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1 �`z¯K�êÆ�.

1.1. ÃÃÃ���ååå���`̀̀zzz¯̄̄KKK
·�k^��~fÚÑÃ�å�`z¯K�êÆ�..

~~~5.1.1­�[Ü¯K
�kü�ÔnþξÚη§�â,�Ôn½Æ��§�

÷vXe'X:

η = a + bξc,

Ù¥a, b, c´n�~ê, 3ØÓ�¹e�ØÓ��"yd
¢����|êâ

(ξ1, η1), (ξ2, η2), · · · , (ξm, ηm),

ÁÀJa, b, c��§¦­�η = a + bξc¦�U�C¤k�
¢�:(ξi, ηi), i = 1, 2, · · · , m"
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ù�¯K�^���¦�n¦)§=ÀJa, b, c�
�|�§¦� ��²�Ú

δ(a, b, c) =

m∑
i=1

(a + bξc
i − ηi)

2

� � � � " � é { ` § Ò ´ ¦ n � C þ � ¼
êδ(a, b, c)�4�:��¯K�)"
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�
Bu8��?Ø§·�r§�¤Ú��/

ª"ra, b, c�¤x1, x2, x3§P�x = (x1, x2, x3)
T"rδ�

¤f§ù�~5.1.18B¦)Ã�å¯K

min f (x) =

m∑
i=1

(x1 + x2ξ
x3
i − ηi)

2 .

ò~5.1.1í2���/ª, Ã�å�`z¯K�ê
Æ�.�

min f (x), x = (x1, x2, · · · , xn)
T ∈ Rn, (1.1)

¡f (x)�8I¼ê, x�n�Cþ.
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éuÃ�å¯K(1.1), ·��Ñ�`)�î�½Â"
½½½ÂÂÂ5.1.1e�3x∗ ∈ Rn, ε > 0,∀x ∈ Rn, ¦�‖x−x∗‖ <

ε�, ðk
f (x) ≥ f (x∗),

K¡x∗´f (x)�ÛÜ4�:, ½¡x∗´Ã�å¯K�Û
Ü)"eéx ∈ Rn, ¦�0 < ‖x− x∗‖ < ε�, ðk

f (x) > f (x∗),

K¡x∗´f (x)�î�ÛÜ4�:, ½¡x∗´Ã�å¯K
�î�ÛÜ)"

�K½Â¥�‖x−x∗‖ < ε, K¡x∗´f (x)�(î�)�

Û4�:, ½¡x∗´Ã�å¯K�(î�)�Û)"
ò�ÛÚÛÜ)þ¡�Ã�å¯K��`)"
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½½½ÂÂÂ5.1.2¡n��þ
(

∂

∂x1
f (x̄),

∂

∂x2
f (x̄), · · · , ∂

∂xn
f (x̄)

)T

�¼êf (x)3x = x̄?�FÝ§P�∇f (x̄)§=

∇f (x̄) =

(
∂

∂x1
f (x̄),

∂

∂x2
f (x̄), · · · , ∂

∂xn
f (x̄)

)T

.

¡∇f (x)�FÝ¼ê§{¡FÝ"
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½½½nnn5.1.1 (Ã�å¯KÛÜ)���7�^�) �f (x)

äkëY��� �ê, ex∗´Ã�å¯K(1.1)�ÛÜ

), K
∇f (x∗) = 0. (1.2)

½n5.1.1�_·KØ¤á, =FÝ�0�:Ø�½´
ÛÜ)"ù«�¹d��¼êÒ�±���y"�da
:�´é­��:, ¡FÝ�0�:�­½:"
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e¡0�¿©^�, E,k�Ñ��Vg.

½½½ÂÂÂ5.1.3 ¡n× n�Ý

∂2

∂x2
1
f (x̄) ∂2

∂x1∂x2
f (x̄) · · · ∂2

∂x1∂xn
f (x̄)

∂2

∂x2∂x1
f (x̄) ∂2

∂x2
2
f (x̄) · · · ∂2

∂x2∂xn
f (x̄)

... ... ... ...
∂2

∂xn∂x1
f (x̄) ∂2

∂xn∂x2
f (x̄) · · · ∂2

∂x2
n
f (x̄)


�¼êf (x)3x = x̄?�HesseÝ
, P�∇2f (x̄)§=

∇2f (x̄) =

(
∂2

∂xi∂xj
f (x̄)

)
n×n

.

¡∇2f (x)�HesseÝ
¼ê"
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½½½nnn5.1.2(Ã�å¯KÛÜ)���¿©^�) �f (x)ä
këY��� �ê, 3x∗?÷v

∇f (x∗) = 0 � ∇2f (x∗) �½, (1.3)

Kx∗´Ã�å¯K(1.1)�î�ÛÜ)"
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1.2. ���ååå���`̀̀zzz¯̄̄KKK
aquÃ�å¯K, ·�E^��~f�Ñ�å�

`z¯K�êÆ�..

~~~5.1.2<ie�`�O¯K
�ÄXã5.1.1¤«�g+�E�<ie§�g+9

þt = t̄Ú�ªÝs = s̄®�½§Á¦U«ÉKÖ2P��

��O"

ã5.1.1 <ie�`�O¯K
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Äk·�½5/©Ûd¯K"9þÚªÝ�½"�
¦���O§I�\á"ù��7¦Ü�O�§KK

Ö2PÒ¬3g+þké��Üå"�
U«Éù��
Aå,g+ICo§Ù(J´\C­.

e¡?1½þ�©Û"�½�|dÚH��§�±

O�Ñg+��¡ÈAÚg+��ÝL,

A =
1

4
π(D2

2 −D2
1) =

π

4
(D2 + D1)(D2 −D1) = πdt̄,

L = (s̄2 + H2)
1
2,

Ïdg+�­þ�

w(d,H) = 2ρπdt̄(s̄2 + H2)
1
2,

Ù¥ρ´'­"
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e¡�Äd,HÉ����§�KÖ�2P�§\�É
��Øå�

σ(d,H) =
P

πt̄
· (s̄2 + H2)

1
2

Hd
.

