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Abstract

We study the limit of a superprocess controlled by a stochastic flow as ¢t — co. It is proved
that when d < 2, this process suffers long-time local extinction; when d > 3, it has a limit
which is persistent. The stochastic log-Laplace equation conjectured by Skoulakis and Adler
[7], and studied by this author [12], plays a key role in the proofs, similar to the one played
by the log-Laplace equation in deriving long-term behavior for the standard super-Brownian
motion.

1 Introduction and main results

Suppose that a branching system is affected by a Brownian motion W (¢) which applies to every
individual in that system. Between branchings, the motion of the ith particle is governed by
an individual Brownian motion B;(t) and the common Brownian motion W (t):

dn;(t) = b(ni(t))dt + o1 (ni (1)) dW (t) + o2(mi(t))dBi(t)

where b : R? — R? oy, 09 : R? — R¥? are measurable functions, W, By, Bs, --- are
independent d-dimensional Brownian motions. Each individual, independent of others, splits
into 2 or dies with equal probabilities after its standard exponential time runs out. This system
has been constructed by Skoulakis and Adler [7] (a similar model has been investigated by
Wang [9] and Dawson et al [2]). It is indicated by [7] that there are situations in which a
common background noise would be a natural effect to include in a stochastic model. In fact,
it can be regarded as an outside force which applies to each individual of the system. Because
of the introduction of this outside force, the process no longer has the multiplicative property
which is the key to the successes in the study of the classical superprocesses. To overcome this
difficulty, new tools have to be developed. The aim of this paper is to study the long-term
behavior of this process.
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Let M r(R%) be the collection of all finite Borel measures on R?. Let C2(R?) be the collection
of functions of compact support and continuous derivatives up to order 2. Let CZ(R9)*
consist of the nonnegative elements of C3(R?). It has been established by Skoulakis and
Adler [7] that the scaling limit of the system is an M p(R?)-valued superprocess X; which is
uniquely characterized by the following martingale problem: Xo = € Mp(R%) and for any
¢ € C3(RY),

Mi(6) = (X1, 6) — (1, 6) — /0 (X., L) ds (11)

is a continuous martingale with quadratic variation process

<M(¢)>t:/0 (<Xs,¢2>+|<Xs,alTV¢>}2) ds. (1.2)
Here
L= Zbl 0i¢+ = Za”82
3,j=1

a = Z b1 Z@ Lotk aé , 0; means the partial derlvatwe with respect to the ith component
of x € RY, o is the transpose of the matrix oy, V = (9y,---,04)T is the gradient operator
and {(u, f) represents the integral of the function f with respect to the measure pu. It was
conjectured in [7] that the conditional log-Laplace transform of X; should be the unique
solution to a nonlinear stochastic partial differential equation (SPDE). Namely

]EH <6<Xt,f>

Ysi(x) = f(ff)+/ (Lyri(x) — yro(2)?) dr

W) — ¢~ (myo,0) (1.3)

and

+/ VTy, i (2)oy (z)dW (r) (1.4)

where dW (1) represents the backward It integral:

/ g(r )dW = lim Zg r;) ri) — W(ri—1))

\A\—>O

where A = {rg,r1,---,7n} is a partition of [s,t] and |A| is the maximum length of the
subintervals.

This conjecture was confirmed by Xiong [12] under the following conditions (BC) which will be
assumed throughout this paper: f > 0, b, o1, o9 are bounded with bounded first and second
derivatives. ol oy is uniformly positive definite, o1 has third continuous bounded derivatives.
f s of compact support.

We have proved in Theorem 1.2 in [12] that (1.4) has a unique L?(R?)*-valued solution in the

following sense: V ¢ € C§°(RY), V s < t,

t t R
Worrd) = () + / Wras I°6 — Y dr + / (gt V7 (016)) AW (1)
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where L* is the dual operator of L given by

d d
Lo=—3 06 + 5 3 9(a76).
=1

ij=1
Further, we have shown that (cf. Lemma 2.5 in [12])

E sup ”amyr,t”i%]]@d) < 00,
0<r<t

where 0.y, is the weak derivative. This then implies that for fixed r and ¢, y,.(z) is a
continuous function of z. Furthermore, by Lemma 2.2 in [12], we see that |y, .(z)| is bounded
by ||fllco, the supremum of f. Theorem 1.4 in [12] implies (1.3). As a consequence, we see
that ys; in (1.4) is nonnegative since —ys ¢ is the logarithm of a conditional Laplace transform
of a nonnegative random variable.

