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1 ã�Ä�Vg

1.1. lllKönigsberg£££xxxZZZddd���¤¤¤ÔÔÔxxx¯̄̄KKK!!!ååå

ã6.1.1 KönigsbergÔx¯K
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Euler£î.¤31736cuL�Ø©¥, )û

Í¶�KönigsbergÔx¯K, y²ù´Ø�U
�. <�òEuler�Ø©��ãØ�1��Ø©,

ldÅì/¤
��äk2�A^�$ÊÆ©
|—ãØ. ãØ8c®2�/A^3ÔnÆ!z
Æ!��Ø!&EØ!�Æ+n!>fO�Å�
��+�, AO�XO�Å�uÐ, ãØ�nØ�
A^��
?�Ú/uÐ.
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1.2. ããã���ÄÄÄ���VVVggg

l�*þw, ¤¢ã´d:Ú>|¤�ã/,

Xã6.1.2Úã6.1.3¤«. e¡·��Ñã�½Â.
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½½½ ÂÂÂ6.1.1 ãG´ � � ó é(V, E), Ù ¥V =

{v1, v2, · · · , vn}´k�8, Ù��¡�º:, E =

{(vi, vj) | vi, vj ∈ V }, E¥���¡�>. eã¥>

´kSé(vi, vj), K¡ã�k�ã, ¡e = (vi, vj)´
lvië�vj, ¡vi�e��, ¡vj�e�Þ. e�Kk
�ã���, ���ã¡�Ä:ã.
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½½½ÂÂÂ6.1.2XJG′(V ′, E ′)´��ã, ¿�V ′ ⊂ V ,

E ′ ⊂ E, K¡G′´G(V, E)�fã. éuãG(V, E),

X J(vi, vj) ∈ E, D ± � � ¢ êw(vi, vj), K
¡w(vi, vj) �>(vi, vj)��, GëÓ>þ��¡�
D�ã.
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½½½ ÂÂÂ6.1.3 X J(vi, vj) ∈ E, K ¡vj�vi� �, ä
kn� º : � ã � � � Ý 
 ´ � �n × n� Ý

A = (aij)n×n, Ù©þ�

aij =

{
1, XJ(vi, vj) ∈ E,

0, Ù¦.

n�º:�D�ã�D�Ý
´��n × n�Ý

W = (wij)n×n, Ù©þ�

wij =

{
w(vi, vj), XJ(vi, vj) ∈ E,

∞, Ù¦.

http://www.bjut.edu.cn
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~~~6.1.1(a) ã6.1.4́ ��ã, �E§���Ý
A,

¿O�A2.

ã6.1.4
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A =


0 1 1 1

1 0 0 1

1 0 0 0

1 1 0 0

 , A2 =


3 1 0 1

1 2 1 1

0 1 1 1

1 1 1 2

 .

Ý 
A2k § � A Û ¿ Â µA2� �
�A2(i, j)L « l º :i� º :j� Ý�2� ´ »
�ê8£�¡ò�[�Ñüº:m�´»±9Ù
�Ý�î�½Â¤"
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(b) ã6.1.2́ ��ãÙD�Ý
�

W =



∞ 1 3 2 8 3

1 ∞ 6 2 7 1

3 6 ∞ 4 ∞ ∞
2 2 4 ∞ 5 6

8 7 ∞ 5 ∞ 2

3 1 ∞ 6 2 ∞


.
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½½½ ÂÂÂ6.1.4Ã� ãG� � ^ å » ´ � � � k �

���S�W = v0, e1, v1, e2, · · ·, em, vm, §�
� � O � º : Ú >. ¡m�W� �. e å »
� >e1, e2, · · · , emp Ø � Ó, K ¡W�,. e º
:v0, v1, · · · , vmpØ�Ó, K¡W�´. XJv0 =

vm, ¿�vkÙ¦�Ó�º:, K¡��.
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2 g � 	 ã6.1.4, v1, v2, v4´ � ^ ´,


v2, v4, v1, v2´���, Ù���Ý�3.

éuk�ãG, eW = v0, e1, v1, e2, · · · , em, vm,

�eikÞviÚ�vi−1, K¡W �k�å», aq/,

�±½Âk�,, k�´Úk��.

��ã�½�ã¡�¿mã.
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½½½ nnn6.1.1 X J � 3u�v� å », K � ½ �
3u�v�´. XJãG�º:�ê�n, Kù�

´��Ý�u�un− 1.
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½½½ÂÂÂ6.1.5�G(V, E)´Ã�ã, e(u, v) ∈ E, K
¡(u, v)�u' é. �v ∈ V , º :v� Ý ½ Â�

�v'é�>ê, P�d(v). ¡Ý�Ûê�º:
�Û:, ¡Ý�óê�º:�ó:.

3ã6.1.4¥, d(v1) = 3, d(v2) = 2.

3ãG(V, E)¥, >(u, v)�u'é, ��v'é,

Ïd, >(u, v)éd(u)�z�g, éd(v)�z�g, �
��Xe½n.

http://www.bjut.edu.cn


ã�Ä�Vg

Euler�iÚHamilton�

äÚ)¤ä

����

��6¯K

^LINGO^��¦)|Ü . . .

¢~©Û— ÏÕ�ä�� . . .

� ¯ Ì �

I K �

JJ II

J I

1 16 � � 134 �

� £

� ¶ w «

' 4

ò Ñ

½½½nnn6.1.2 ∑
v∈V

d(v) = 2 ε,

Ù¥εL«ãG�>ê.