�â(�åÆ�n§éuÀ½�g+§ØÑyä��^
�£¯Ñ^�¤´

σ(d,H) ≤ σy,

Ù¥σy´g+��N��|ØrÝ"
ØÑy�5�­
�^�(¯­^�)�

σ(d,H) ≤ π2E(d2 + t̄2)

8(s̄2 + H2)
,

Ù¥E�g+á���¼�þ"Ïd<ie�`�O¯

K´3þãü�^�e¦w(d,H)����"
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�
�Bå�§�¤Ú��êÆL�ª§©O

^x1, x2�Od,H, Px = (x1, x2)
T§^f�Ow§Ïd<

ie�`�O¯K�êÆL�ª�

min f (x) = 2πρt̄x1(s̄
2 + x2

2)
1
2,

s.t c1(x) =
P

πt̄
· (s̄2 + x2

2)
1
2

x1x2
− σy ≤ 0,

c2(x) =
P

πt̄
· (s̄2 + x2

2)
1
2

x1x2
− π2E

8
· t

2
+ x2

1

s̄2 + x2
2

≤ 0.
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nþ¤ã§��/ª��å�`z¯K�êÆ�.

�

min f (x), x ∈ Rn, (1.4)

s.t. ci(x) = 0, i ∈ E = {1, 2, · · · , l}, (1.5)

ci(x) ≤ 0, i ∈ I = {l + 1, l + 2, · · · , l + m},(1.6)

¡f (x)�8I¼ê§¡ci(x) = 0(i ∈ E)§½ci(x) ≤ 0(i ∈
I)��å^�"Ù¥E´�ª�å�I8, I´Ø�ª�
å�I8.
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½½½ÂÂÂ5.1.4 ¡÷v�å^��:��1:, ¡�1:�N
|¤�8Ü��1�§P�D§=

D = {x| ci(x) = 0, i ∈ E, ci(x) ≤ 0, i ∈ I}.

ù�·��±½Â�å¯K��`)"
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½½½ÂÂÂ5.1.5 eéx∗ ∈ D, �3ε > 0, ¦�x ∈ D�‖x −
x∗‖ ≤ ε�, ok

f (x) ≥ f (x∗),

K¡x∗��å¯K(1.4)–(1.6)�ÛÜ), ½{¡x∗��`
). e�x ∈ D�0 < ‖x− x∗‖ ≤ ε, ok

f (x) > f (x∗),

K¡x∗��å¯K�î�ÛÜ).

�K½Â¥�‖x−x∗‖ < ε, K¡x∗��å¯K(1.4)–

(1.6) �(î�)�Û).
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3ùp·��Ñ�å¯K���7�^�.

½½½nnn5.1.3 (�å¯KÛÜ)���7�^�) ��å
¯K(1.4)–(1.6)¥f (x), ci(x) (i = 1, 2, · · · , l + m)äkë
Y��� �ê, ex∗´�å¯K(1.4)–(1.6) �ÛÜ),

¿�3x∗?÷v∇ci(x
∗)(i ∈ E

⋃
I∗), K�3~êλ∗ =

(λ∗1, λ
∗
2, · · · , λ∗l+m)T , ¦�

∇xL(x∗, λ∗) = ∇f (x∗) +

l+m∑
i=1

λ∗i∇ci(x
∗) = 0,

ci(x
∗) = 0, i ∈ E = {1, 2, · · · , l},

ci(x
∗) ≤ 0, i ∈ I = {l + 1, l + 2, · · · , l + m},
λ∗i ≥ 0, i ∈ I = {l + 1, l + 2, · · · , l + m},

λ∗i ci(x
∗) = 0, i ∈ I = {l + 1, l + 2, · · · , l + m},
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Ù¥I∗�x∗?�k��å�I8, {¡k�8, =

I(x∗) = {i | ci(x
∗) = 0, i ∈ I}.

L(x, λ)�Lagrange¼ê, =

L(x, λ) = f (x) +

l+m∑
i=1

λici(x).
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Ï~¡þã��7�^��Karush-Kuhn-Tucker̂

�, ½{¡�KKT^�, ¡÷vKKT^��:�KKT:,

¡λ∗�x∗?�Lagrange¦f.

du�å¯K���¿©^��9���êÆ�

£, ùpÒØ�0�
.

�[5¿�, XJ�KØ�ª�å^�, �å¯K�
��7�^��5p�êÆ6¥ù�^�4��7�^
��Ó. 3O\Ø�ª�å��, ��7�^�C�E,
�õ. Ïd^��7�^�¦)�å�`z¯K, '¦)
Ã�å¯K�(J, k'¦)�ê��{, ò35.4!¥