Note that in the study of the classical superprocess, the PDE satisfied by the log-Laplace
transform played an important role. In this note, we shall demonstrate that the stochastic
log-Laplace equation (1.4) plays a similar role in the study of the long-term behavior of the
superprocess over a stochastic flow. The main idea is to show that Ee (%0t} has a limit by
making use of (1.4) (see also (3.3)).

If the initial measure is finite, then the total mass of X; is Feller’s branching diffusion which
reaches 0 in finite time. To obtain an interesting long-time limit, we need to consider the
infinite measure case. In Section 3, we construct the process in the state space of tempered
measures by making use of the conditional branching property of this process which is implied
from the conditional log-Laplace formula (1.3). Throughout this paper, we shall assume that
the initial measure p is infinite.

This article is organized as follows: In Section 2, we consider a diffusion process driven by two
Brownian motions. We shall prove that, given one of the Brownian motions, the conditional
process is still a Markov process. Then, we give sufficient conditions for a o-finite measure to
be invariant for this conditional process with any realization of the given Brownian motion.
In Section 3 we prove that X; converges in law to a persistent distribution when the spatial
dimension d > 3. In Section 4, we show that the process becomes extinct locally (eventually)
when d < 2.

The results of this paper (Theorems 10 and 11) are analogous to the corresponding classical
results for super-Brownian motion. Although the proofs are adapted from the classical ones (cf.
[10], [1]), the novelty of this article is its employment of the stochastic log-Laplace equation.
Furthermore, as we point out in Remark 5, the o-finite invariant measure is not unique.
Therefore, even in the classical superprocess case, the long-term limit is not unique.
Throughout this paper, we use ¢ to represent a constant which can vary from place to place.
We use & and £(t) to denote the same process whenever it is convenient to do so.

2 Conditional Markov processes and their infinite invari-
ant measures

Let £(t) be the diffusion process given by

dg(t) = b(E(t))dt + a1 (E())dW (t) + 02(£(1))d B (). (2.1)
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In this section, we consider the conditional process of £(t) with given W. More specifically,
we give sufficient conditions for an infinite measure to be invariant for this conditional process
with any given W (cf. (2.5)). The existence of such a measure is crucial in next section. In
Proposition 3 we give sufficient conditions for the existence of such invariant measures. In
Remark 4, we give examples where such conditions are satisfied.

Let E" denote the conditional expectation with W given. Let

Ff=o0(: s<t).
Lemma 1 &(t) is a conditional Markov process in the following sense: ¥ s < t and f € Cyp(R9),

EV (fEt)|F) =EY (FE@)IE(s),  as.

Proof: For s < t fixed, denote the process {W, — Wy : r € [s,t]} by W' Since (2.1)
has a unique strong solution, we see that £(t) is a function of £(s), W*! and Bf’t. Namely
E(t) = G(s,t,&(s), Wt BP') for a measurable function G. Therefore

EY (f(£(6))IF5) E(f@)Fs v FY) (2.2)

E <]E(G(s, t,&(s), Wot, ByH| FWVBry o (W) ‘J-‘ﬁ v }'tW> )

Since B} is independent of FV:B1 v o(W*?), we see that the conditional expectation
B(G(s,t, (), W*, BY) VP v o (W54))

is simply the expectation of G(s,t,&(s), W=, BY') for BY* with €(s) and W** being fixed.
Namely, it is a function of £(s) and W*! say g(s,t,&(s), WS?). Therefore, we can continue
(2.2) with

EV (FEW)IFS) = Elg(s t.&(s), W) Fs v FRY) (2.3)
= g(s,1,&(s), W™").
Similarly, we can show that

EV (fE)IE(s)) = g(s,t,€(s), W™"). (2.4)
The conclusion of the lemma then follows from (2.3) and (2.4). [

Given W, denote the conditional transition function by
PV (s,a5t,) =PV (E(L) € [¢(s) = ).