íØµ ?Ûã¥, Û:��ê�óê.

http://www.bjut.edu.cn
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1.3. ëëëÏÏÏ555

½½½ÂÂÂ6.1.6XJãG¥?¿ü:u, v, þ�3�^ë
�u, v�´, K¡ãG´ëÏ�, AO, éuk�ã,

¡�rëÏ�, XJ�Kk�ã���, Ùã´ë
Ï�, K¡Tk�ã´fëÏ�.

~~~6.1.2

http://www.bjut.edu.cn
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½½½ nnn6.1.2 �A´n� º : ãG� � � Ý 
,

KAm(i, j)´lº:i�º:j�Ý�m �å»�
ê8. Ïd, ãG´ëÏ�¿©7�^�´: é?

¿�(i, j), �31 ≤ k ≤ n, ¦�Ak(i, j) ≥ 1.

http://www.bjut.edu.cn
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½½½ ÂÂÂ6.1.7 é u ãG, X J � 3m > 0, ¦
�Am(i, j) > 0,∀i, j ∈ V , K¡ãG´�K�.

½½½ÂÂÂ6.1.8¡ãG���ëÏfãG′�ãG�ëÏ
©|.

http://www.bjut.edu.cn
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1.4. ���ááá´́́¯̄̄KKK

eH´D�ã���fã, KH��w(H)´
�§��>��Ú

∑
e∈E(H)

w(e). ¤¢�á´¯KÒ

´éÑD�ã¥�½ü:u0, v0�m����´.

ùp·�b½w(e) ≥ 0, ∀e ∈ E.

�
Qã�Ùå�, rD�ã¥�^´�
�¡�§��, r(u, v)´����¡�uÚv�m

�ål, ¿P�d(u, v). 3e¡��{¥, ·�
b½¤k��þ��, ¿�e(u, v) 6∈ E, K5
½w(u, v) = +∞.

http://www.bjut.edu.cn
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Dijkstra(1959)± 9WhitingÚHillier(1960)� g Õ
áuy
�á´�{"8c¦^��á´�

{´dDijkstraU?���§Ïd¡�Dijkstra�

{§ù��{Ø=é�
�á�(u0, v0)´, 
�
�Ñ
lu0�G�¤kÙ¦º:��á´.

http://www.bjut.edu.cn
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���{{{6.1.2(Dijkstra�{)

(1) �l(u0) = 0év 6= u0, l(v) = ∞, S0 = {u0}�i =

0.

(2) éz�v ∈ S̄i, �

l(v) = min

{
l(v), min

u∈Si

{d(u0, u) + w(u, v)}
}

.

O�min
v∈S̄

{l(v)}, ¿r��ù�������º:

P�ui+1, �Si+1 = Si

⋃
{ui+1}.

(3) ei = n− 1, KÊ�; ÄK�i = i + 1, =(2).

http://www.bjut.edu.cn
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~~~6.1.3^Dijkstra�{¦eã¥u0�vi��:��

á´"
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$^Dijkstra�{IÑ:u0�vi�:��á´§¿

ò�A��á´I3�µS§^o�I²u0�vi

��á´§äN(JXã6.1.8¤«.

ã6.1.8 �á´�{
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2 Euler �iÚHamilton �

½½½ÂÂÂ6.2.1ãG��i´�²LG�z^>��
�g�4å». Euler�i´�²Lz^>TÐ
�g��i. ��ãe�¹Euler�i, K¡Tã
�Eulerã.
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½½½nnn6.2.1����ëÏã´Eulerã�7�¿©
^�´: vkÛ:.

l�*þw, duz^>=²L�g£��
:, Ïd, éu,�º:, k��?5�>Òk�

�Ñ��>; Ó�, k�^Ñ��>Ò¬k�^?
5�>.

d½n6.2.1��, KönigsbergÔx¯KÃ),

Ï�Tã�4�º:Ý�´Ûê. d½n6.2.1,�

�±��ã�)x�7�¿©^�´: §�õk
ü�Û:. (Ø7£�Ñu:).
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2.1. Hamilton (MMM���îîî)���

½½½ ÂÂÂ6.2.2 � ¹ ãG� z � º : � ´ ¡
�Hamiltoń , � ¹ ãG� z � º : � � ¡
�Hamilton�. ��ãe�¹Hamilton�, K¡ù
�ã�Hamiltonã.
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2.2. ¥¥¥IIIeee444


¯̄̄KKK

e4
�ó�´: 3eÛpÀÑe�, 4xe
�, ,�2�£eÛ. g,, ¦7LrL¦Ý4�
�S�z�^�����g. 3ù�cJe, F"

ÀJ�^¦�Uá�´�. T¯K´d¥IêÆ

[+r�ÄgïÄ�, Ïd¡�¥Ie4
¯K.

¥Ie4
¯K��þ´3�KD�ëÏã
¥éÑ�������i, ¡ù«�i��`�
i.
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X J � K D � ãG´Eulerã, ·� � � é
Ñ§�Euler�i, Ò���`�i, Ï�Euler�
iz^>=²L�g. Fleury�{Jø
��

¦Euler�i�Ð�{.

XJ�KD�ãGØ´Eulerã, ·�^V\

­E>��{, ¦ãG*¿���EulerãG∗, ¿�

¦ ∑
e∈E(G∗)\E(G)

w(e) ¦�U�,

2¦G∗�Euler�i, ùÒ��¥Ie4
¯K�
).
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�
n)þã�{�g�,·�Þ��{ü�~
f, 3~¥, ãG=kü�Û:. (�ã6.2.2,Ù¥

ã6.2.2 (b)¥�­�´O\�>).
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2.3. ÀÀÀ111ûûû¯̄̄KKK

��À1û��r�eZ¢½, ,�£�¦

�Ñu/. �½�¢½�m¤I�À1�m�, N
�Oy¦�´�, ¦¦Uéz�¢½TÐ?1�

g�¯, 
o�m�á, ù�¯K¡�À1û¯

K(½ÀJú¯K).
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À1û¯KÒ´3��D�ã¥, éÑ��

�Hamilton�, ¡ù«���`�. 8c�vk¦
)À1û¯K�k��{, Ïd�Ué�«¦Ñ
��Ð(Ø�½�`)�).

���1��{´k¦��Hamilton�C,

, � · � ? UC, � � ä k � � � � , �

�Hamilton�.
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�C = v1v2 · · · vnv1, K é u ¤ k ·