�±0�.
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1.3. ¦¦¦)))���`̀̀zzz¯̄̄KKK���ããã))){{{
~~~5.1.3�âã�¦)Ã�å¯K

min f (x) = (x1 − 2)2 + (x2 − 2)2 + 4.

ã5.1.2Ã�å¯K4�:�AÛ¿Â
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~~~5.1.4^ã){¦)�å¯K

min f (x) = (x1 − 2)2 + (x2 − 2)2,

s.t. c1(x) = x1 + 2x2 − 4 ≤ 0,

c2(x) = −x1 ≤ 0,

c3(x) = −x2 ≤ 0.

ÄkxÑ¯K��1�D,

D = {x|x1 + 2x2 ≤ 4, x1 ≥ 0, x2 ≥ 0},

2�Äf��p�

(x1 − 2)2 + (x2 − 2)2 = k,

´�xÓ%�"
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ã5.1.3�å¯K4�:�AÛ¿Â
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dã/��§,��p�(f (x) = k)��åc1(x) = 0�

�§=Ù �ê¤'~"du
∂f

∂x1
= 2x1 − 4,

∂f

∂x2
= 2x2 − 4

Ú
∂c1

∂x1
= 1,

∂c1

∂x2
= 2

K�`:÷v�§|
2x1 − 4 = λ

2x2 − 4 = 2λ

x1 + 2x2 = 4

)�§|��x∗ = (8
5,

6
5)

T§Ù�`8I¼ê��f (x∗) =
4
5"
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2 ��|¢

¦)Ã�å�`z¯K(1.1), ��æ^S���{,

=kÀJ��Ð©:, 2ÏéT:?�eü��£¡
�|¢��¤",�¦T��þ4�:£¡���|

¢¤§����#�:. ù�#:�`u�5�:, =#

:?�8I¼ê��u�5:?�8I¼ê�. ,�3
#:?2Ïéeü��Ú3T��þ¦4�:, · · · · · ·,
Xde�, �ª���`:. 3ù�!, ·��)û�¯

K´��|¢, =�Ñ¦)��¯K

min
α

φ(α) = f (x(k) + αd(k))

�ê��{.
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��|¢�ê��{Ä�þk�«, �«´Á&{,

=ºY��
Á&:, Åg'�3ù
:�¼ê�, �¤
��|¢�?Ö. ,�«´��{, =^,
:�¼ê�

£½�ê�¤�E��¼ê, ^��¼ê�4�:5C
q¼êφ(α)�4�:. 3ù�!0��Ä��Á&{Ú
���{.
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2.1. 0.618{{{

0.618{ q ¡ � � 7 © � {, ´ Á & { � � «.

0.618́ ���g�§

τ 2 + τ − 1 = 0 (2.1)

��

τ =

√
5− 1

2
�Cq�.
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0.618{�Ä�g�´k3|¢«m[a, b]þ(½ü�

Á&:, Ù¥�Á&:�

αl = a + (1− τ )(b− a),

mÁ&:�

αr = a + τ (b− a).

2©OO�ùü�Á&:�¼ê�φl = φ(αl), φr =

φ(αr). dü¸¼ê�5�, eφl < φr, K«m[αr, b]SØ�
Uk4�:, Ïd�K«m[αr, b], -a′ = a, b′ = αr, ��
��#�|¢«m. eφl > φr, K«m[a, αl]SØ�Uk
4�:, �K«m[a, αl], -a′ = αl, b′ = b, ����#�
|¢«m.
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aqþ¡�Ú½, 3«m[a′, b′]S2O���#�Á
&:

α′l = a′ + (1− τ )(b′ − a′),

α′r = a′ + τ (b′ − a′),

2'�¼ê�, 2(½#�«m, Xde�, · · ·

3þã�{¥, q�zgS�¥I�O�ü�Á&
:9§��¼ê�, ùp�τ�ÚÙ¦�¿vk�oØ

Ó. ý´ù�í? e¡é#�Á&:?1©Û"
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(1) eφl < φr, K�K«m[αr, b], @o#�mÁ&:
�

α′r = a′ + τ (b′ − a′) = a + τ (αr − a) = a + τ 2(b− a),

5¿�τ´�§(2.1)��, Ïdk

α′r = a + τ 2(b− a) = a + (1− τ )(b− a) = αl,

=�«m��Á&:.
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(2) eφl > φr, K�K«m[a, αl], @o#��Á&:
�

α′l = a′ + (1− τ )(b′ − a′) = αl + (1− τ )(b− αl)

= a + (1− τ )(b− a) + τ (1− τ )(b− a)

= a + (1− τ 2)(b− a) = a + τ (b− a)

= αr,

=�«m�mÁ&:.

Ïd3þãO�L§¥, �I�O���#Á&:
Ú��:�¼ê�. Ïd, 0.618{Ø1�gI�O�ü
�Á&:	, Ù{�Úzg�IO���Á&:Ú§�
¼ê�, ù��Jp
�{��Ç. ÏdÒ���A��

{.
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���{{{5.2.2(0.618{)

(1) �Ð©|¢«m[a, b], ¿�°Ý�¦ε, ¿O��

mÁ&:

αl = a + (1− τ )(b− a), αr = a + τ (b− a),

Ù¥ τ =

√
5− 1

2
, 9�A�¼ê�φl = φ(αl), φr = φ(αr).

(2) XJφl < φr, K�b = αr, αr = αl, φr = φl, ¿O

�

αl = a + (1− τ )(b− a), φl = φ(αl);

ÄK�a = αl, αl = αr, φl = φr, ¿O�

αr = a + τ (b− a), φr = φ(αr).
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(3) e|b− a| ≤ ε, �

XJφl < φr, K�µ = αl; ÄK�µ = αr, Ê�O

�

(µ��¯K�)).

ÄK=(2).

~~~5.2.1^0.618{¦)��¯K

min φ(α) = eα − 5α

3«m[1,2]S�4�:, O�4Ú.

): a = 1, b = 2, αl = 1.382, αr = 1.618, φl = −2.927,

φr = −3.047, ¤±φl > φr, �K«m[a, αl]. �[O�(J
�L5.2.1.
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3 ¦)Ã�å¯K�eü�{

3.1. ������eeeüüü{{{
3?Ø��eü{�c, k0������ê�V

g. �����ê�ÊÏ��êk
aq.

½½½ÂÂÂ5.3.1 �d´?¿�ü �þ, =‖d‖ = 1§e4�

lim
α→0+

f (x̄ + αd)− f (x̄)

α

�3§K¡T4���¼êf (x)3x̄?÷��d����
��ê§{¡����ê"P�

∂

∂d
f (x̄), =

∂

∂d
f (x̄) = lim

α→0+

f (x̄ + αd)− f (x̄)

α
.
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d�ê�AÛ¿Â, ·�ØJ�����ê�AÛ
¿Â, =���êL«¼êf (x)3:x̄?÷d���Cz
Ç"

Ïd, e
∂f

∂d
> 0, �gCþ÷d��c?�§¼ê�

þ,"d�¡d�þ,��"

e
∂f

∂d
< 0, �gCþ÷dc?�, ¼ê�eü. d�

¡d�eü��"
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�
BuO����ê, ·��Ñ���ê�,�

«L�ª.

½½½nnn5.3.1 �d´ü �þ, e¼êf (x)äkëY���
 �ê§K§3x̄?÷��d������ê�

∂

∂d
f (x̄) = dT∇f (x̄).
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½½½ÂÂÂ5.3.2 �x, y ∈ Rn, ¡

xTy =

n∑
i=1

xiyi

�x�y�SÈ(:È).

Ïd, ���ê�±w¤ü ���FÝ�SÈ.