Note that for A € B(R?) and t > 0 fixed, p" (s, x;t, A) is measurable in (s, z, W).
Throughout this paper, we assume that p is an invariant measure of £(¢): V s < t, for almost
all given W,

/pW(Sw;tw)u(dx) = p. (2.5)
It is clear that
g(s,t,x, W) = . fa)p" (s, x;t, dy).
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Note that for ¢ > 0 fixed, we can choose a version of g which is continuous in s < t. In fact,
it can be proved that g satisfies an SPDE similar to (1.4) without the quadratic term which
corresponding to the branching there. Therefore, we may and will take a version of p" such
that (with ¢ > 0 fixed) for almost all W, (2.5) holds for all s < t.

Since the condition (2.5) is not easy to verify, we seek sufficient conditions for it to hold. To
this end, we write (2.1) in Stratonovich form:

dg(t) = (b(E(L))dt + o2(&(t))dB1 () + o1 (8(1)) 0 dW (1) (2.6)

where odW (t) denotes the Stratonovich differential and b* = b’ — 3 ?,k:l ool

Intuitively, 4 is an invariant measure for £(t) with each given realization of W if and only if it
is invariant for both parts of (2.6). Namely, it should be invariant for the diffusion process

dn(t) = b(n(t))dt + o2(n(t))dBi (t)

and, formally, for the dynamical system

{(t) = o (¢(t)Ws

with each given realization of W.

Let
Lo = Zbl b+ = Z a0} ¢

1]1

where % = Zi=1 oikohl,

If p is finite, it is well-known (cf. Varadhan [8], and Ethier and Kurtz [3], Theorem 9.17)
that p is invariant for n(t) if and only if p is absolutely continuous with respect to Lebesgue
measure and L*y = 0 (denote the Radon-Nickodym derivative by the same notation as the

original measure), where L* is the dual operator of L given by

d
Lo=-Y 0,(b'¢) + Z (@’ ¢).
=1

3,j=1

Under suitable conditions, it was proved in Xiong [13] that the same statement is true for p
being a o-finite measure.

Formally, the second part leads to V(of i) = 0. Therefore, we conjecture that under a suitable
growth condition, x is a o-finite invariant measure for p"¥ for each W if and only if L*u = 0
and V(of u) = 0.

To investigate this conjecture, we need to study the Wong-Zakai approximation £¢(t) for the
process £(t):

age(t) = (BE“(W) + o1 (€ W)W ) dt + o2& (1)dBa (1)
where W = € (Wiks1)e — Wie) if ke <t < (k+1)e, k=0,1,---.
Lemma 2 For any ¢1 > 0, there exists a constant ¢ = c(t) such that for any ¢ > 0,

E, exp (—c1]€(t)]) < ce—crlel,
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Proof: Note that

|se<t>|z|:cm\ / o1 (5(s))Weds / o2(£5(3))dB (s) . (2.7)

By the martingale representation theorem, there is a real-valued Brownian motion B such that

/O 03(€°(5))dBy (s) = B(n)

where

It is well-known that for any K1 > 0 and 7" > 0,

E exp (Kl sup |B(s)|> < 00.
s<T

Therefore,

Eexp (201 /0 ' a(€(5))dBy (5)

) < Eexp (2c1 sup BS|> < 00. (2.8)

s<Kt

Now we consider fot 01(€(s))Weds. To simplify the notation, we take d = 1. Let m (s) = ke
for ke < s < (k+ 1)e. By Itd’s formula, we have

/0 (01(€°(5)) — o0 (€% (me(s))))Weds

(k+1)e
- X / (01(€°()) — 01 (€ (ke)))dse™ (Wigesnye — Wie)

(k+1)e
= / / LO’l d'l"dSG (W(k+1)€ - Wk‘e)
ke ke
(k+1)e
/ / D)o (€5(r)drdse (Wes 1ye — Wie)?
ke ke
(k+1)e
P AN DB Vo~ Wi
ke ke
= L —l— Iy + Is.
As
] <

Z c€lWiks1ye — Whel
k

IN

1/2
ce (Z Wik+1)e — Wke|2> (t/e)'/?

k

ctv/e,

IN
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11| < e Wingye — Wae* < et
k

and
(k+1)e 2
L = |3 / N (k + De — 7)o (€°(r))o(€(r) By (1) (Wi 1ye — Wae)
k’ €
(k+1)e 2
< Z( / 61((k+1)6—7’)01(56(7"))02(56(7"))6131(7“)) S (Wiesnye — Wie)?
k ke k
< / [ (me(r) + € — 1) (65())oral€° () [2dr < .
we see that .
/0 (01(E5(5)) — o1 (€ (me())))Weds| < c. (2.9)
As

/ o1 (£ (me(5)))) Weds = / o1 (€ (me(5)))) AW,
0 0

similar to (2.8), we have

Bewp (20| 1 (€5 (5)))) Wds

) < 0. (2.10)

The conclusion of the lemma then follows from (2.7-2.10) and a simple Cauchy-Schwarz argu-
ment. [ |

The following proposition proves the sufficiency of the conditions in our conjecture. It remains
open whether these conditions are necessary.