Ü1 < i + 1 < j < n�iÚj, � ± � �
� � #Hamilton� " X ã6.2.3¤ « §Cij =

v1v2 · · · vivjvj−1 · · · vi+1vj+1vj+2 · · · vnv1, § ´
dC¥ í � >vivi+1Úvjvj+1V \vivjÚvi+1vj+1�
��.
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eéu,�éiÚj, k

w(vivj) + w(vi+1vj+1) < w(vivi+1) + w(vjvj+1),

K�Cijò´�C���U?. 3�ë?1þã�
�X�?U��, ��������ØU2^d
{U?
. ù�����A��±�½Ø´�`
�, �knd@�§´'�Ð�.
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ã6.2.3U?Hamilton��«¿ã
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2.4. óóó���üüüSSS¯̄̄KKK

�,�Åì7L\óõ«ó�J1, J2, · · · , Jn,

3�«ó�\ó�.��,�
\óe�«ó�,

Åì7LN�. XJló�Ji�ó�Jj�N��
m�tij, ¦ù
ó����üS, ¦��Åì�N
��m��.

ù�¯Kw,�À1û¯Kk', 'u§�
¦), y3�vk®�k���{. ¤±F"k�

��{5������Ð�)(�7´�`)).
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äN�{Xe:

(1) � E ä kn� º :v1, v2, · · · , vn� k � ãG,

�tij ≤ tji�, k(vi, vj) ∈ E.

(2) ¦G�k�Hamiltoń (vi1, vi2, · · · , vin), ¿�r

ó��A�ü�Ð.
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� � � � ~ f, b � � 3 8 � ó

�J1, J2, J3, J4, J5ÚJ6, ¿�N�Ý
´
J1 J2 J3 J4 J5 J6

J1 0 5 3 4 2 1

J2 1 0 1 2 3 2

J3 2 5 0 1 2 3

J4 1 4 4 0 1 2

J5 1 3 4 5 0 5

J6 4 4 2 3 1 0

S�J1 → J2 → J3 → J4 → J5 → J6�N��m

I�13�ü .�
éÑ���Ð�S�, U(1)�
Ek�ãG§Xã6.2.4¤«.
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(v1, v6, v3, v4, v5, v2)´G�k�Hamiltoń , Ï
�
)S�

J1 → J6 → J3 → J4 → J5 → J2

§�N��m�I�8�ü . 5¿���S�

J2 → J5 → J4 → J3 → J6 → J1

´é��, ÙN��mI�19�ü .
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2.5. ¿¿¿mmmëëë\\\ööö¶¶¶ggg���üüü���

3�|N�¿m¥, eZ¶ÀÃüüp�¿
m. �Ñ¿m¤1�, ATN�üë\ö�¶g
Q?

~X, �	ã6.2.5¥�¿mã, §�L8�À

Ã�m��|¿m(J; ·�w�ÀÃ1�}À

Ã2, 4, 5Ú6, 
Ñ�ÀÃ3, ��.
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ã6.2.5 ¿mã
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üë\ö¶g��«�U��{´Ïéù�

¿mã¥��^k�Hamiltoń , ,�Uìë\

öéA�º:3ù^´¥� �ü�¶g. ~X,

k�Hamiltoń

(3, 1, 2, 4, 5, 6)

L²ÀÃ3´)�, ÀÃ1´æ�, ��.

� ´ ù « ü ¶ g � � { ² Ø å ? � Ú

� í v, Ï�� � ¿ m ã � � k N õ ^ k
�Hamiltoń ;·��~f¥Òk

(1, 2, 4, 5, 6, 3), (1, 4, 6, 3, 2, 5)

±9eZO�k�Hamiltoń .
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,���{´O��©, ¿'�§�. 3þ¡
�~f¥ù��, ����©�þ

s1 = (4, 3, 3, 2, 2, 1).

ùpk��"�, =ù��©�þØU«©À

Ã2ÚÀÃ3�p$, ¦+ÀÃ3�}
�©�p�
ÀÃ. u´·��Ñ1�?�©�þ

s2 = (8, 5, 9, 3, 4, 3),

Ù¥z�ÀÃ�1�?�©´�¦�}�ÀÃ�
�©�Ú.
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y3ÀÃ3¶�1�. UYù�§S, ��?
�Ú��þ,

s3 = (15, 10, 16, 7, 12, 9),

s4 = (38, 28, 32, 21, 25, 16),

s5 = (90, 62, 87, 41, 48, 32),

s6 = (183, 121, 193, 80, 119, 87).
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w5ÀÃ¶g�ü�k:ÅÄ, ~XÀÃ3Ú
ÀÃ1¿�1�¶��¹Ò´ù�. XÛ(½¦�
�¶gQ? w5I��Ä§�4��¹. �Äã
���Ý


A =



0 1 0 1 1 1

0 0 0 1 1 1

1 1 0 1 0 0

0 0 0 0 1 1

0 0 1 0 0 1

0 0 1 0 0 0


,

�E��þe = (1, 1, 1, 1, 1, 1)T .
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dd��s1 = Ae, s2 = As1 = A2e, · · ·, si =

Aie. �±y²: �¿mã´V�ëÏ�, ¿���
ko�º:�, 4��3, =

lim
i→∞

(
A

λ

)i

e = s

ùpλ´Ý
A���A��, s´éAuλ�A�

�þ.
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Ïd, ¶gü�¯KÒ=z�¦��Ý
�
��A��ÚéA�A��þ. éuc¡�¯K,

Ù��A���λ = 2.232, �A�A��þ�

s = (0.238, 0.164, 0.231, 0.113, 0.150, 0.104).

=¶gü��
ÀÃ1, ÀÃ3, ÀÃ2, ÀÃ5, ÀÃ4, ÀÃ6
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3 äÚ)¤ä

3.1. äää

½½½ÂÂÂ6.3.1XJÃ�ã´ëÏ�, �Ø�¹k�,

K¡Tã�ä. XJk�ã¥?Û��º:Ñ�
d,�º:v1��, K¡v1�ãG��. XJk�

ãGk�, �§�Ä:ã´ä, K¡G´k�ä.

http://www.bjut.edu.cn


ã�Ä�Vg

Euler�iÚHamilton�

äÚ)¤ä

����

��6¯K

^LINGO^��¦)|Ü . . .

¢~©Û— ÏÕ�ä�� . . .

� ¯ Ì �

I K �

JJ II

J I

1 50 � � 134 �

� £

� ¶ w «

' 4

ò Ñ