éu?¿�ü��þx, y ∈ Rn, KkXeØ�ª∣∣xTy
∣∣ ≤ ‖x‖ · ‖y‖.

ùÒ´Í¶�SchwartzØ�ª. Ù¿Â�: ü��þ�S
È�u�ª�þ��È.
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d½n5.3.1ÚSchwartzØ�ª, é?Û��þ�ü 

�þ, kXeØ�ª
∂

∂d
f (x̄) ≥ −‖∇f (x̄)‖. (3.1)

AO�d�KFÝ���, =d = −∇f (x̄)/‖∇f (x̄)‖. d½
n5.3.1��

∂

∂d
f (x̄) = −‖∇f (x̄)‖. (3.2)

ª(3.1)Úª(3.2)L², �����ê3KFÝ��?�
���, �Ò´`KFÝ��´T:?¦¼êeü�¯
���.

Ïd¡KFÝ�����eü��.
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��eü{�Ä�g�´: À?��:x(1)��Ð
©:, O�T:�FÝ∇f (x(1)), ¦T:?���eü

��, =-d(1) = −∇f (x(1)), 2÷d(1)��c?, ÏéT

��þ�4�:, ��:x(2), 2O�∇f (x(2)), -d(2) =

−∇f (x(2)), ÷d(2)��c?, ��:x(3), Xde�· · · · · ·.
äN�{Xe"
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���{{{5.3.1(��eü{)

(1) �Ð©:x(1), �°Ý�¦ε, �k = 1"
(2) e‖∇f (x(k))‖ < ε, KÊ�O�(x(k)�Ã�å¯K��

`)); ÄK�

d(k) = −∇f (x(k)).

(3) ��|¢"¦)��¯K

min
α

φ(α) = f (x(k) + αd(k)).

�αk, �

x(k+1) = x(k) + αkd
(k).

(4) �k = k + 1, =(2)"
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3�{¥, ε´°Ý�¦, =�FÝ�Cu0�, ·�
Ò@���4�:, ª�O�. ù���8�´;��{
�)kÌ�. �{¥���|¢�^5.2!¥0���{
¦).

http://www.bjut.edu.cn


�`z¯K�êÆ�.

��|¢

¦)Ã�å¯K�eü�{

¨v¼ê{

^LINGO^��¦)�` . . .

