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1 Monte Carlo �{

3^DÚ��{J±)û�¯K¥§ké��Ü©
�±^VÇÚO�.?1£ã"duùa�.J±�½
þ©Û§�Ø�)Û(J§½ök)Û(J�ó�þ�
�±�Ã{¢y",	§=B´(½5�.§�k�U
�Ø�)Û�(J"3ù«�¹e§�±æ^O�Å�
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1.1. Monte Carlo���{{{
Monte Carlo�{§q¡�Monte Carlo�[§½Ú

OÁ��{½�Å�[�"Monte Carlo�{�Ä�g�

´ò�«�Å¯��VÇA�£VÇ©Ù!êÆÏ"¤
�êÆ©Û�)éXå5§^Á���{(½¯���

AVÇ�êÆÏ""Ï§Monte Carlo�{�âÑA:
´VÇ�.�)´dÁ����§Ø´O�Ñ5�"
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~~~8.1.2(�±Çπ��O)

� Ä Ñ l(0, 1)« m þ þ ! © Ù � Õ á � � Å C

þX�Y §Ïd§���ÅCþ(X,Y )�éÜVÇ�Ý
�

f (x, y) =

{
1, 0 < x < 1, 0 < y < 1,

0, Ù¦.

K P
{
X2 + Y 2 ≤ 1

}
=

π

4
.
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�Ä>��1���/§±���£:O¤��
%§1��»�1/4�l",�§3��/S�VÇ/
�)n��Å:(xi, yi), i = 1, 2, · · · , n, =xiÚyi´(0, 1)þ

þ!©Ù��Åê§Xã8.1.1¤«"�n�:¥kk�

:á31/4�S§=kk�:(xi, yi)÷v x2
i + y2

i ≤ 1. K
�n →∞, kXe'X§(

k

n

)
n→∞

−→ 1/4�¡È
��/¡È

,

(
k

n

)
n→∞

−→ π

4
.

Ïd§π��O��Ïd§π��O��

π̂ =
4k

n
.
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e¡�§S´^R�ó?��
MC1<-function(n){

k<-0; x<-runif(n); y<-runif(n)

for (i in 1:n){

if (x[i]ˆ2+y[i]ˆ2<1)

k<-k+1

}

pi<-4*k/n

}

Ù¥runif() ´�)þ!©Ù��Åê§Ù¦^�{
�unif(n, a, b) �)«mn�(a, b)«mþþ!©Ù

��Åê§ea, b��"§K�)n�(0, 1)«mþþ!©
Ù��Åê"
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N^MC1¼ê§�n = 10000, ��
> pi<-MC1(10000); pi

[1] 3.1496

þ¡?Ø�^Monte Carlo�{¦π��{§��þ

Ò´^Monte Carlo�{¦½È©
∫ 1

0

√
1− x2dx. e¡

�Ñ¦½È©����{"
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~~~8.1.3^Monte Carlo�{¦½È©

I =

∫ b

a

g(x)dx. (1.1)

ã8.1.2(a)�ÒK¡ÈL«´½È©(1.1)��"�{z
¯K§ò¼ê��3ü ��/(0 ≤ x ≤ 1, 0 ≤ y ≤
1)S, Xã8.1.2(b)¤«"��¼êg(x)3«m[a, b]Sk
.§K�±·�ÀJ�I¶�'~ºÝ§o�±��
ã8.1.2(b)�/ª"
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y3��Äã8.1.2(b)��¹§O�½È©

I =

∫ 1

0

f (x)dx. (1.2)

-x, y��pÕá�(0, 1)«mþþ!�Åê§3ü �

�/S�Å�Ý�n�:(xi, yi), i = 1, 2, · · · , n. e1j�

�Å:(xj, yj)áu�f (x)e�«�S(ã8.1.2(b)Sk
ÒK�«�)§L²1jgÁ�¤õ§ù�Au÷vVÇ
�.

yj ≤ f (xj). (1.3)
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�¤õ�o:êkk�§o�Á�gê�n§Kdr�ê
½Æ§k

lim
n→∞

k

n
= p,

lk
Î =

k

n
≈ p. (1.4)

w,§VÇp=�ã8.1.2(b)�¡ÈI. l§�Å:á3
«�A�VÇpT´¤¦È©���Î.
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nþ¤ã§�±rMonte Carlo�{)K���L§8B
�±en:"

(1) �EmK�VÇ�.