~~~6.3.1ã6.3.1́ ��ä(Ã�ä). ã6.3.2 (a)Ø´
��k�ä, ã6.3.2.(b)́ ��k�ä.

½½½ nnn6.3.1 �G´ k � �Ã� ã, X Jd(v) ≥
2,∀v ∈ V , KGk�.

½½½nnn6.3.2z�ä��k��º:�Ý�1.
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½½½ nnn6.3.3 �G´ ë Ï ã, � > ê<º : ê, K
ãG¥��k��º:�Ý�1.

½½½nnn6.3.4�G´äkn�º:�Ã�ëÏã, G´
ä�7�¿©^�´: Gkn− 1^>.

½½½ÂÂÂ6.3.2eG′´�¹G��Üº:�fã, §q
´ä, K¡G′´)¤ä.
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3.2. ÃÃÃ���)))¤¤¤äää

éuã6.1.2,·��±é�Nõ)¤ä. ~X
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·�a,��¯K´: (1) XÛé)¤ä; (2) XÛ
éä����)¤ä.

½½½nnn6.3.5 XJÃ�ãG´k��!ëÏ�, K
3G¥�3)¤ä.

½n6.3.5�Ñ
�E)¤ä���{ü�

{, ù��{Ò´3��ëÏ�¥»K¤k��,

�eØ¹��ëÏã, Ò´��)¤ä. ù��{
�§��/��¶¡��“»�{”.
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3ã¥?��^>e1, é�^Ø�e1�¤��
>e2, ,�2é�^Ø�{e1, e2}�E��>e3, ù
�UYe�, ��ù«L§ØU?1, ù�¤��
�ãÒ´��)¤ä. ·�¡ù«�{�“;�

{”.
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3.3. ëëë���¯̄̄KKK

b��ïE��ë�eZ¢½�ÏÕ�. ®

�¢½vi�¢½vj�mÏÕ�´¤I¤^�cij,¯

A3=
¢½�me��´, =U¦¤k¢½�

mÑUëÏ, q�¦e��o¤^��?

T¯K��þ´3��D�ã¥Ïé���

Ú�)¤ä, ¡äkù«5��ä��`ä.

1956cKruskalí2
)¤ä�“;�{”, �

Ñ
�`ä����{.
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Kruskal ���{{{
(1) ÀJ>e1, ¦�w(e1)¦�U�;

(2) e ® À ½ >e1, e2, · · · , ei, K
lE\{e1, e2, · · · , ei}¥À�>ei+1 ¦�

(i) G[{e1, e2, · · · , ei+1}]�Ã�ã;

(ii) w(ei+1)´÷v(i)�¦�U���.

(3) �(2)ØUUY�1�, Ê�.
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|^Kruskal�{�±éN´���ã6.1.2��

`)¤ä§Xã6.3.4¤«"

ã6.3.4�`)¤ä
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4 ����

4.1. ½½½ÂÂÂ���¯̄̄KKK���£££ããã

�!¤�ïÄ�¯K´�`��, §´��
��¯K���f¯K. 3�!, =?ØÃ�ã�
����¯K.

·� k � | º :U , � ± w � ó <, , �

| º :V , � ± w � ?Ö, § � k � Ó � � �.

ë �UÚV � > � � � ± L «�ó <ui�¤ ?

Övj��Ã. Ù¯K´¦ù��«ó�©�, z
�ó<�¤��?Ö, 
��Ã��. Xã6.4.1¤

«"
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ã6.4.1�Üã
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½½½ÂÂÂ6.4.1XJ�3V �ü�f8V1ÚV2, ¦�z
^>k��º:áuV1, 
,��º:áuV2, K
¡ãG(V, E)��Üã(½óã).

ã6.4.1Ò´���Üã"
�M´E���fã, XJM¥�¤k>v

kú��º:, K¡M´�ÜãG(V, E)����
�.

XJ§'é�>´��M��^>, K¡º
:´�Ú�.

XJV1¥¤kº:´�Ú, ¡M´G��{
��.
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3ã6.4.2(a)¥, M = {(1, 7), (2, 6), (3, 5)}´���
�, º:1,2,3́ V = {1, 2, 3, 4}��Ú:.

3ã6.4.2(b)¥, >{(1, 5), (2, 5)}Ø´����, Ï

�kú��º:5.

3ã6.4.2(c)¥,M∗ = {(1, 7), (2, 6), (3, 5), (4, 8)}´
���{��.
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e¡¤?Ø�¯K´XÛ¦��äk�����
{��. b½

(1) ãG´\��Üã, �ü�º:8Ü�V1ÚV2.

(2)V1ÚV2þkn�º:.

(3) éuz�º:u ∈ V1Úv ∈ V2, K>e = (u, v)�
3.
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3 þ ã b ½ e, ò z � º : | Ü, � ± �
�n!��{��. ·��8I´é���ä�

����{��.

lA^�Ý5w, b½(3)́ Ün�, Ï�XJ
,�ó<ØU�¤,�?Ö, �ò§��m��

Ã�­½Â�0.