Proposition 3 Suppose that pu is a nonnegative function and is of derivatives up to order 2
on R? such that
|Viogu(x)| < K(1+|z|), VaeR™ (2.11)

If L*u =0 and V(oTu) =0, then (2.5) holds.

Proof: Let p/V (s, x;t,-) be the transition probabilities of the Markov process £€(t) with given
W. Note that the generator of £¢(t) is

Lip = Lo+ (W) o1 V.

Now we fix W and €, and show that p is a o-finite invariant measure for p!¥ by adapting the
proof of [13] to the present time-dependent case.
For any f € C§°(R?)*, take r large enough such that the support of f is contained in S =
{x eR?: |z| <7r}. Let

Us(t,x) = By f(E°() Lrg>e

where 7g is the first exit time of £°(¢) from S. Then

‘98% = L{Ug (t,x) € (0,00) x S
Us(0,2) = f(x) z€S

Us(t,z) =0 x € 08S.
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Note that
Q/Us(t,a:)u(x)dx = /L;Us(t,a:)u(z)da:

_ / (@) VT Us (t, 2)a(z)iide
a8

- [ utay

ag; is the directional derivative. Note

8US

(2.12)

where 7 is the inner normal vector, € = |aii| ~*(afi) and
that
¢ = |an| AT an > 0,

so that € points to the interior of S. As Ug(t,x) > 0 for x € S and Ug(t,z) = 0 for x € 95,

we have 35]; > 0. Hence, we can continue (2.12) with

;/Ug(t 2)(x)dz < 0.

/Us(tac dx</f

[ BV s Omts < [ f@n@e < o

Thus

Taking r — oo, we have

Let p, be a smooth function on R such that p,(x) = 1 for |z| < n, p,(x) = 0 for |z| > 2n
and

sup [Vpu(z)| < en™, sup  |0Fpn(z)| < en2
r€eR4 r€R, 1<i,5<d

By (2.11) and the condition (BC), we have

L (upn) (@)] + [V (01000) (@) < cp(a).
Define
wlt) = [ | n@)on@BY (€ ) and ) = [ @B fe (0.
Then

[ #@on @ LEY (¢ ()

/R (o) ) — VT (appn) ()17 ) B (1))

Wr(ge = .
< ¢ /w%u(w)Ez F(E (1)) di = v (1)

Then v, € C(]0,T]) decreases to 0 as n — oo. By Dini’s theorem, v, — 0 uniformly for
€ [0,T]. Therefore, u, (t) — 0 as n — oo uniformly for ¢ € [0,T]. Note that u,(t) — u(t).
Therefore,
W' (t) = lim u) (t) =0.

n— oo
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Namely,
| B ROtz = [ f@nte)ds.

Let F'(W) be a bounded continuous function of W. Then

/}R B E WPV la)de = [ f@)p(a)drBF(V)). (2.13)

By the Wong-Zakai theorem (cf. [11] or [5], P410, Theorem 7.2), we have £¢(t) — &(t) as e — 0.
Note that |f(z)] < ce=¢l*| for any ¢; > 0. By Lemma 2, apply the dominated convergence
theorem to (2.13), we have

| BN FW e = [ f@ula)daBE )

This implies the conclusion of the proposition. [ |

Remark 4 1) If b, 01 and o2 are constants, then . = A, the Lebesgue measure, satisfies the
conditions of Proposition 3 and hence, (2.5) holds.

2) Suppose that o1(x) = d1(x)I, where &1 is a real-valued function bounded away from 0 and I
is the identity matriz. If u(dx) = ﬁdw satisfies L* 11 = 0, then the conditions of Proposition
3 hold for i and hence, p is an invariant measure for the conditional process.

