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�êþ�I§¡��I¼ê"

�I¼ê�T�ã�G�CþÚT�ã���ã�
ûüCþk'§P�Vk,n, =

Vk,n = Vk,n(uk, xk, xk+1, · · · , xn).

¡�I¼ê��`���`�¼ê§P�fk(uk), =

fk(uk) = optVk,n,
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d§f3(C1) = 1.
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1��ã"k��Ñu:B1, B2. elB1Ñu§K
kn«ÀJ§©O´�C1, C2ÚC3�D, Ïd§

f2(B1) = min


d(B1, C1) + f3(C1)

d(B1, C2) + f3(C2)

d(B1, C3) + f3(C3)

 = min


3 + 1

3 + 3

1 + 4

 = 4.

�A�ûü�u2(B1) = C1. ù`²§dB1�ª:D��

áål�4§Ù�á´�´

B1 → C1 → D.
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Ón§lB2Ñuk

f2(B2) = min


d(B2, C1) + f3(C1)

d(B2, C2) + f3(C2)

d(B2, C3) + f3(C3)

 = min


2 + 1

3 + 3

1 + 4

 = 3.

�A�ûü�u2(B2) = C1. ù`²§dB2�ª:D��

áål�3§Ù�á´�´

B2 → C1 → D.
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1��ã"�k��Ñu:A§Kk

f1(A) = min

{
d(A, B1) + f2(B1)

d(A, B2) + f2(B2)

}
= min

{
2 + 4

4 + 3

}
= 6.

�A�ûü�u1(A) = B1. u´��lå:A�ª:D�
�áål�6"

�
éÑ�á´§2UO��^S�L5í§
du1(A) = B1§u2(B1) = C1, u3(C1) = D|¤���`ü

Ñ§l
éÑ�A��á´�µ

A → B1 → C1 → D.
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á´§
�é�
l�:�ª:��á´"

lþãO�L§�±wÑ§3¦)���ã¥§|
^
k�ã�k + 1�ã�m�4í'Xµ

fk(xk) = min
uk∈Dk(xk)

{d(xk, uk(xk)) + fk+1(uk(xk))}, (1.1)

k = 3, 2, 1,

f4(x4) = 0. (1.2)

¡(1.1)–(1.2)�Ä�5y�Ä��§"
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1.3. ���`̀̀zzz���nnn(Bellman ���`̀̀zzz���nnn)

��L§��`üÑäkù��5�§=ÃØÙÐ
©G�9ÙÐ©ûüXÛ§Ù�Ãûüé±1��ûü

¤/¤�G���Ð©G�
ó§7L�¤�`üÑ"

http://www.bjut.edu.cn


�á´¯K�Ä�5y . . .

]
©�¯K

��¯K

õ�ã)�Sü¯K

^LINGO^�¦)Ä . . .