é�Å5��¯K§X¥f-E!âf*Ñ$Ä
�§Ì�´£ãÚ�[$Ä�VÇL§"ïáVÇ�.

½�Oª"ù�¯K§3�¡�A^¥�ò?�Ú?
Ø"

é(½5¯K§X(½π�§O�½È©§KI

ò¯K=z��Å5¯K§~Xã8.1.2(a)O�ëY¼
êg(x) 3«m[a, b]�½È©§K´3c(b− a)�k.«¢
S�)eZ�Å:§¿Oê÷vØ�ªyj ≤ g(xj)�:
ê§l�¤
¯K�VÇ�."
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(2) l®�VÇ©ÙÄ�

l®�VÇ©ÙÄ�§¢Sþ´�)®�©Ù��

ÅêS�§l¢yé�Å¯���["~X§��
���Î, '�3u�)f (x)�Ä�S�f (x1), f (x2), · · ·,
f (xn), =�)äk�Ý¼ê�f (x)��ÅS�"
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(3) ïá¤I�ÚOþ
é¦)�¯K§^Á���ÅCþk/n��¯K)

���§ek/n�Ï"�TÐ´¤¦¯K�)§K¤�
(J�Ã �O§ù«�¹3Monte Carlo�{¥^��

õ"ØÃ �O	§k��^4�q,�O!ìC�O

�"
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1.2. Monte Carlo���{{{���°°°ÝÝÝ©©©ÛÛÛ
Monte Carlo�{´±�ÅCþÄ��ÚO���í

äVÇ©Ù�§Ä�Ø´oN§ùpÒk��Ø��O

��¯K"Monte Carlo�{¤U���°Ý�ÙA^
�����;��'"·�F"U±���Á�gê
£=�$�¤^¤���p�°Ý§e¡?Øù�¯

K"
�k�ÅCþX, ÙÄ���x1, x2, · · ·, y�¦ÙÏ

"�E(X)§�±kü«�{"
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1. �ÅÝ:�{
� Å Ý : � { £ � ~8.1.2Ú ~8.1.3¤ § ´ ?

1ngÁ�§�n¿©��§±�ÅCþk/n��Ï"
�E(X)�Cq��§=

E(X) ≈ p = k/n.

Ù¥k´ngÁ�¥¤õ�gê"
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e�gÝ:Á��¤õVÇ�p, ¿±

Xi =

{
1, L²Á�¤õ,

0, L²Á��},

K�gÁ�¤õ�þ�����

E(Xi) = 1 · p + 0 · (1− p) = p,

Var(Xi) = 12 · p + 02 · (1− p)− p2 = p(1− p).

e?1ngÁ�§Ù¥kgÁ�¤õ§Kk�äkëê
�(n, p)���©Ù"d�§�ÅCþk����

p = k/n.
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w,§�ÅCþp�þ�Ú��÷v

E(p) = E

(
k

n

)
=

1

n
E(k) = p, Var(p) =

p(1− p)

n
.

ÏIO�S =
√

p(1− p)/n. �p = 0.5�§IO���
��"
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y3?Ø§�Á�gên�õ��§Ø�ª|p−p| <
ε�VÇØ�u1− α, =

P{|p− p| < ε} = 1− α. (1.5)

ùÒ´`§�ª(1.5)��&Ý�α, Ù°Ý�ε. ~X§
e�α = 0.05, ε = 0.01, K3100gÁ�¥§��p�ý
�p��§��k95gØ�L1%�Ø�"

d¥%4�½n��§�n → ∞�§pìCuIO

��©Ù§=p → N(0, 1), Ïdk

P

{
|p− p|

S
< Zα/2

}
= 1− α, (1.6)

Ù¥Zα/2��©Ù�þα/2© :"
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'�ª(1.5)Úª(1.6), ��

ε = Zα/2S ½ ε = Zα/2

√
p(1− p)/n,

lKk
n ≥ p(1− p)

ε2
Z2

α/2. (1.7)
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2. ²þ��{
²þ��{´^ngÁ��²þ�

x =
1

n
(x1 + x2 + · · · + xn) =

1

n

n∑
i=1

xi,

��X�Ï"�E(X)�Cq��"
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�kn�ÕáÓ©Ù��ÅCþS�x1, x2, · · · , xn§
z��ÅCþ�þ��µ, ���σ2, K

x1 + x2 + · · · + xn − nµ

σ
√

n

ìC/ÑlIO��©Ù§�Ò´`§�n →∞�§k

P

{∣∣∣∣x1 + x2 + · · · + xn − nµ

σ
√

n

∣∣∣∣ ≤ Zα/2

}
−→ 1√

2π

∫ Zα/2

−Zα/2

exp
(
−x2/2

)
dx

= 1− α,
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½ö
P

{
|x− µ| ≤ Zα/2

√
σ2/n

}
= 1− α.

Ó�§e�¦|x− µ| ≤ ε, K

ε = Zα/2

√
σ2/n,

lk
n ≥ Z 2

α/2σ
2/ε2. (1.8)

ª(1.8)=�²þ��{3�½αÚεe¤I�Á�gê"
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?1O��§¯kØ����σ2, ��^Ù�O��
O"=k�n0gÁ�§����σ2��O�

S2 =
1

n0 − 1

n0∑
i=1

(xi − x)2.

3��S2�§^S2Cqª(1.8)¥�σ2, K²þ��{�
Á�gê�

n ≥ Z 2
α/2S

2/ε2. (1.9)

en > n0, I��Ö¿Á�.
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nþ?Ø§�8BXe"

(1) Monte Carlo�{���°Ýε�Á�gên�²��

¤�'§=ε ∝ 1/
√

n. e°ÝεJp10�§KÁ�g
ênI�O\100�§ù¿�X)K��m�ú100�"
�§Âñ�Ýú´Monte Carlo�{�Ì�":"

(2) ª(1.7)Úª(1.9)L²µ�ε�½�§Á�gên�û
u���ê�§=n ∝ S2. Ïü$��´\�Monte

Carlo�{Âñ�Ì�å»"

(3) Monte Carlo�{�°Ý�OäkVÇ5�"§¿Ø

Uäó°Ý�½�uε, �´L²§O�°Ý±�C
u1�VÇØ�Lε"
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~~~8.1.4¦^Ý:�{�O�±Çπ�Á�gê§ùp
�α = 0.05, ε = 0.001.

)µp = π/4 = 0.785, Zα/2 = 1.96, K

n =

⌊
p(1− p)

ε2
Z2

α/2

⌋
=

⌊
1.962 × 0.875× 0.125

0.0012

⌋
= 6.475×106.

Ù¥b·cL«þ��"
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e¡�ÑØÓ°Ýε9ØÓVÇpeÝ:�{�Á�g
ê"
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2 �Åê��)

�Åê�)��{���©�na"1�a´|^
;���ÅêL"k�
®��Ð��ÅêL�ø¦
^, �Kþ�±r�ÅêLÑ\�O�Å¥;�å5±

�¦^, �duO��~~I��þ��ÅêO�Å
�;�þk�, Ïdù«�{��Øæ^"1�a´^
ÔnC�=�Åêu)ì�)�Åê, �Ù¤��p"
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1na´^;��êÆ�{^O�ÅO�Ñ5�"ù


ê��´U�½5Æ4íO�Ñ5�, Ïd§�Ø´ý
���Åê£¡���Åê¤, ¤��ê�²L�½�
m¬Ñy±Ï5�E"�´, XJO��{À�T�,

§�´�±Óý���ÅêkCq��ÅA�"§��

�`:´O��Ý¯, Ó^S��, ¿�^O�Å5�)
Úu�"
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2.1. ^̂̂R^̂̂���)))¤¤¤���ÅÅÅêêê
¢Sþ§kéõ^��±gÄ)¤�«©Ù��Å