Remark 5 In general, the o-finite invariant measure is not unique. Suppose that oo = I and
b is a constant vector. As being pointed out in [13], p1(z) = 1 and pz(z) = e2’e
solutions to L*i = 0. For the second condition, we seek o1 = (07’ )axa such that

are two

d d
S oot =0, 3ol -0
i=1 1=1

for i =1,2,--- .d. The existence of such oy is clear if d > 2 since there are d* entries of oy
and 2d < d? equations.

3 Non-trivial limit when d > 3

In this section, we extend the process X; to the space of infinite measures and consider the
long-time behavior of X; in high spatial dimensions. We shall prove that X; has a non-trivial
limit in distribution which is, in fact, persistent. The proof is adopted from Wang [10].

Let PY(:) = P(-|W) be the conditional probability measure. First, we establish the equiva-
lence between the martingale problem (1.1-1.2) and the conditional martingale problem defined
below which is more natural and is easier to handle.

Definition 6 A real valued process U (adapted to o-field F;) is a P -martingale if for any
t> s,

E(Ut|.7:t V O'(W)) = US, a.s.
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Lemma 7 X, is a solution to the martingale problem (1.1-1.2) if and only if it is a solution
to the following conditional martingale problem (CMP): For all ¢ € C2(RY),

Nx¢>z<xg¢>—<m¢»—lé «XNL¢wh—;A (X0, V7601 W (s) (3.1)

is a continuous PW -martingale with quadratic variation process

V@), = [ (X ds (3.2)

Proof: Suppose that X, is a solution to the martingale problem (1.1-1.2). Similar to the
martingale representation Theorem 3.3.6 in Kallianpur and Xiong [6] there exist processes W
and B such that W is a R%valued Brownian motion, B is an L?(R%)-cylindrical Brownian
motion independent of W, and

t t
Mt((b) :/0 <X87VT¢01>dW(S) +A <f(S’Xs>*¢>st>L2(Rd)a

where f(s, X,) is a linear map from L2(R?) to S’(R%), the space of Schwartz distributions such
that

<Xta ¢1¢2> = <f(t7Xt)*¢17 f(t7Xt)*¢2>L2(]Rd) ) v¢17 ¢2 € S(Rd)

It is then easy to see that X; solves the CMP (3.1-3.2).
On the other hand, suppose that X; is a solution to the CMP (3.1-3.2). As N;(¢) is a PW-
martingale, for s < t, we have

E(N(Q)W|FX) = EE(N($)|o(W)V Fo)Wi|FSF)
E(Ny(¢)Wi|FJ)
= Ns(¢)Ws

where F;* is the o-field generated by X. Hence the quadratic covariation process (N (¢), W), =
0. Therefore,

AM@=M@+A<&N%WWW@

is a martingale with quadratic variation process

t
(M(¢)), = (N(a)), +/O |(Xs, VT¢01>’2 ds
t
= [ () + (X ) as.
0
This proves that X, is a solution to the MP (1.1-1.2). [ |

Now, we extend the state space of the superprocess to the space of infinite measures. Let
ba(x) = e=*I. Define the space of tempered measures of as:

Mem(R?) = {p: 3a >0, (1, ¢a) < 00}
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Let S;, i = 1,2,---, be bounded disjoint subsets of R¢ such that R? = U2 S;, and u'(-) =

u(-NS;). Let X? be a sequence of Mp(R%)-valued processes which are, given W, conditionally

independent and for each i, X} is a solution to the CMP (3.1-3.2) with u® in place of u. Let
=3, X;. For any a > 0,

B (o)~ S8 o) - g
i=1
where the last equality follows from Theorem 5.1 in [12]. By Lemma 2, we have
E e~ @] < cemalzl,

Therefore, we can continue (3.3) with

E <Xt,e*“|$|> < c/u(dx)e*al‘”‘ < 0.

Hence, X; is a well-defined M;.,, (R?)-valued process. It is easy to show that X; solves the CMP
(3.1-3.2), and hence, the MP (1.1-1.2). It is clear that (1.3) remains true for g € Myep, (R?).