� ¯ Ì �

I K �

JJ II

J I

1 25 � � 70 �

� £

� ¶ w «

' 4

ò Ñ

�
�Ð/N¬Ä�5y�Ä�g�§2w���E,
�~f"

~~~4.1.2¦Xã4.1.4¤«�A�G��á´"

ã4.1.4 �á´¯K

http://www.bjut.edu.cn


�á´¯K�Ä�5y . . .

]
©�¯K

��¯K

õ�ã)�Sü¯K

^LINGO^�¦)Ä . . .

� ¯ Ì �

I K �

JJ II

J I

1 26 � � 70 �

� £

� ¶ w «

' 4

ò Ñ

Uìþã�{§3ãþ��O���µ

ã4.1.5 �á´¯K�O�(J

http://www.bjut.edu.cn


�á´¯K�Ä�5y . . .

]
©�¯K

��¯K

õ�ã)�Sü¯K

^LINGO^�¦)Ä . . .

� ¯ Ì �

I K �

JJ II

J I

1 27 � � 70 �

� £

� ¶ w «

' 4

ò Ñ

3�!���§ù��°�©��¯K"ù�¯K
�[�U�L§3ùp�^Ä�5y�Ä�g�5¦
)"

lckÊ�°�§¼�100��}�"¦�Ø�

²þ©�§Ò�Ñ
ù��«�{µk�Ê�\©O

´1�5§,�?1Ä\"dÄ�1�\�@�°�k`

Ñ�«©��Y§XJ�ê£Ø¹�ê¤±þ<Ó¿§
ÒU¦��Y?1©�¶ÄK§¦Ò¬�E?°p"2
dÄ�1�\�<`Ñe�«©��Y§�gaí"¯
Ä�1��\�°�XÛ©�âU¦gC�|Ã��
zº

3g�¯K�A5¿±eA:µ(1) �êÓ¿��

�íe°"(2) XJ°�¼��}�ØC§@o¦@�

k�<�õ�Ð"(3) z�°�Ñ´h²ýº"

http://www.bjut.edu.cn


�á´¯K�Ä�5y . . .

]
©�¯K

��¯K

õ�ã)�Sü¯K

^LINGO^�¦)Ä . . .

� ¯ Ì �

I K �

JJ II

J I

1 28 � � 70 �

� £

� ¶ w «

' 4

ò Ñ

2 ]
©�¯K

]
©�¯KÒ´òk��]
©��eZ�¦^
ö§¦�o��Ã��"

� , ú i y k � ) ]7a(��)§ � � © � � §

eá�n�fúi§^u*�2)�"b�xi(��)�

1i�fúi©���]7ê§g(xi)�1i�fúi3�
�xi(��)]7�¤�)�|d(��)"@ooúiòX

ÛÝ]§âU¦�o|d����º

http://www.bjut.edu.cn


�á´¯K�Ä�5y . . .

]
©�¯K

��¯K

õ�ã)�Sü¯K

^LINGO^�¦)Ä . . .

� ¯ Ì �

I K �

JJ II

J I

1 29 � � 70 �

� £

� ¶ w «

' 4

ò Ñ

ù«Ý]¯K�êÆ�.�

max

n∑
i=1

gi(xi),

s.t.
n∑

i=1

xi = a,

xi ≥ 0, i = 1, 2, · · · , n.

^Ä�5y�{¦)"ò¯K©¤õ��ã"�

fk(y) — ±êþ�y�]7©��ck�fúi

�)���|d§

K¯K=z�¦fn(a).
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©Ûµ·��Ä1�Ú§òêþ�y�]7�Ü©�1
��fúi¤�)���|d§=

f1(y) = max
0≤x1≤y

g1(x1), (2.1)

@o§òêþy�]7©�ck�fúi�)���|d

´õ�Qº·��Ñ�A�G�=£�§"XJòêþ
�xk�]7©�1k�fúi§@o�e�y − xk�]7
Ò©�ck− 1�fúi§Uì·��b�§ck− 1�f

úi�)���|d´fk−1(y − xk), ¤±G�=£�§
�

fk(y) = max
0≤xk≤y

{gk(xk) + fk−1(y − xk)} . (2.2)

dþã4íúª§Ò�±O�Ñfn(a)"
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·�w��~f"b�oúi��<Ñ60��§©��

eá�4�fúi§z�fúi�)�|dgi(xi)deL

�Ñ
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)µ1��ãµ¦f1(y). d(2.1)ª§=

f1(y) = max
0≤x1≤y

g1(x1) = g1(y),

¤±
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1��ãµ¦f2(y). dG�=£�§(2.2), =

f2(y) = max
0≤x2≤y

{g2(x2) + f1(y − x2)}

O �f2(y). 3 ù p � � l Ñ � § = �y =

0, 10, 20, 30, 40, 50, 60���¹"w,kf2(0) = 0.

�y = 10�§k

f2(10) = max
x2=0,10

{g2(x2) + f1(10− x2)}

= max{g2(0) + f1(10), g2(10) + f1(0)}