¢~©Û— �1+n¯K

� ¯ Ì �

I K �

JJ II

J I

1 43 � � 102 �

� £

� ¶ w «

' 4

ò Ñ

~~~5.3.1^��eü{¦)Ã�å¯K

min f (x) = 100 ∗ (x2 − x2
1)

2 + (1− x1)
2,

�x(1) = (−1.9, 2)T .

�Bun)§ùpØ�ÑäN�O�L§§
´^
ã/5£ã"3O�68gS�§302g¼ê��O�§
��Xe(J"

http://www.bjut.edu.cn


�`z¯K�êÆ�.

��|¢

¦)Ã�å¯K�eü�{

¨v¼ê{

^LINGO^��¦)�` . . .

¢~©Û— �1+n¯K

� ¯ Ì �

I K �

JJ II

J I

1 44 � � 102 �

� £

� ¶ w «

' 4

ò Ñ

3.2. Newton{{{
ex∗´Ã�å¯K�ÛÜ), Kx∗÷v

∇f (x) = 0, (3.3)

Ïd, �±ÏL¦)�§|(3.3)5��Ã�å�`z¯

K). 5¿��§|(3.3)´��5�, ?nå5��(J,

Ïd�Ä§����5%C. À�Ð©:x(1)£��x∗�
1�gCq¤, 3x(1)?�5Ðm(���¼ê��5Ð
maq), Ñ�p�Ü©��

∇f (x) ≈ ∇f (x(1)) +∇2f (x(1))(x− x(1)), (3.4)

ùp∇2f (x(1))´x(1)?�HesseÝ
. -ª(3.4)mà�0, =

∇f (x(1)) +∇2f (x(1))(x− x(1)) = 0. (3.5)
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¦)�5�§|(3.5)��

x(2) = x(1) −
(
∇2f (x(1))

)−1

∇f (x(1)),

��x∗�1�gCq.

XJx(2)�°ÝØ
, �±3x(2)?ò∇f (x)Ðm, ¦
)�A��5�§|, ��x(3), Xde�, �±��S

�{x(k)}, ¿�÷vXeS�úª

x(k+1) = x(k) −
[
∇2f (x(k))

]−1

∇f (x(k)), k = 1, 2, · · · ,
(3.6)

¡ª(3.6)�NewtonS�úª.
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�
BuO�òª(3.6)U�

x(k+1) = x(k) + d(k),

Ù¥d(k)´�5�§|

∇2f (x(k))d = −∇f (x(k)) (3.7)

�). Ï~¡ª(3.7)�Newton�§.
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dþãí�L§, ·���Xe�{.

���{{{5.3.2(Newton{)

(1) �Ð©:x(1), �°Ý�¦ε, �k = 1.

(2) XJ‖∇f (x(k))‖ ≤ ε, KÊ�O�(x(k)��Ã�å¯K
�)); ÄK¦)�5�§|

∇2f (x(k))d = −∇f (x(k)),

��d(k).

(3) �

x(k+1) = x(k) + d(k), k = k + 1,

=(2).
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~~~5.3.2^Newton{¦)Ã�å¯K

min f (x) = 100 ∗ (x2 − x2
1)

2 + (1− x1)
2,

�x(1) = (−1.9, 2)T .

þã(J´²L11gS�§47g¼ê�O���
�"lO��J5w§Newton{�'��eü{`��
õ"¯¢þ§Newton{´¦)Ã�å�`z¯K�Ð�
�{"
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3.3. CCCÝÝÝþþþ{{{
Newton{äkNõÐ�5�, XÂñ�Ý¯�, �

3Newton{¥, zÚO�I�¦)Newton�§. ù��

{�Ì�":´I�O�HesseÝ
, O�þ�. ��Ñ
þã":���*�{´: ØO�HesseÝ
∇2f (x(k)),


^��“Cq”Ý
B(k)5�O∇2f (x(k)). Ù¥B(k)´�

âS�L§¥�,
&E���.

^�§|

B(k)d = −∇f (x(k)) (3.8)

�)d(k)5��|¢��. =^�§(3.8)5�ONewton�
§(3.7). ù Ò � � � � # � � {. d uB(k)“C
q”u∇2f (x(k)), �±ß�, T�{Ak�Ð5�, ¿�
�Ñ
O�þ��":. @o¯K�'�´XÛ�EÝ

B(k)?
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Äk, B(k)Ø�U3ê�þCq∇2f (x(k)), Ï�·�
�8I´ØO�HesseÝ
∇2f (x(k)). @o, B(k)�U35

�þCq∇2f (x(k)).

²í�, B(k)A÷v

B(k)s(k−1) = y(k−1), (3.9)

¡ª(3.9)�[Newton�§. ¿�b�B(k)´é¡Ý
.

d u ª(3.9)¿ Ø U � � / ( ½B(k), Ï d � I �

N \ � 
 ^ �. b � c ¡ ® � � � Ý 
B(k−1), ¿ �
Ý
B(k−1)®�∇2f (x(k−1))“Cq”. �«g,��{Ò
´B(k) ´dB(k−1)²L?����, =

B(k) = B(k−1) + ∆B(k). (3.10)
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�dª(3.9)Úª(3.10)EÃ{��/(½Ñ∆B(k).

31970c, Brogden!Fletcher!GoldfarbÚShanno�Ñ

��Í¶�?�úª,

B(k) = B(k−1)−B(k−1)s(k−1)(s(k−1))TB(k−1)

(s(k−1))TB(k−1)s(k−1)
+

y(k−1)(y(k−1))T

(y(k−1))Ts(k−1)
,

(3.11)

Ïd¡ª(3.11)�BFGSúª, �A�[Newton�{�¡
�BFGS�{.
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���{{{2 (BFGS�{)

(1) �Ð©:x(1), �Ð©Ý
B(1)(= I), �°Ý�¦ε,

�k = 1.

(2) XJ‖∇f (x(k))‖ ≤ ε, KÊ�O�(x(k)��Ã�å¯K
�)); ÄK¦)�5�§|

B(k)d = −∇f (x(k))

��d(k).

(3) ��|¢. ¦)��¯K

min φ(α) = f (x(k) + αd(k))

�αk, �

x(k+1) = x(k) + αkd
(k).
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(4) ?�B(k), P

s(k) = x(k+1) − x(k), y(k) = ∇f (x(k+1))−∇f (x(k)),

�

B(k+1) = B(k) − B(k)s(k)(s(k))TB(k)

(s(k))TB(k)s(k)
+

y(k)(y(k))T

(y(k))Ts(k)
.

(5) �k = k + 1, =(2).
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~~~5.3.3^CÝþ{(BFGS�{)¦)Ã�å¯K

min f (x) = 100 ∗ (x2 − x2
1)

2 + (1− x1)
2,

�x(1) = (−1.9, 2)T .

þã(J´²L25gS�§105g¼ê�O����"
l � « � I n Ü 5 w § [Newton� { £BFGS�

{¤´¦)Ã�å�`z¯K�`D��{"
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3.4. ���ÝÝÝFFFÝÝÝ{{{
½½½ÂÂÂ5.3.3�G�n× n��½é¡Ý
. ed(1), d(2)÷v

(d(1))TGd(2) = 0,

K¡d(1), d(2)'uG�Ý. ed(1), d(2), · · · , d(k)(k ≤ n) üü
'uG�Ý, =

(d(i))TGd(i) = 0, i 6= j, i, j = 1, 2, · · · , k,

K¡d(1), d(2), · · · , d(k)�G�k��Ý��. ed(i) 6= 0, i =

1, 2, · · · , k, K¡�G�k��"�Ý��.