Pu1, u2, · · · , un´V1�º:, v1, v2, · · · , vn´V2�
º :, ½ Âwij´ dui�vj� � ­. Ï d � Ý 


�W = (wij).
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½½½ÂÂÂ6.4.2¡�{��M∗´�`�, XJé¤k
��{��Mk∑

(ui,vj)∈M∗

wij ≥
∑

(ui,vj)∈M

wij.

3ã6.4.3¥,·��±^qÞ{, �����
{��, M∗ = {(u1, v1), (u2, v1), (u2, v3)}.

ã6.4.3�{��
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4.2. ���`̀̀���������{{{

¦�`���{´dKuhn (1955)ÚMunkres

(1957)©OJÑ5�§Ïd¡�Kuhn-Munkres�

{"du·�ò3�¡0�XÛ^Lingo^�¦
)�`����{§ùpÒØ0�
"
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5 ��6¯K

5.1. ½½½ÂÂÂ���¯̄̄KKK���£££ããã

½½½ÂÂÂ6.5.1�G(V, E)�k�ã, XJ3V ¥kü�

ØÓ�º:f8XÚY , 
3>8Eþ½Â���
K��c, K¡G����ä.

¡X¥�º:�
§Y ¥�º:�®, =�

q�®�º:¡�¥mº:, ¡c�G�Nþ¼ê,

Nþ¼ê3>eþ��¡�Nþ. >e = (u, v)�N

þP�c(e)½c(u, v).

3ùp·�=?Ø=k��
Ú��®��
ä.
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ã6.5.1L«äk��
x, ��®y, Ú8�¥

mº:v1, v2, v3, v4, v5, v6��ä.

ã6.5.1��
��®��ä
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�äG¥ z � ^ >(u, v)k � � N þc(u, v),

Ø d �	, é >(u, v)� k � � Ï L > � 6, P

�f (u, v).

w,, >(u, v)þ�6þf (u, v)Ø¬�LT>

þ�Nþc(u, v), =

0 ≤ f (u, v) ≤ c(u, v), (5.1)

¡÷vØ�ª(5.1)��äG´�N�.
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éu¤k¥mº:u, 6\�oþA�u6Ñ
�oþ, = ∑

v∈V

f (u, v) =
∑
v∈V

f (v, u). (5.2)

���äG�6þ�f½Â�l
x6Ñ�o

6þ, =

V (f ) =
∑
v∈V

f (x, v). (5.3)

dª(5.2)Úª(5.3)�±wÑ, f�6þ���6\

®y�o6þ.
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�V1ÚV2´º:8V �f8, ^(V1, V2)L«å
:3V1¥, ª:3V2¥�>�8Ü. ^f (V1, V2)L

«(V1, V2)¥>�6�oÚ, =

f (V1, V2) =
∑

u∈V1,v∈V2

f (u, v).

AO�V1 = v, V2 = V , (Üª(5.2)Úª(5.3), ��

f (v, V )−f (V, v) =


V (f ), �v = x,

0, �v ∈ V, v 6= x, v 6= y,

−V (f ), �v = y,
(5.4)

¡÷vª(5.4)��äG�Åð�.
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X J 6f÷ v Ø � ª(5.1)Ú ª(5.4), K ¡
6f´�1�. XJ�3�16f ∗, ¦�é¤k
��16fþk

V (f ∗) ≥ V (f ),

K¡f ∗���6.
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~~~6.5.1ã6.5.2¤«��äG¥, z^>��1�

�ê´>�Nþ, 1��ê´>�6þ, ~X,

c(x, v1) = 8, f (x, v1) = 4, c(v1, v2) = 5, f (v1, v2) =

1��.

ØJ�y,�äG÷v^�(5.1)Ú(5.4), Ïd
�äG�6f´�16, Ù6þ�V (f ) = 8.

ã6.5.2äk�16��ä
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X J � ^ > � 6 þ � u T > � N þ,

=f (u, v) = c(u, v), ¡>(u, v)��Ú>; ÄK¡
���Ú>. éu?¿��äG, ���3���
16, Ï�é¤k�>(u, v), duf (u, v) = 0÷v

^�(5.1)Ú(5.4), d�¡§�"6.
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½½½ÂÂÂ6.5.2�G(V, E)´äkü�
xÚü�®y�
�ä, V0´V �f8, V c

0 ´V0 �Ö8, ex ∈ V0,

y ∈ V c
0 , ¡/�(V0, V

c
0 )�>8Ü��äG��, P

�K½K(V0).

d½Â��, �äG����´©l
Ú®
���>8Ü.
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ò�K¥¤k>�Nþ�Ú¡��Nþ, P

�c(K), =

c(K) =
∑

(u,v)∈(V0,V c
0 )

c(u, v).

XJ�3���K∗, ¦�éu¤k�K, þk

c(K∗) ≤ c(K),

K¡K∗����.
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~~~6.5.3ã6.5.2¤«��äG¥, �V0 = {x, v1, v2},
KV c

0 = {v3, v4, y}, @o�K = {(v1, v3), (v2, v4)}.
Ù�Nþ�18. �A�6þ�f (V0, V

c
0 ) = 8.
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5.2. ÌÌÌ���(((JJJÚÚÚ���{{{

½½½nnn6.5.1�f´�äG(V, E)þ��16, V0´�

¹
x, �Ø�¹®y�º:8Ü, K

V (f ) = f (V0, V
c
0 )− f (V c

0 , V0).

íííØØØ6.5.1�f´�äG(V, E)þ��16, éu?