ê"y±R^��~§0�^O�Å^�)¤�Åê�
�{"

3R^ � ¥ � Ñ 
 � « © Ù £ � 110Ù �
L10.4.1¤§3ù
©Ù�¼êc\r§KL«´)¤
T©Ù��Åê"X
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(1) runif — �)þ!©Ù��Åê§ëê�n, a, b, Ù
¥n��Åê��ê§a, b�«m(a, b)à:�, �a, b�
"�§�(0,1)«mþ��Åê"

(2) rnorm — �)��©Ù��Åê§ëê�n, µ, σ, Ù
¥n��Åê��ê§µ�þ�§σ�IO�, �µ, σ�
"�§�IO��©ÙN(0, 1)��Åê"

(3) rpois — �)Poisson©Ù��Åê§ëê�n, λ, Ù
¥n��Åê��ê§λ�Poisson©Ù�ëê"

R^���±�)Ù¦©Ù��Åê§ùpÒØ���
Þ
"
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3 VÇ©Û�O�Å�[

3.1. VVVÇÇÇ©©©ÛÛÛ
VÇ©Û´�^VÇ��{5©ÛÚ?Ø�Å�

."e¡�w��~f"
~~~8.1.1(`»�¯K) ��»�lAÕm BÕ§,<z
U` BÕþ»�"¦®
)�»�lAÕ�BÕ�$
1�m´Ñlþ��30©¨§IO��2©¨����

ÅCþ"»���eÌ13:lmAÕ§d<��13:30�
�BÕ"»�lmAÕ���9VÇXL8.1.1¤«"d
<��BÕ���9VÇXL8.1.2¤«"¯¦U`þ»
��VÇ´õ�º
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) µ PT1�» � lAÕ Ñ u � � � §T2�» � lAÕ
��BÕ$1��m§T3�d<��BÕ���"Ï

d§T1, T2, T3þ´�ÅCþ§�T2 ∼ N(30, 22), T1, T3�
©ÙÆdL8.1.3ÚL8.1.4¤«"
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Ù¥P13����t = 0.
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ÏL©Û��§d<U9�`þ»��¿©7�^�

´µT1 + T2 > T3. dd��§d<`þ»��VÇ
�P{T1 + T2 > T3}. þã©Û�{¡�VÇ©Û"

�

T1 — »�lAÕÑu���¶
T2 — »�lAÕ�BÕ�$1�m¶
T3 — ,<��BÕ���"
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b�T1, T2, T3þ´�ÅCþ§�T2 ∼ N(30, 22),

T1, T3�©ÙÆXL8.1.3ÚL8.1.4¤«"
�r1, r2´(0,1)« m þ þ ! © Ù � � Å ê §

KT1ÚT3�©ÙÆ��[úª�

t1 =


0, 0 < r1 ≤ 0.7,

5, 0.7 < r1 ≤ 0.9,

10, 0.9 < r1 ≤ 1.

t3 =


28, 0 < r2 ≤ 0.3,

30, 0.3 < r2 ≤ 0.7,

32, 0.7 < r2 ≤ 0.9,

34, 0.9 < r2 ≤ 1.

Kt1Út3�±w¤T1, T3���*	�"
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-t2´Ñl��©ÙN(30, 22)��Åê§Kòt2w
¤»�$1�mT2���*	�"

3zgÁ�¥§�)ü�(0,1)«mþ!©Ù��Å
êt1, t3§��ÑlN(30, 22)��Åêt2, �t1 + t2 > t3, @

�Á�¤õ£U
`þ»�¤"e3ngÁ�¥§kkg
¤õ§K^ªÇk/n��d<`þ»��VÇ"�né
��§ªÇ��VÇ�Cq��"

http://www.bjut.edu.cn


Monte Carlo�{

�Åê��)

VÇ©Û�O�Å�[

� ¯ Ì �

I K �

JJ II

J I

1 41 � � 60 �

� £

� ¶ w «

' 4

ò Ñ

±e´¦)L§�R§S"
MC2<-function(n){

r1<-runif(n); r2<-runif(n); t2<-rnorm(n,30,2)

t1<-array(0,dim=c(1,n)); t3<-t1;

for(i in 1:n){

if (r1[i]<=0.7)

t1[i]<-0

else{

if (r1[i]<=0.9)