= max{0 + 20, 20 + 0}
= 20,

Ù�`üÑ´(10, 0)½(0, 10)"
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�y = 20�§k

f2(20) = max
x2=0,10,20

{g2(x2) + f1(20− x2)}

= max{g2(0) + f1(20), g2(10) + f1(10), g2(20) + f1(0)}
= max{0 + 50, 20 + 20, 40 + 0}
= 50,

Ù�`üÑ´(20, 0).
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�y = 30�§k

f2(30) = max
x2=0,10,20,30

{g2(x2) + f1(30− x2)}

= max{g2(0) + f1(30), g2(10) + f1(20), g2(20) + f1(10),

g2(30) + f1(0)}
= max{0 + 65, 20 + 50, 40 + 20, 50 + 0}
= 70,

Ù�`üÑ´(20, 10).
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�y = 40�§k

f2(40) = max
x2=0,10,···,40

{g2(x2) + f1(40− x2)}

= max{g2(0) + f1(40), g2(10) + f1(30), g2(20) + f1(20),

g2(30) + f1(10), g2(40) + f1(0)}
= max{0 + 80, 20 + 65, 40 + 50, 50 + 20, 55 + 0}
= 90,

Ù�`üÑ´(20, 20).
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�y = 50�§k

f2(50) = max
x2=0,10,···,50

{g2(x2) + f1(50− x2)}

= max{g2(0) + f1(50), g2(10) + f1(40), g2(20) + f1(30),

g2(30) + f1(20), g2(40) + f1(10), g2(50) + f1(0)}
= max{0 + 85, 20 + 80, 40 + 65, 50 + 50, 55 + 20, 60 + 0}
= 105,

Ù�`üÑ´(30, 20).
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�y = 60�§k

f2(60) = max
x2=0,10,···,60

{g2(x2) + f1(60− x2)}

= max{g2(0) + f1(60), g2(10) + f1(50), g2(20) + f1(40),

g2(30) + f1(30), g2(40) + f1(20),

g2(50) + f1(10), g2(60) + f1(0)}
= max{0 + 85, 20 + 85, 40 + 80, 50 + 65,

55 + 50, 60 + 20, 65 + 0}
= 120,

Ù�`üÑ´(40, 20).
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d þ ã O � § � � c ü � f ú i � � ` � Y § X

L4.2.3¤«
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1n�ãµ²L�þãaq�O�§��cn�fúi

��`�Y§XL4.2.4¤«.
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��§1o�ã§2|^(2.2)ª"ùp�IO�f4(60)

f4(60) = max
x2=0,10,···,60

{g4(x2) + f3(60− x2)}

= max{g4(0) + f3(60), g4(10) + f3(50),

g4(20) + f3(40), g4(30) + f3(30), g4(40) + f3(20),

g4(50) + f3(10), g4(60) + f3(0)}
= max{0 + 155, 25 + 135, 40 + 110, 50 + 85,

60 + 60, 65 + 25, 70 + 0}
= 160,

y3�Ä�`üÑ"dþª��§����|d�
üÑ´ò50���]7©��c3�fúi§14�fú

i©�10��"
2dL4.2.4�§c3�fúi��50����`ü

Ñ´(20, 0, 30), ù��ª��`üÑ�(20, 0, 30, 10).
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3þã~f¥§gi(xi)´lÑ¼ê"éu���
¹§gi(xi)´ëY¼ê§¦)�U¬E,�
"�§�

·�Jø
�«¦)da`z¯K

max g1(x1) + g2(x2) + · · · + gn(xn), (2.3)

s.t. a1x1 + a2x2 + · · · + anxn = b, (2.4)