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�Ý���AÛ¿Âµ
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éu�Ý��§k��­��½n"

½½½nnn5.3.2(*Ðf�m½n) �8I¼ê�

f (x) =
1

2
xTGx + rTx + δ,

{d(1), d(2), · · · , d(k)}´G�k(k ≤ n)��"��Ý��. l
?¿�Ð©:x(1)Ñu, �g÷{d(1), d(2), · · · , d(k)}�°(

��|¢, ��{x(2), x(3), · · · , x(k+1)}, Kx(k+1)´f (x) 3
�56/

Xk =

{
x = x(1) +

k∑
i=1

αid
(i) | −∞ < αi < +∞

}
þ���4�:. AO�k = n�,Kx(n+1)´f (x)3��

�mþ���4�:.
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*Ðf�m½n�AÛ¿Âµ
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²Lí���µe3:x(k)?, ∇f (x(k)) 6= 0, Kx(k)?�
|¢���

d(k) = −∇f (x(k)) + βk−1d
(k−1),

Ù¥

βk−1 =
∇f (x(k))T

(
∇f (x(k))−∇f (x(k−1))

)
∇f (x(k))T∇f (x(k))

, (3.12)

βk−1 =

∥∥∇f (x(k))
∥∥2∥∥∇f (x(k−1))
∥∥2. (3.13)

ª(3.12)´dPlak, Ribir ÚPolyakn<JÑ5�, Ïd¡
�PRPúª, ª(3.13)´dFletcherÚReevesJÑ5�, Ï

d¡�FRúª.
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���{{{5.3.4(FR�{½PRP�{)

(1) �Ð©:x(1), �°Ý�¦ε, �k = 1.

(2) XJ‖∇f (x(k))‖ ≤ ε, KÊ�O�(x(k)��Ã�å¯K
�)); ÄK�

d(k) = −∇f (x(k)) + βk−1d
(k−1),

Ù¥

βk−1 =


0, k = 1,∥∥∇f (x(k))

∥∥2∥∥∇f (x(k−1))
∥∥2, k > 1,

½

βk−1 =

{
0, k = 1,

∇f (x(k))T
(
∇f (x(k))−∇f (x(k−1))

)
∇f (x(k−1))T∇f (x(k−1))

, k > 1.
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(3) ��|¢. ¦)��¯K

min φ(α) = f (x(k) + αd(k))

�αk, �

x(k+1) = x(k) + αkd
(k).

(4) �k = k + 1, =(2).
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4 ¨v¼ê{

¦)�å�`z¯K

min f (x), x ∈ Rn, (4.1)

s.t. ci(x) = 0, i ∈ E = {1, 2, · · · , l}, (4.2)

ci(x) ≤ 0, i ∈ I = {l + 1, l + 2, · · · , l + m}(4.3)

küa�{. �a´|^�å¯K���5�, ��¦)
�å¯K£�{0�Ñ¤. ,�a�{´ò�å¯K=

z��X�Ã�å¯K, ÏL¦)�X�Ã�å�`z
¯K, 5���å¯K��`). ùa�{¡�S�Ã�
å4�z�{. �!0��¨v¼ê{.
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k���{ü�~f, 5�²v¼ê{�Ä�g�.

�Ä��Cþ, =k��Ø�ª�å�¯K

min f (x) = x2 (4.4)

s.t. c(x) = x + 1 ≤ 0 (4.5)

Ù�1��(−∞,−1], �`)�x∗ = −1.
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yò¯K(4.4)–(4.5)=z�Ã�å¯K, �Ò´`, F"

�E�A�Ã�å¯K, 
TÃ�å¯K�)TÐ´�
å¯K��`). l�*þw, ���ù�:Ò7LO�
3��1�?�8I¼ê�, =é��1�?�8I¼
ê\±¨v. y�E¨v¼ê, �«��{ü
qU�y

¼êäkëY� �ê��{�:

P (x, σ) =

{
f (x), c(x) ≤ 0

f (x) +
σ

2
[c(x)]2, c(x) > 0

=

{
x2, x + 1 ≤ 0,

x2 +
σ

2
(x + 1)2, x + 1 > 0,
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ÙÃ�å¯K

min P (x, σ)

��`)�

x̄(σ) = − σ

2 + σ
.

�σ → +∞�, k

x̄(σ) → −1 = x∗,

=�å¯K��`).
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Ïd, éuØ�ª�å¯K

min f (x),

s.t. c(x) ≤ 0,

Ùv¼ê½Â�

P (x, σ) =

{
f (x), c(x) ≤ 0

f (x) +
σ

2
[c(x)]2, c(x) > 0

= f (x) +
σ

2
(max{0, c(x)})2 .
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éu�ª�å¯K

min f (x),

s.t. c(x) = 0,

Ùv¼ê½Â�

P (x, σ) = f (x) +
σ

2
(c(x))2 ,

=Ø÷v�ª�§Ò\±¨v.
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dþ¡�©Û�±��, éu���å¯K(4.1)–

(4.3), Ùv¼ê½Â�

P (x, σ) = f (x) +
σ

2

(∑
i∈E

[ci(x)]2 +
∑
i∈I

[max{0, ci(x)}]2
)

= f (x) +
σ

2
S(x),

Ù¥

S(x) =

(∑
i∈E

[ci(x)]2 +
∑
i∈I

[max{0, ci(x)}]2
)

,

¡σ�¨vÏf, ¡
σ

2
S(x)�¨v�.

http://www.bjut.edu.cn


�`z¯K�êÆ�.

��|¢

¦)Ã�å¯K�eü�{

¨v¼ê{

^LINGO^��¦)�` . . .

¢~©Û— �1+n¯K

� ¯ Ì �

I K �

JJ II

J I

1 69 � � 102 �

� £

� ¶ w «

' 4

ò Ñ

�±Ï", �σ¿©��, Ã�å¯K

min P (x, σ) = f (x) +
σ

2
S(x)

��`)x̄ = x̄(σ)�C�å¯K��`)x∗.
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Ïd, ���Xe�{.

���{{{5.6.1(¨v¼ê{)

(1) ÀJS�{σk}, σk4Oªu+∞, �Ð©:x(0), �°Ý
�¦ε, �k = 1.

(2) ±x(k−1)�Ð©:, ¦)Ã�å¯K

min P (x, σk) = f (x) +
σk

2
S(x),

���`)x(k).

(3) eσkS(x(k)) ≤ ε, KÊ�O�(x(k)���å¯K��

`)); ÄK�

k = k + 1

=(2).
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~~~5.4.1 ^¨v¼ê{¦)�å¯K

min f (x) =
1

2

(
x2

1 +
1

3
x2

2

)
, (4.6)

s.t. c(x) = x1 + x2 − 1 = 0. (4.7)
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):

P (x, σ) = f (x)+
σ

2
c2(x) =

1

2

(
x2

1 +
1

3
x2

2

)
+

σ

2
(x1 + x2 − 1)2

¤±
∂P

∂x1
= x1 + σ (x1 + x2 − 1)

∂P

∂x2
=

1

3
x2 + σ (x1 + x2 − 1)

-∇xP (x, σ) = 0, ��

x̄1(σ) =
σ

1 + 4σ