t1[i]<-5

else

t1[i]<-10

}

}
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for(i in 1:n){

if (r2[i]<=0.3)

t3[i]<-28

else{

if (r2[i]<=0.7)

t3[i]<-30

else{

if (r2[i]<=0.9)

t3[i]<-32

else

t3[i]<-34

}

}

}
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k<-0

for(i in 1:n){

if (t1[i]+t2[i]>t3[i])

k<-k+1

}

p<-k/n

}
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���gÁ�§��
> p<-MC2(10000);p

[1] 0.6306

d<`þ»��VÇ��´0.63.
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~~~8.3.2Ø�Aæ¶-��O¯K"
Ø�Aæ¶-�´^�½þÝ�Y(Pb)§r�Aæ

o±��å5§^±{	½~f�AæuÑ��«�
�"3�«��¥§¥fé<Nú³4�§Ïd§¶-

�O§Ì�´
)¥fBß¶-�z©'(½VÇ)§ù
é�Aæ�S�$1´�'��"Äk�Ä��¥

f?\¶-��$Ä�ÔnL§µb½¶-�´n�

�þ!²�§¥f±Ð�v0Ú���α�\¶-�S(�

ã8.3.2)§$Ä�ãål�§3x0?�YØ-E��§
¥f¼�#��Ý9��(v1, θ1), 2$Ä�ãål�§
�YØ1�g-E§¿¼�#�G�(v2, θ2)��.

http://www.bjut.edu.cn


Monte Carlo�{

�Åê��)

VÇ©Û�O�Å�[

� ¯ Ì �

I K �

JJ II

J I

1 46 � � 60 �

� £

� ¶ w «

' 4

ò Ñ

α — ¥f\��, θ1 — ¥f1�g-E���, D — ¶
-�þÝ.

ã8.3.2¥
B\¶-��$Ä
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²eZg-E�§u)±e�¹��ª�$ÄL§µ
(1) �£�Aæ¶
(2) Bß¶-�¶
(3) 1ig-E�§¥f�¶-�áÂ"
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e¡é¯K�eZ{z�b�µ

(1) b½¶-�²1��þÝ�D = 3d, Ù¥d�üg-
E�m¥f�²þiÄål¶zg-E�¥fÏ���

Ü©Uþ�Ýeü§b�3110g-E�§¥f�Ý
eü�,�é��ê�ª�$Ä£�áÂ¤"dué
Bß¶-��¥fa,�§�^(xi, θi)£ã1ig-E�
¥f�$ÄG�§Ù¥xi�¥f3x ¶þ� �§θi¥

f$Ä����x¶�Y�"
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(2) b½¥f3¶-�S�Uüg-E�miÄ�ål
Ñl�ê©Ù§¥f²-E�����Ñl(0, 2π) þ�
þ!©Ù"l��1ig-E�¥f3¶-�� �

xi = xi−1 + Ri cos θi, i = 1, 2, · · · , 10. (3.1)

Ù¥θi´¥f1ig-E�����Ý§Ri´¥fl1i−
1g-E�1ig-E�¤iÄ�ål"db��U�
�§

Ri = d · (− ln ri), θi = 2πui, i = 1, 2, · · · , 10.

Ù ¥d� ü g - E � m ¥ f � ² þ i Ä å
l¶ri, ui´(0,1)«mþþ!©Ù��Åê"ª(3.1) L

²
¥f3¶-�S$Ä�VÇ�.§��¥f$Ä�
 �Ú��Ñ´�Å�"
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(3) 31ig-E�§¥f� �xikn«�¹u)µ

i) xi < 0, ¥f�£�Aæ¶

ii) xi > D, ¥fBÑ¶-�¶

iii) 0 < xi < D, ei < 10§K¥f3¶-�SUY$Ä¶
ei = 10, K¥f�¶-�áÂ"
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¥f$Ä�n«�ªXã8.3.3¤«"�{z¯K§b½
¥f\��α = 0(=¥f±R���B\¶-�)§¶-

��þÝ�D = 3d"