x1, x2, · · · , xn ≥ 0 (2.5)

��{§ùpa1, a2, · · · , anþ��ê"

�UXe�{�EÑ¯K(2.3)–(2.5)�G�=£�
§"-

f1(y) = max
a1x1≤y

g1(x1), (2.6)

fk(y) = max
akxk≤y

{gk(xk) + fk−1(y − akxk)} . (2.7)

Ïd§¯K�)�fn(b).
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~~~4.2.1¦)��55y¯K

max 4x2
1 − x2

2 + 2x2
3 + 12,

s .t . 3x1 + 2x2 + x3 = 9,

x1, x2, x3 ≥ 0.

)µ U ì ½ Â § � � �g1(x1) = 4x2
1, g2(x2) = −x2

2,

g3(x3) = 2x2
3 + 12. d(2.6)ªO�Ñf1(y).

f1(y) = max
0≤3x1≤y

4x2
1 =

4

9
y2,

(
x1 =

y

3

)
d�§ x1 =

y

3
�����"
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2d(2.7)ªO�Ñf2(y),

f2(y) = max
0≤2x2≤y

{
−x2

2 +
4

9
(y − 2x2)

2

}
= max

0≤x2≤y
2

{
1

9
(7x2

2 − 16yx2 + 4y2)

}
=

4

9
y2, (x2 = 0).
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��2|^(2.7)ªO�f3(9),

f3(9) = max
0≤x3≤9

{
2x2

3 + 12 +
4

9
(9− x3)

2

}
= max

0≤x3≤9

{
1

9
(22x2

3 − 72x3 + 432)

}
= 172, (x3 = 9).

y35©Û�e§�`üÑ´�o"5¿�313�
ã§x3 = 9, Ú12�ã§x2 = 0, @o11�ã�x1��

�A�
x1 = 9− 9− 0 = 0,

¤±�`:´x∗ = (0, 0, 9)T .
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�k�aë¦È�¯K

max g1(x1) · g2(x2) · · · · · gn(xn),

s .t . a1x1 + a2x2 + · · · + anxn = b,

x1, x2, · · · , xn ≥ 0.

��^d�{O�"ÙG�=£�§�

f1(y) = max
a1x1≤y

g1(x1),

fk(y) = max
akxk≤y

{gk(xk) · fk−1(y − akxk)} .

·��±^ù��{¦)e¡�¯K"
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~~~4.2.2¦)��55y¯K

max x1x2 · · ·xn, (2.8)

s .t . x1 + x2 + · · · + xn = c, (2.9)

x1, x2, · · · , xn ≥ 0. (2.10)

¯K(2.8)–(2.10)´��;.�AÛ5y¯K"4\y

²µ�n�ê�Ú��~ê§Ù¦È3�o�ÿ���

�"

£(Ø´µn�êþ���¦È����"¤�\
^·�ù��{¦ÑT¯K�)§3ùpÒØ�Ñ�[

�í�L§
"
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3 ��¯K

��¯K´�a�ê5y¯K§§�QãXeµ�
kn�Ô¬§�1i�Ô¬�­þ�ai, Ùd��ci, 
�

�U«É�o­þ´b§¯AXÛÀJù
Ô¬§¦�

�¥¤CÔ¬�d���º

�1i�Ô¬Cxi�§K��XeêÆL�ªµ

max c1x1 + c2x2 + · · · + cnxn,

s .t . a1x1 + a2x2 + · · · + anxn ≤ b,

x1, x2, · · · , xn ≥ 0, � xi ��ê.
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ù´���ê5y¯K§�,�±^�ê5y��{¦
)"·��´ïáG�=£�§§�fk(y)L«�¥�U
Ck�Ô¬§�o­þØU�Ly���d�"ù�·�
��

f1(y) = max
0≤a1x1≤y

x1��ê

c1x1 = max
0≤x1≤d y

a1
e���ê

c1x1 = c1

⌈
y

a1

⌉
,(3.1)

fk(y) = max
0≤xk≤d y

ak
e���ê

{ckxk + fk−1(y − akxk)}, (3.2)

Ù¥d·eL«Ø�L§����ê"
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y3·�5w��äN�~f"�k��¯KXe

i 1 2 3

ai 3 2 5

ci 8 5 12

����o­þ�5"

þã��¯K�¤êÆL�ª�

max (8x1 + 5x2 + 12x3),