, x̄2(σ) =

3σ

1 + 4σ

-σ → +∞, �� x∗ = (
1

4
,
3

4
)T .
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ÃØ´¯K(4.4)–(4.5), �´¯K(4.6)–(4.7), Ù�A�Ã

�å¯K��`)þ3�1��	Ü. 
éu���å
¯K, Ø�§��`)x∗�´��Ã�å¯K��`),

Ï~x∗o u�1��>.þ, Ïd, æ^v¼ê{��
�Ã�å¯K��`)x(k)þ u�1��	Ü, Ïd,

v¼ê{�¡�	v¼ê{.
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5 ^LINGO^��¦)�`z¯K

31nÙ¥0�
^Lingo^�¦)�55y¯K
��{§�!0�^Lingo^�¦)�`z¯K��
{"3¦)�{þ§^Lingo^�¦)�`z¯K�¦
)�55y¯KÄ�þ´�Ó�§¤ØÓ�´¤½�8
I¼ê��å¼ê´��5¼ê
®"

5.1. ¦¦¦)))ÃÃÃ���ååå���`̀̀zzz¯̄̄KKK
^Lingo^�¦)Ã�å�`z¯K

min f (x)

��{ü§�I���Ñf (x)L�ª=�"
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~X§¦)Ã�å¯K

min f (x) = 100
(
x2 − x2

1

)2
+ (1− x1)

2.

�A�Lingo�é�
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1]model:

2] sets:

3] var/1..2/: x;

4] endsets

5] @for(var:@free(x));

6] min=100*(x(2)-x(1)ˆ2)ˆ2+(1-x(1))ˆ2;

7]end

12∼41´Cþ`²§151`²CþxÃ�K��§
161´8I¼ê"
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ÙO�(J�

Local optimal solution found at step: 16

Objective value: -0.5026222E-06

Variable Value Reduced Cost

X( 1) 0.9998498 0.0000000

X( 2) 0.9996994 0.0000000

�K�nØ(J´x∗ = (1, 1)T , f (x∗) = 0. lc¡�
(J�±w�nØ(J�O�(J�3�½�Ø�§
3Lingo^�¥�±ÏLN�ëê5��O�(J�°
Ý"k'Lingo^�¥ëê�0���1ÊÙ"
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5.2. ¦¦¦)))���ååå���`̀̀zzz¯̄̄KKK
éu���å`z¯Kµ

min f (x),

s.t. ci(x) = 0, i ∈ E,

ci(x) ≤ 0, i ∈ I.

�I3Lingo�é¥�Ñ�A�8I¼êÚ�å¼ê�
L�ª=�"
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~X¦)�å¯K

max x1x2x3

s.t. −x1 − 2x2 − 2x3 ≤ 0,

x1 + 2x2 + 2x3 ≤ 72,

x1 ≤ 20,

x2 ≤ 11.
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1]model:

2] sets:

3] var/1..3/: x;

4] endsets

5] max=x(1)*x(2)*x(3);

6] -x(1)-2*x(2)-2*x(3)<=0;

7] x(1)+2*x(2)+2*x(3)<=72;

8] x(1)<=20;

9] x(2)<=11;

10] @for(var:@free(x));

11]end

12∼41´Cþ`²§151´8I¼ê§16∼91´�
å¼ê, 1101`²CþxÃ�K��"
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ÙO�(J�

Local optimal solution found at step: 7

Objective value: 3300.000

Variable Value Reduced Cost

X( 1) 20.00000 0.0000000

X( 2) 11.00000 0.0000000

X( 3) 15.00000 0.0000000
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5.3. ¦¦¦)))���ggg555yyy¯̄̄KKK

éu�g5y¯Kµ

min f (x) =
1

2
xTHx + cTx,

s.t. Ax ≤ b.

�Ñ�A�Lingo�é=�.

~X¦)�g5y¯K

min x2
1 + x2

2 − 2x1 − 4x2,

s.t. x1 + x2 ≤ 1,

−x1 ≤ 0,

−x2 ≤ 0.
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1]model:

2] sets:

3] var/1..2/: c,x;

4] str/1..3/: b;

5] matrix(var,var): H;

6] constr(str,var): A;

7] endsets

8]

9] @for(var: @free(x));

10] min=@sum(matrix(i,j):

11] .5*H(i,j)*x(i)*x(j))+@sum(var(i):c(i)*x(i));

12] @for(str(i):

13] @sum(var(j):A(i,j)*x(j))<=b(i));
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14] data:

15] H=2, 0, 0, 2;

16] c=-2, -4;

17] A=1, 1, -1, 0, 0, -1;

18] b=1, 0, 0;

19] enddata

20]end

12 ∼ 71´Cþ`²§½Â�þb, c, xÚÝ
H, A.

191`²CþÃ��"1101´8I¼ê§111 ∼
121´�å¼ê"113 ∼ 18´êâ8Ü"éuÙ¦��
g5y¯K§�I�U�A�êâ8Ü=�"
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ÙO�(J�

Local optimal solution found at step: 4

Objective value: -3.000000

Variable Value Reduced Cost

X( 1) 0.1130181E-06 0.0000000

X( 2) 0.9999999 0.0000000
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5.4. ���`̀̀zzz¯̄̄KKK���AAA^̂̂—­­­���[[[ÜÜÜ¯̄̄KKK
®���þy�6u,��þx. yÂ8kêâXeµ

x 0.0 0.5 1.0 1.5 1.9 2.5 3.0 3.5 4.0 4.5

y 1.0 0.9 0.7 1.5 2.0 2.4 3.2 2.0 2.7 3.5

x 5.0 5.5 6.0 6.6 7.0 7.6 8.5 9.0 10.0

y 1.0 4.0 3.6 2.7 5.7 4.6 6.0 6.8 7.3
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(1) ¦[Ü±þêâ���y = ax + b, 8I�¦y���

*	�ÓU��'X¤ýÏ���ýé �oÚ�

��¶

(2) ¦[Ü±þêâ���§8I�¦y�*	�ÓýÏ
���� ����¶

(3) ¦[Ü±þêâ��g­�y = ax2 + bx + c, ©O

^(1)Ú(2)ü«8I"
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)µ(1) T¯K´Ø��`z¯K"¦~êa, b¦�ýé
 �oÚ����§=

min
a, b

n∑
i=1

|axi + b− yi| .
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�A�Lingo�óXe

1]model:

2] sets:

3] quantity/1..19/: x,y;

4] endsets

5]

