��Mjòj} ]�^ üjýjþjÿ
ui(µ1, µ2, · · · , µn) =

∫

X
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�j���^�
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X
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�¦�¦�
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S
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ON THE ESSENTIAL COMPONENTS OF THE SET OF NASH

EQUILIBRIUM POINTS FOR INFINITE GAMES

Zhou Yonghui
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Abstract We prove that for any infinite game with compact metric pure strategy spaces
and continuous payoff functions, there exists at least one essential component of the set of Nash
equilibrium points.

Key words Infinite game, Nash equilibrium, essential component, best-reply correspon-
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