s .t . 3x1 + 2x2 + 5x3 ≤ 5,

x1, x2, x3 ≥ 0 ���ê.
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y3�äN¯K´k3�Ô¬�±C§��#NC

�o­þ�5§�Ò´`·��¦�´f3(5).

·�|^G�=£�§(3.2)5O�f3(5)§Ïdk

f3(5) = max
0≤x3≤d5

5e���ê
{12x3 + f2(5− 5x3)}

= max
x3=0½ 1

{12x3 + f2(5− 5x3)}

= max{0 + f2(5), 12 + f2(0)}, (3.3)

ùpf2(5)Úf2(0)´���"e¡·�Ò5O�§�"
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E,|^G�=£�§(3.2), ��

f2(5) = max
0≤x2≤d5

2e���ê
{5x2 + f1(5− 2x2)}

= max
x2=0, 1, 2

{5x2 + f1(5− 2x2)}

= max{0 + f1(5), 5 + f1(3), 10 + f1(1)}, (3.4)

ù pf1(5), f1(3) Úf1(1)E ´�� � " 2 O �f2(0)§
d(3.2)ª��

f2(0) = max
0≤x2≤d0

2e���ê
{5x2 + f1(0− 2x2)}

= max
x2=0

{5x2 + f1(0− 2x2)}

= 0 + f1(0). (3.5)
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��§·�O�f1(5), f1(3), f1(1)Úf1(0)§d(3.1)ª§�
�

f1(5) = 8

⌈
5

3

⌉
= 8, f1(3) = 8

⌈
3

3

⌉
= 8, (3.6)

f1(1) = 8

⌈
1

3

⌉
= 0, f1(0) = 0. (3.7)

òª(3.6)Úª(3.7)�£(3.5)Ú(3.4)ª§��

f2(0) = 0 + f1(0) = 0, (3.8)

f2(5) = max{0 + f1(5), 5 + f1(3), 10 + f1(1)}
= max{0 + 8, 5 + 8, 10 + 0} = 13, (3.9)
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2ò(3.8)Ú(3.9)ª�\(3.3)ª§��

f3(5) = max{0 + f2(5), 12 + f2(0)}
= max{0 + 13, 12 + 0} = 13. (3.10)

e ¡ é Ñ¯K �)" d(3.10)ª � § �x3 =

0� §f3(·)� � � � � " 3 ù « � ¹ e § d(3.9)ª
� § �x2 = 1� §f2(·)� � � � � " 2 d(3.6)ª
�§f1(3)´x1 = 1, ¤±�`)�x∗ = (1, 1, 0)§=1
��Ô¬C1�§1��Ô¬C1�§
1n�Ô¬Ø

C§d�o­þ�5§�`�8I��13.
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4 õ�ã)�Sü¯K

,«á��^uü«�ª)�§^�Ø�)�Ã

	§�k�Ü©£Â§L4.4.1L«�´)��ª!�Ã

9£Â�m�'X

Ù¥a1 ∈ (0, 1), a2 ∈ (0, 1).

¯Kµeká�x̄�ü §Oy?1n��ã�)
�§XÛÝ\á�§¦o�Ã����º

http://www.bjut.edu.cn


�á´¯K�Ä�5y . . .

]
©�¯K

��¯K

õ�ã)�Sü¯K

^LINGO^�¦)Ä . . .

� ¯ Ì �

I K �

JJ II

J I

1 56 � � 70 �

� £

� ¶ w «

' 4

ò Ñ

�fk(x)L«Ý\x�ü �á�§��k��ã���
�Ã§Ïd��Xe�4í�§

f1(x) = max
0≤y≤x

{g1(y) + g2(x− y)}, (4.1)

fk(x) = max
0≤y≤x

{g1(y) + g2(x− y) + fk−1(a1y + a2(x− y))}.(4.2)

ù�¯K{z�¦fn(x̄).

·�w��äN�¯K"b�yká�x̄ = 100�

ü §Oy?1n��ã£n = 3¤�)�§Ù�Ã¼
ê©O´g1(x) = 0.6x, g2(x) = 0.5x, £ÂÇ©O�a1 =

0.1, a2 = 0.4,¯µAXÛSü)��ªº
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d(4.1)ªÚ®�^��§

f1(x) = max
0≤y≤x

{g1(y) + g2(x− y)}

= max
0≤y≤x

{0.6y + 0.5(x− y)}

= max
0≤y≤x

{0.5x + 0.1y} = 0.6x (y = x),

f2(x) = max
0≤y≤x

{g1(y) + g2(x− y) + f1(a1y + a2(x− y))}

= max
0≤y≤x

{0.6y + 0.5(x− y) + 0.6(0.1y + 0.4(x− y))}