6] min=@sum(quantity: @abs(a*x+b-y));

7] @free(a);

8] @free(b);

9]
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10] data:

11] x=0.0,0.5,1.0,1.5,1.9,2.5,3.0,3.5,4.0,4.5,

12] 5.0,5.5,6.0,6.6,7.0,7.6,8.5,9.0,10.0;

13] y=1.0,0.9,0.7,1.5,2.0,2.4,3.2,2.0,2.7, 3.5,

14] 1.0,4.0,3.6,2.7,5.7,4.6,6.0,6.8,7.3;

15] enddata

16]end

�`)�µa = 0.6375, b = 0.5813, =

y = 0.6375x + 0.58125.
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(2) Ù�`z¯K�

min
a, b

max
1≤i≤n

|axi + b− yi| ,

�A��`���§�µ

y = 0.6246x− 0.3978.

http://www.bjut.edu.cn


�`z¯K�êÆ�.

��|¢

¦)Ã�å¯K�eü�{

¨v¼ê{

^LINGO^��¦)�` . . .

¢~©Û— �1+n¯K

� ¯ Ì �

I K �

JJ II

J I

1 92 � � 102 �

� £

� ¶ w «

' 4

ò Ñ

(3) �A��`z¯K�

min
a, b, c

n∑
i=1

∣∣ax2
i + bxi + c− yi

∣∣ ,
Ú

min
a, b, c

max
1≤i≤n

∣∣ax2
i + bxi + c− yi

∣∣ .
�A��`)�µ

y = 0.03382x2 + 0.2940x + 0.9830,

Ú
y = 0.1250x2 − 0.6250x + 2.4750.
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6 ¢~©Û— �1+n¯K

� 1 + n ¯ K ´1995c � I � Æ ) ê Æ ï � ¿
mAK.
6.1. ���111+++nnn¯̄̄KKK

3�10,000�p��,>�160ún���/«�
S, ²~keZe�Å�Y²�1. «�Sze�Å� 

�Ú�Ý�þþdO�ÅP¹Ùêâ, ±B?1�1+
n. ��e�Å�?\T«���Å��«��>��,

P¹Ùêâ�, �á=O�¿�ä´Ä¬�«�S��
Åu)-E. XJ¬-E, KAO�XÛN��e(�)
#?\�)�Å�1����, ±;�-E. yb½^�

Xe:
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1) Ø-E�IO�?¿üe�Å�ål�u8ún;

2) �Å�1���N��ÌÝØA�L30Ý;

3) ¤k�Å�1�Ýþ�z��800ún;

4) ?\T«���Å3��«�>��, �«�S�Å
�ålA360ún±þ;

5) �õI�Ä6e�Å;

6) Ø7�Ä�Ålmd«���G¹.

�\éù�;�-E��1+n¯KïáêÆ�
., �ÑO�Ú½, é±eêâ?1O�(���Ø�Ø

�L0.01Ý), �¦�Å�1���N��ÌÝ¦þ�.

�T«�4�º:��I�(0, 0), (160, 0), (160, 160),

(0, 160).
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P¹êâXL5.6.1¤«"

5: �����1���X¶���Y�.

Á�â¢SA^cµé\��.?1µd�í2.
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6.2. êêêÆÆÆ���...���ïïïááá
�(xi0, yi0, θi0)�1ie�Å�Ð© �ÚÐ©� 

�, ∆θi�1ie�Å� ��UCþ, N���� ��

θi = θi0 + ∆θi, i = 1, 2, · · · , 6.

� â � é $ Ä � n, ü e � Å � � é � Ý � �

�(v(cos θi − cos θj), v(sin θi − sin θj)), 3t����é 

��

(xi0− xj0 + vt(cos θi− cos θj), yi0− yj0 + vt(sin θi− sin θj)).

-vt = l, Kk

cij(θ, l) = (xi0 − xj0 + l(cos θi − cos θj))
2

+ (yi0 − yj0 + l(sin θi − sin θj))
2 ,

Ù¥θ = (θ1, θ2, · · · , θ6).
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Ïd�1+n¯K8B�

min

6∑
i=1

[∆θi]
2 , (6.1)

s .t . cij(θ, l) ≥ 64 1 ≤ i, j ≤ 6, i 6= j, (6.2)

|∆θi| ≤ 300 i = 1, 2, · · · , 6, (6.3)

ù´����55y¯K, ��å¥¹këêl, �âK
¿, Ù��´0 ≤ l ≤ 160

√
2, ù¢Sþ´��ëê5y¯

K.
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6.3. ¯̄̄KKK���¦¦¦)))

X Û | ^ · � c ¡ ù L � � { ¦ ) ¯ K(6.1)–

(6.3)Q? �«{ü
q�*��{´òëêllÑz,

��

min

6∑
i=1

[∆θi]
2 , (6.4)

s.t. cij(θ, lk) ≥ 64, 1 ≤ i, j ≤ 6, i 6= j, k = 1, 2, · · · , r,(6.5)

|∆θi| ≤ 300, i = 1, 2, · · · , 6. (6.6)

·�ÏL¦)(6.4)–(6.6)5��(6.1)–(6.3)��`).
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�ùqÑy#�¯K: (1) XÛ(½rÚlk��? (2)d
¯K(6.4)–(6.6) ����`)UÄ÷v¯K(6.1)–(6.3)�
�å^�? éu���¹, ùü�¯K´�J)û�, �
éu�1+n¯K, ·�ÏL©Û, �´U
��)û
�.
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�?¿üe�Å3�1¥���Cål�, Ùëêl�

l = −(xi0 − xj0)(cos θi − cos θj) + (yi0 − yj0)(sin θi − sin θj)

(cos θi − cos θj)2 + (sin θi − sin θj)2
.

ÏLO�, eØUC� �, �Å¬3«�Skü?¬u
)-E(=Ø÷vcij(θ, l) ≥ 64). �cij(θ, l)�����, Ù
ëê�

l = 108.4009 Ú l = 99.2123

�. Ïd�k�

r = 2, l1 = 108.4009 Ú l2 = 99.2123.

òþãëê�\¯K(6.4)–(6.6), ^�å�`z�{¦)
¯K(6.4)–(6.6), Ù�`)�

∆θ(1) = (0, 0, 1.8879, 0, 0, 1.8809).
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�d�, ò∆θ(1)�\¯K(6.1)–(6.3)��å^��, Ù�
å^�¿ØU÷v. �cij(θ, l)�����, Ùëê�

l = 108.3266 Ú l = 96.5197,

Ïd2�l1 = 108.3266, l2 = 96.5197�\¯K(6.4)–(6.6),

¦)��

∆θ(2) = (0.0001, 0, 2.1143,−0.4738, 1.6550).
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�EØU÷v�å^�, d�ëê�

l = 108.2841 Ú l = 96.6512,

Ï d 2 �l1 = 108.2841, l2 = 96.6512, 1 n g ¦ ) ¯

K(6.4)–(6.6), ��

∆θ(3) = (0, 0, 2.1203,−0.4701, 0, 1.6492).

Ù(J÷v¯K(6.1)–(6.3)��å^�, Ïd·�ò∆θ(3)

���1+n¯K��`), Ùo�ÝUCþ�4.2399.
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