ã8.3.3¥
3¶-�S$Ä�n«�ª
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e¡´^R^�?���[§S"

MC3<-function(n){

D<-3; pi<-3.1416; Kfan<-0; Kxi<-0; Kchuan<-0

for (k in 1:n){

x<- -log(runif(1))

for (i in 1:10){

Ixi<- 1; r<- runif(2); R<- -log(r[1])

t<-2*pi*r[2]; x<-x+R*cos(t)

if (x<0){

Kfan<-Kfan+1; Ixi<-0; break

}
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if (x>D){

Kchuan<-Kchuan+1; Ixi<-0; break

}

}

if (Ixi==1)

Kxi<-Kxi+1

}

s<-c(Kchuan/n, Kxi/n, Kfan/n)*100

}
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L8.3.1L²§�¶-�þÝD = 3d´ØÜ·�§Ï

�d�¥fBß¶-��z©'31/3�m"3¢S

A^¥§�¦¥fBß¶-��VÇ4�§��êþ?

�10−6 ∼ 10−10, =B\¶-��¥fe�Az��§
��UkA�¥fBL¶-�"¯K´õþ�¶-�â

U¦§�Bß�VÇWD < 10−6?

http://www.bjut.edu.cn


Monte Carlo�{

�Åê��)

VÇ©Û�O�Å�[

� ¯ Ì �

I K �

JJ II

J I

1 55 � � 60 �

� £

� ¶ w «

' 4

ò Ñ

��5¿�´§=�[5000�¥f�$Ä§Ò^Ù
Bß¶-��ªÇ5�OBß¶-��VÇo3/�
r0�v§Ï�ù���[°Ý�k1%§�Jp�[
°Ý§A·�O\�[gê"1��¯K´§I��[
õ��¥f�$Ä§âU^ªÇ�OÙVÇº
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k£�1��¯K"d8.1!'u�[°Ý��[
gê�?Ø§dª(1.7)�±��§e¦�[°Ý��Z
©��§K�[gê�3106g±þ"du¥fBßV

Ç310−6±e§¤±Ù°Ý��A��ù�êþ?§@
o�[gêÒA31012g±þ§ù��¦3Ï~��¹
e§w,´1ØÏ�"
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·�æ^Xe�)û�{"òþ!²1�©�þÝ
�Ó�m�§������["�¥f3ù��¥áÂ
Ú�£�VÇ�Ú�W , KBL���VÇ´(1 − W ),

ÏBßm��VÇ´(1 − W )m. du¥fBL���
²þ�Ýk¤eü§ÏoBßVÇ'(1−W )m��"
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^Monte Carlo� { § k � [10000� ¥ f � $ Ä
�§�±�y(1 − W )�°Ý�Ðu1%"²m��§
k(1 − W )m < (0.01)m, e�m = 3§Ò�¼�BßV

Ç(1 − W )3 < (0.01)3 = 10−6. ù�?n�§Ø7�p

�1012�¢�§�I�104gÁ�Ò���10−6�°Ý§
ù�U?'���{��\¯
Âñ�Ý§~�
�[
�m"
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| ^R§ SMC3, �10000g � [ § � � µ �D =

3d�§BßVÇ�W3d ≤ 1/3, ¯K´õþ�¶-�â

U¦WD < 0.01?

�I��¶-þÝ�x, K(W3d)
x < 0.01, ½3x > 100,

=

x >
lg 100

lg 3
=

2

0.47712
= 4.1918.

=¶-��þÝ3��4.1918D ≈ 13d, âU¦¥fBß
VÇØ�u0.01.
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ù��±£�1��¯K
§e¦WD < 10−6, Ko

þÝ�
TD = 3x = 39d.

�Ò´`§¶-�oþÝ�39d�§�¦¥fBß¶-

��VÇWD < 10−6.
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