Next, we consider the following SPDE:

) = f@+ [ (L (x) — v (@)?) dr
+/Os VI y.(x)ordW (r). (3.3)

Lemma 8

= /pW(O,z;t,du / dr/ Wir, z;t, du)y, (u)?. (3.4)

Proof: Note that the existence of a solution to (3.4) follows from Picard iteration. Since the
solution to (3.3) is unique, we only need to show that (3.4) implies (3.3). Suppose z; is the
solution to (3.4). Let

TV f(z) = / W (s, 23, du) £ (1),
Then
wl@) = T f(a) - / arTY (2)(x)

= flx)+ /0 dsLTy", / VT f (@)1 dW (s)

/()th <z§(a:) /TdsLTW /vT (z)o1dW (s )>
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By the stochastic Fubini’s theorem (cf. [5], P116, Lemma 4.1), we can continue with
t s
zi(x) = / dsLT / ds dTLTK(Z?)(JL‘)
0

drz2( / VTS f(2)o1dW (s)

/
. / A drvT:rxz@f)(x)ol)dW(s)
= /dsts /drz /Ul Vzs(x) - dW(s).

This finishes the proof of (3.4). [

Denote the first term on the right hand side of (3.4) by T}V f(x). Then, it satisfies (3.3)
without the square term. Namely, V¢ € C5°(R%),

(T £,6) = (f, ) + / (T §, L7 ds — / (T 1,97 (016)) AW (s).
0

Lemma 9

(1Y f(x) <ct2/|f |dz/ F()lpolt,z, 2)d=

where ¢ is a constant and pg is the transition function of the Brownian motion.

Proof: By Ito’s formula, it is easy to see that V¢, ¢ € C§°(R?),
d(<Tth7¢> <Tthvw>) = <<Tthu L*¢> <Tthvw> + <Tth7 ¢> <TthvL*w>

(I £,V (00)) <Tth,vT<alw>>)dt

+d(mart.)
Denote (f * g)(x,y) = f(x)g(y). Then
d
= (B £« T}V g), 6 4) = (BT £+ T}V ), L* (9 % ) (3:5)
where IL* is the dual operator of IL given by
d
1 0%F(x,y) 8ny 8F(x Y)
LF = = () — oIy
(xvy) 2 Z <CL”($) axzax] +G/Z]( 8 6y] Z 1 axlayj
i,j=1 k=
d
(o NOF(zy) o OF(z,y)

i=1

Let p(t, (x,y), (21, 22)) be the transition function of the Markov process generated by L. By
(3.5), we see that

BT T o)) = [ [ Fe0atn(t () () dsndz.
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By Theorem 4.5 in Friedman [4], there exists a constant ¢ such that
p(t, (2, ), (21,22)) < epo(t, x, 21)po(t, y, 22).
The conclusion of the lemma then follows from the facts that po (¢, x, z1) < ct~% and

E(T}" f(2)?) = E(T}V f + T}V f)(2, 2).

Here is our main result.

Theorem 10 Suppose that d > 3, (2.5) holds and p has density which is bounded by crec2lel,
where ¢y and co are two constants. Then X; converges in distribution to a limit X, ast — oo.
Furthermore, EX o = p.

Proof: By (1.4), we have

Yi-si(@) = flz)+ /ti (Lyri(x) = yra(z)?) dr + /ti VY i (2)o dW (1)

flx)+ /08 (Lyt,m(:r) — yt,m(x)Q) dr + /OS VTyt,M(x)olth(r), (3.6)

where W(r) = W (t) — W(t — r) and the stochastic integral above is the usual It integral.
Recall that y, is given by (3.3). Since W and W* are both Brownian motions, {ys: 0 < s <t}
and {y;—s+: 0 < s <t} have the same distribution as stochastic processes. Therefore,

Ee—(mvo.t) — Ee—{mye) (3.7)

Note that ys+ and ys are nonnegative (when f > 0), the above expectations are finite.
Taking integral on both sides of (3.4) with respect to the measure y, by (2.5), we have

(o ye) = {p, f) = /Ot (py7) dr. (38)
Let t — oo in (3.8), we obtain
tim o) = (o) = [ o) (39)
Then, as t — oo,
Eue_<X"f> — Ee{wvor) — Fe—{Hye) (3.10)

— Eexp <— (1, ) +/ <,U73/7%>d7’> .
0
Note that, V f € CZ(R?),

E.(Xi. f) = E(E (X, /)
= E</u‘7y0,t>

2 [ tds) [ 5" (0,5t,du)7 )
/,u(du)f(u) < 00, (3.11)

IN



Long-term behavior for superprocesses

49

where the second equality follows from Theorem 5.1 in [12], the inequality follows from (3.4)
and the last equality from (2.5). By approximation, we can show that (3.11) still hold if
f(z) = e~l*l. Therefore, {X;} is tight in M;e,,(R%). Let Xo be a limit point. Then, the
Laplace transform of X, is given by the limit on the right hand side of (3.10). Therefore, the
limit distribution is unique and hence, X; converges to X, in distribution.