¿�K = (V0, V
c
0 ), þk

V (f ) ≤ c(K).
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½½½nnn6.5.2�G(V, E)´�ä, XJ�3Gþ��1

6f ∗Ú�K∗, ¦�

V (f ∗) = c(K∗),

Kf ∗´��6, K∗´���.
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��6¯K��±z¤�55y¯K§l
�
^Lingo^�¦)§ùpÒØ�[0���6�
¦)�{"
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6 ^LINGO^��¦)|Ü`z¯K

kNõ|Ü`z¯KÑ�±z¤�55y¯
K5¦), ùp·�{ü0�A«�^�55y
5¦)�|Ü`z¯K"
6.1. $$$ÑÑÑ¯̄̄KKK

� k , «Ô] I � lm� � /A1, A2, · · ·,
Am$�n��/B1, B2, · · ·, Bn, Ù¥z��/
��þ�a1, a2, · · ·, am§z��/��þ�b1,

b2, · · ·, bn. � l � /Ai� � /Bj� $ ¤ ü d

�cij(i = 1, 2, · · · , m, j = 1, 2, · · · , n), ¯XÛN
$¦o$¤��?
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�l�/Ai��/Bj�þ�xij�ü , K$
Ñ¯K�êÆL�ª�:

min

m∑
i=1

n∑
j=1

cijxij,

s.t.
m∑

i=1

xij ≥ bj, j = 1, 2, · · · , n($\þ�u�þ),

n∑
j=1

xij ≤ ai, i = 1, 2, · · · , m($Ñþ�u�þ),

xij ≥ 0, i = 1, 2, · · · , m, j = 1, 2, · · · , n.
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äN¯KXeµ�k3��/(m = 3)Ú4��

/(n = 4), Ù�þ!�þ9ü $¤XeLµ
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�A�LINGO�é�
1]model:

2]! A 3 Warehouse, 4 Customer

3] Transportation Problem;

4] sets:

5] Warehouse /1..3/: a;

6] Customer /1..4/: b;

7] Routes( Warehouse, Customer) : c, x;

8] endsets

9]
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10]! The objective;

11] [OBJ] min = @sum( Routes: c * x);

12]

13]! The demand constraints;

14] @for( Customer(j): [DEM]

15] @sum( Warehouse(i): x(i,j)) >= b(j));

16]

17]! The supply constraints;

18] @for( Warehouse(i): [SUP]

19] @sum( Customer(j): x(i,j)) <= a(i));

20]
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21]! Here are the parameters;

22] data:

23] a = 30, 25, 21 ;

24] b = 15, 17, 22, 12;

25] c = 6, 2, 6, 7,

26] 4, 9, 5, 3,

27] 8, 8, 1, 5;

28] enddata

29]end
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^LINGO^�¦)§��

x∗11 = 2, x∗12 = 17, x∗13 = 1,

x∗21 = 13, x∗24 = 12, x∗33 = 21,

f ∗ = 161.

=�/A1$ B1, B2, B3�$þ�2, 17, 1, {10�

ü " � /A2$ B1, B4� $ þ�13, 12, { þ
�0"�/A3$ B3�$þ�21, {þ�0. o$
¤�161.
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6.2. ���`̀̀������£££���`̀̀������¤¤¤¯̄̄KKK

n�<�n�ó�, cijL«1i�<�1j�ó

��|Ñ, xij = 1L«1i �<�1j�ó�, 0L

«Ø�. �A��55y¯K�

max

n∑
i=1

n∑
j=1

cijxij,

s.t.
n∑

j=1

xij = 1, i = 1, 2, · · · , n,

(z�<7I���ó�)
n∑

i=1

xij = 1, j = 1, 2, · · · , n,

(z�ó�I�k��<��)

xij = 0 ½ 1, i, j = 1, 2, · · · , n.
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äN¯KXeµ�k6�<Ú6�ó���`��
¯K(n = 6), Ù|GÝ
XeLµ

Ù¥–L«,<Ã{�,�ó�"
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LINGO�é�
1]model: ! Assignment model (ASSIGNMX);

2] sets:

3] Flight/1..6/:;

4] Assign(Flight, Flight):x, c;

5] endsets

6] data:

7] c = 20 15 16 5 4 7

8] 17 15 33 12 8 6

9] 9 12 18 16 30 13

10] 12 8 11 27 19 14

11] -999 7 10 21 10 32

12] -999 -999 -999 6 11 13;

13] enddata

14]
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15]! Maximize valve of assignments;

16] max = @sum(Assign: c*x);

17] @for(Flight(i):

18]! Each i must be assigned to some j;

19] @sum(Flight(j): x(i,j)) = 1;

20]! Each i must receive an assignment;

21] @sum(Flight(j): x(j,i)) = 1;

22] );

23]end

Ã{��ó�^�����KêL«"3§S¥

Ø^\0 − 1�å§Ï�d���nØ��, Ù�

`)�U�0½1.
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^LINGO^�¦)��µ

x11 = 1, x23 = 1, x32 = 1,

x44 = 1, x56 = 1, x65 = 1,

f ∗ = 135.

=1��<�11�ó�§1��<�13�ó

�§1n�<�12�ó�§1o�<�14�ó

�§1Ê�<�16�ó�§18�<�15�ó

�. o�Ã��135.
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6.3. ���`̀̀ëëë���¯̄̄KKK

éun�¢½,·��ïá��ÏÕ�ä. y

®�?¿ü¢½m�ål, �¦ë�ùn�¢½�
�`ÏÕ�ä, =¦��\�ã���)¤ä.
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® � 8 � ¢ ½Atlanta, Chicago, Cincinnati,

Houston, LA, Montreal�m�ålXL6.6.3. ¦
§��m���)¤ä"
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e¡�Ñ�A��LINGO�é
1]MODEL:

2] SETS:

3] CITY/1..6/:U;!U( I)=level of city I;

4] ! U( 1) = 0;

5] LINK(CITY,CITY):

6] DIST, !The distance matrix;

7] X; !X(I,J)=1 if we use link I,J;

8] ENDSETS

9]

http://www.bjut.edu.cn


ã�Ä�Vg

Euler�iÚHamilton�

äÚ)¤ä

����

��6¯K

^LINGO^��¦)|Ü . . .