By Fatou’s lemma, we have

E<X00af> S htnlnl)l.}fE/t <Xt7f> S <:u7f>7

where the second inequality follows from (3.11). On the other hand, by Jensen’s inequality

e B ) < emXooo) = Eexp (— (. f) + /OOO (1, 97) dr)
and hence
E (X, f) > —logEexp (— (ps f) +/OOO <u7y3>dr> -
Replace f by ef, we have
() > E(Xx, f)
—e 'log Eexp (—6 (1 f) + /Ooo (1, y2(ef)) d?‘)

v

(1, f) — e 'log Eexp </000 <u7yf(ef)>d7“>

here y,.(ef) is defined as in (3.3) with f replaced by ef. We only need to show that

e tlogEexp (/00 (s yf(ef)> dr) —0 as € — 0. (3.12)
0
By (3.9), we have
/0 (1, y7(ef)) dr < e{u. ). (3.13)
Hence
liir(l) e tlogEexp </0 (u, y2(ef)) dr) (3.14)
<

g e ([ ) )
= Elime™! (eXp (/OOO <u7yf(6f)>dr> - 1)

where the last equality follows from (3.13) and the dominated convergence theorem.
By (3.4), we have

/ Tl eh)) dr < & / T (@ £ dr.
0 0

Therefore, by (3.14), we only need to show that

/000 <,u, (Tth(x))2> dt < oo, a.s. (3.15)
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Note that

[ (@ s@)yar < [ ¥ @) e
0 0
(s ) [ flloo < o0 (3.16)

On the other hand,
e[ (@ s@)")a
1

/100 o /R |f(2)|dz /R f(2)] /R el po(t, 2, 2)dxdzdt
< c/1 t—%dt/Rd |f(z)|dz/Rd 1£(2)|e*ldz < oo (3.17)

IN

where the first inequality follows from Lemma 9 and the second inequality follows from the
well-known fact that

/ eczlm‘po(t,x,z)dz < cel?l,
Rd

the finiteness in the last step of (3.17) follows from the the compact support property imposed
on f in the condition (BC). This, together with (3.16), implies the almost sure finiteness in
(3.15). [ |

4 Long-time local extinction when d < 2

In this section, we prove the long-term local extinction when d < 2. We adapt the proof of
Dawson et al [1] to our present setup.

Theorem 11 Suppose that d <2 and (2.5) holds. Further, we assume that
dp
,u<<)\and0<01§5§02<oo.
For any bounded Borel set B in R?, we have
tlim X:(B) =0, in probability.
—00
Proof: By (1.3) and (3.7), we see that it is sufficient to show
tlim (1) =0 a.s. (4.1)
By (3.9), the left hand side of (4.1) exists. By Fatou’s lemma, we only need to show that
liminf E (p, y¢) = 0.
t—oo

For € > 0, choose K such that
/ p1(x)dr < e, (4.2)
|z|2>K
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where p;(z) is the density of the normal random vector with mean 0 and covariance matrix
tl. Let ¢ and 7 be such that f < ¢p,. For ¢t > 0, set

Sy ={reR?: |z <K(t+1)}
Note that by (3.3),
Eun(e) < f(o)+ [ By (@)

It is well-known that the above inequality yields

Ey:(z) < c/pt(x —u) f(u)du. (4.3)
By (4.3) and (4.2), since f < ¢p,, we have
/ By (z)p(dx) < c/ Diar(x)da = c/ p1(x)dx < ce. (4.4)
5S¢ S¢ |lz]2>K

By Jensen’s inequality and (3.8), we have

tST_12 d E t -(x)2dxd 4.
/O'Q(T)TSC/O/SW”“ (4.5)
< clE/ (1,7 ) dr
0
< {w f),

here |S,.| denotes the Lebesgue measure of S, and g(r) = fST Ey.(x)p(dz). As

/ |S,| " tdr = oo,

0

it follows from (4.5) that

litm inf g(t) =0, a.s. (4.6)
By (4.4) and (4.6), we have
tlim E{u,y:) < ce, a.s..
Since € is arbitrary, the proof of the statement is complete. [ |
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