¢~©Û— ÏÕ�ä�� . . .

� ¯ Ì �

I K �

JJ II

J I

1 95 � � 134 �

� £

� ¶ w «

' 4

ò Ñ

10] DATA:!Distance matrix need not be symmetric;

11] !However, city 1 is base of the tree;

12] !to:Atl Chi Cin Hou LA Mon;

13] DIST= 0 702 454 842 2396 1196 !from Atl;

14] 702 0 324 1093 2136 764 !from Chi;

15] 454 324 0 1137 2180 798 !from Cin;

16] 842 1093 1137 0 1616 1857 !from Hou;

17] 2396 2136 2180 1616 0 2900 !from LA;

18] 1196 764 798 1857 2900 0;!from Mon;

19] ENDDATA

20]
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21]! The model size: Warning, may be slow for N>=8;

22] N = @SIZE( CITY);

23]

24] ! Minimize total distance of the links;

25] MIN = @SUM( LINK: DIST * X);

26]

27] ! For city K, except the base, ... ;

28] @FOR(CITY(K)|K #GT# 1:

29]

30] ! It must be entered;

31] @SUM(CITY(I)|I #NE# K: X(I,K))=1;

32]
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33] ! If there are 2 disjoint tours from 1 city

34] to another, we can remove a link without

35] breaking connections. Note: These are

36] not very powerful for large problems;

37] @FOR(CITY(J)|J #GT# 1 #AND# J #NE# K:

38] U(J) >= U( K) + X ( K, J) -

39] ( N - 2) * ( 1 - X( K, J)) +

40] ( N - 3) * X( J, K); );

41] );
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42]

43] ! There must be an arc out of city 1;

44] @SUM(CITY(J)|J #GT# 1: X(1,J)) >= 1;

45]

46] ! Make the X’s 0/1;

47] @FOR( LINK: @BIN( X); );

48]

49] ! The level of a city except the base

50] is at least 1 but no more than N-1,

51] and is 1 if it links to the base;

52] @FOR( CITY( K)| K #GT# 1:

53] @BND( 1, U( K), 999999);

54] U(K) <= N-1 - (N - 2)* X(1, K); );

55]END
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^LINGO^�¦)��µë�8�¢½��

�)¤ä�
Atlanta→ Cincinnati§ Atlanta→ Houston,
Chicago→ Montreal§ Cincinnati→ Chicago,
Houston→ LA.
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6.4. ÀÀÀ111ûûû¯̄̄KKK

y®�n�¢½�m�ål§l,�¢½
Ñu§²L¤k�¢½§��2£�Ñu:"
ùÒ´À1û¯K"=3��\�ã¥§é�

`Hamilton£´"
¦þã8�¢½Atlanta, Chicago, Cincinnati,

Houston, LA, Montreal��`Hamilton£´"

http://www.bjut.edu.cn


ã�Ä�Vg

Euler�iÚHamilton�

äÚ)¤ä

����

��6¯K

^LINGO^��¦)|Ü . . .

¢~©Û— ÏÕ�ä�� . . .

� ¯ Ì �

I K �

JJ II

J I

1 101 � � 134 �

� £

� ¶ w «

' 4

ò Ñ

�A�LINGO�é
1]MODEL:

2] ! Traveling Salesman Problem for the

3] cities of Atlanta, Chicago, Cincinnati,

4] Houston, LA, Montreal;

5] SETS:

6] CITY/1..6/:U; !U(I)=sequence no. of city;

7] LINK(CITY, CITY):

8] DIST, !The distance matrix;

9] X; !X(I,J)=1 if we use link I, J;

10] ENDSETS
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11] DATA:!Distance matrix, it need not be symmetric;

12] DIST = 0 702 454 842 2396 1196

13] 702 0 324 1093 2136 764

14] 454 324 0 1137 2180 798

15] 842 1093 1137 0 1616 1857

16] 2396 2136 2180 1616 0 2900

17] 1196 764 798 1857 2900 0;

18] ENDDATA

19]
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20] N = @SIZE( CITY);

21] MIN = @SUM( LINK: DIST * X);

22] @FOR( CITY( K):

23] ! It must be entered;

24] @SUM(CITY(I)|I #NE# K: X(I,K))=1;

25] ! It must be departed;

26] @SUM(CITY(J)|J #NE# K: X(K,J))=1;

http://www.bjut.edu.cn


ã�Ä�Vg

Euler�iÚHamilton�

äÚ)¤ä

����

��6¯K

^LINGO^��¦)|Ü . . .

¢~©Û— ÏÕ�ä�� . . .

� ¯ Ì �

I K �

JJ II

J I

1 104 � � 134 �

� £

� ¶ w «

' 4

ò Ñ

27] ! Weak form of the subtour breaking constraints;

28] ! These are not very powerful for large problems;

29] @FOR( CITY( J)| J #GT# 1 #AND# J #NE# K:

30] U( J) >= U( K) + X ( K, J) -

31] ( N - 2) * ( 1 - X( K, J)) +

32] ( N - 3) * X( J, K)

33] );

34] );
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35] ! Make the X’s 0/1;

36] @FOR( LINK: @BIN( X));

37] ! For the first and last stop we know...;

38] @FOR( CITY( K)| K #GT# 1:

39] U( K) <= N - 1 - ( N - 2) * X( 1, K);

40] U( K) >= 1 + ( N - 2) * X( K, 1)

41] );

42]END
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^LINGO^�¦)��µ8�¢½��`�

`Hamilton£´�

Atlanta→Houston→LA→Chicago

→Montreal→Cincinnati→Atlanta.
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6.5. ���ááá´́́¯̄̄KKK

�½n�¢½§®�ë�¢½i�¢½j��
´�Ý�wij, y¦�^l¢½1�¢½n��á
´"e¡�Ñ¦¢½1�¢½10��á´.
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�A�LINGO�é
1]MODEL:

2]SETS:

3] ! We have a network of 10 cities. We want

4] to find the length of the shortest route

5] from city 1 to city 10.;

6]

7] ! Here is our primitive set of ten cities,

8] where F( i) represents the shortest path

9] distance from city i to the last city;

10] CITIES /1..10/: F;

11]
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12] ! The derived set ROADS lists the roads

13] that exist between the cities (note: not

14] all city pairs are directly linked by a

15] road, and roads are assumed to be one way.);
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16] ROADS( CITIES, CITIES)/

17] 1,2 1,3 1,4

18] 2,5 2,6 2,7

19] 3,5 3,6 3,7

20] 4,5 4,6

21] 5,8 5,9

22] 6,8 6,9

23] 7,8 7,9

24] 8,10

25] 9,10/: D;

26] ! D( i, j) is the distance from city i to j;

27]ENDSETS

28]

116 ∼ 261´½Âë�¢½�>.
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29]DATA:

30] ! Here are the distances that correspond

31] to the above links;
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32] D =

33] 1 5 2

34] 13 12 11

35] 6 10 4

36] 12 14

37] 3 9

38] 6 5

39] 8 10

40] 5

41] 2;

42]ENDDATA

132 ∼ 411´�A��£�´�Ý¤"
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43]

44]! If you are already in City 10, then the cost to

45] travel to City 10 is 0;

46] F( @SIZE( CITIES)) = 0;

47]
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48]! The following is the classic dynamic programming

49] recursion. In words, the shortest distance

50] from City i to City 10 is the minimum over

51] all cities j reachable from i of the sum

52] of the distance from i to j plus the minimal

53] distance from j to City 10;

54] @FOR( CITIES(i)| i #LT# @SIZE( CITIES):

55] F(i) = @MIN(ROADS(i,j): D(i, j) + F(j))

56] );

57]END
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^LINGO^�¦)��µ¢½1∼¢½9�¢
½10��á´�

19§19§14§20§8§7§12§5§2.
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7 ¢~©Û— ÏÕ�ä���)¤ä

ÏÕ�ä���)¤ä¯K´1991c{I�
Æ)êÆï�¿mBK,·�±é§�¦)5��

�Ù�(å, Ó��´é�ÙSN�A^Úu�.
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7.1. ÏÏÏÕÕÕ���äää���������)))¤¤¤äää

ü�ÏÕÕmÏÕ�´�¤^��´�Ý
¤�'. ÏLÚ\eZ“J�Õ”¿�E��#

�SteineräÒ�±ü$d�|Õ)¤�DÚ��

�)¤ä¤I�¤^. ^ù«�{�ü$¤^õ
�13.4%(1 −

√
3

2 )§Xã6.7.1¤«. 
���E�

�kn�Õ��ä�¤^�$�SteineräûØI

�õu(n− 2)�J�Õ. e¡kü�{ü�~f.
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ã6.7.1 O\J�Õ!�¤^��¹§
!�þ�1−

√
3

2
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éuÛÜ�ä
ó, ~k7�^�ò�ål
½“Ú�”ål5�Oî¼ål. éuù«ºÝ�
±O�ålXã6.7.2¤«.

ã6.7.2 3“Ú�”åle§
O\J�Õ!�¤^��¹
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b ½ \ F"� O � � k9� Õ � Û Ü�

ä � � $ E d ) ¤ ä. ù9� Õ � � � �

I´a(0, 15), b(5, 20), c(16, 24), d(20, 20), e(33, 25),

f (23, 11), g(35, 7), h(25, 0), i(10, 3).
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�½\�U^��, 
�¤k�J�Õ7I

 u�:þ(=�I´�ê). z^���Ed´
Ù�Ý�.

1.¦T�ä�����)¤¤^ä.

2.b½z�Õ�¤^�d
3
2 · w, Ù¥d =ÏÕÕ�

Ý, ew = 1.2, ¦��¤^ä.

3.Áí2�¯K.
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7.2. ¯̄̄KKK���©©©ÛÛÛ���¦¦¦)))

k�Ä{ü�¯K, =��Ä3�5:þ�
��¤^ä¯K.

® � Ê � : � � I ´a(0, 15), b(5, 20),

c(16, 24), d(20, 20), e(33, 25), f (23, 11), g(35, 7),

h(25, 0), i(10, 3). �E�>���,

w(i, j) = |xi−xj|+|yi−yj|, i 6= j, i, j = 1, 2, · · · , 9,

Ù¥(xi, yi)´1i�:��I.
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^Lingo^�§·�����)¤¤^ä,

Xã6.7.3¤«. eØO�Õ�¤^, Ù��¤^
�110.eO�Õ�¤^, Ù��¤^�136.43.

ã6.7.3 Ê�:(ÃJ�Õ)���¤^ä
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y�ÄO\J�Õ��¹, �¡�Äù�¯K�
�æ�, UìK8�Ñ�(J, J�Õ��ê�õ
�±O\�7 = 9− 2, 
UìK¿, ¤k�J�Õ
7I u�:þ, Ïd�±O\J�Õ� ��
k936 = 26× 36�. e^¡Þ{, �k

C1
936+C2

936+C3
936+C4

936+C5
936+C6

936+C7
936 = 1.2303×1017

«�¹, 3nU�mSéÑ§���`)´ýé
Ø�U�. Ïd, ·�I�é¯K�?�Ú�©
Û.
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�
~��Ý, O\�:�U3��: ���
�þ, Ïd��J�Õ� ��k72 = 8× 9�. Ï

d, �k

C1
72+C2

72+C3
72+C4

72+C5
72+C6

72+C7
72 = 1.6444×109

«�¹. =¦ù�, 3nUSO�Ñ�Ü(J��

`)�´Ø�U�. I�2�{z.
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