= max
0≤y≤x

{0.74x− 0.08y} = 0.74x (y = 0),

f3(x) = max
0≤y≤x

{g1(y) + g2(x− y) + f2(a1y + a2(x− y))}

= max
0≤y≤x

{0.6y + 0.5(x− y) + 0.74(0.1y + 0.4(x− y))}

= max
0≤y≤x

{0.796x− 0.122y} = 0.796x (y = 0).

�x̄ = 100�§kf3(100) = 79.6.
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e¡·�5w�e)��ª"

• 1�c£k = 3§=��nc¤�Ü^�ªII)�
£y = 0¤;

• 1�c£k = 2§=���c¤�Ü^�ªII)�
£y = 0¤;

• 1nc£k = 1§=���c¤�Ü^�ªI)�
£y = x¤"
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5 ^LINGO^�¦)Ä�5y¯K

3�!0�^LINGO^�¦)Ä�5y¯K"
5.1. ���ááá´́́¯̄̄KKK
�á´¯K´;.�Ä�5y¯K§3§4.1¥0�
�

á´�¦)�{§ùp0�^LINGO^�¦)�á´¯
K§e¡�LINGO§S´±~4.1.1�~?��"
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1] MODEL:

2] SETS:

3] ! Dynamic programming illustration.

4] We have a network of 7 cities.

5] We want to find the shortest route

6] from city A to city D. (see example 4.1.1);

7] ! Here is our primitive set of 7 cities,

8] where F( i) is the shortest path distance

9] from city i to the last city;

10] CITIES /A, B1, B2, C1, C2, C3, D/: F;
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11]! The derived set ROADS lists the roads that

12] exist between the cities (note: not all

13] city pairs are directly linked by a road,

14] and roads are assumed to be one way.);

15] ROADS( CITIES, CITIES)/

16] A,B1 A,B2 B1,C1 B1,C2 B1,C3 B2,C1

17] B2,C2 B2,C3 C1,D C2,D C3,D/: W;

18]! W(i,j) is the cost to travel from city i to j;

19]ENDSETS

20]
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21]DATA:

22] ! Here are the distances that correspond

23] to the above links;

24] W = 2 4 3 3 1 2

25] 3 1 1 3 4;

26]ENDDATA

27]

28] ! If you are already in City D, then the

29] cost to travel to City D is 0;

30] F( @SIZE( CITIES)) = 0;

31]
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32] ! The following is the classic Dynamic

33] Programming recursion. In words, the

34] shortest distance from City i to City D is

35] the minimum over all cities j reachable

36] from i of the sum of the distance from

37] i to j plus the minimal distance from

38] j to City D;

39] @FOR( CITIES( i)| i #LT# @SIZE( CITIES):

40] F(i)=@MIN(ROADS(i,j): W(i,j)+F(j)));

41] END
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Lingo^��Ñ
�:�D:��á´§
Variable Value

F( A) 6.000000

F( B1) 4.000000

F( B2) 3.000000

F( C1) 1.000000

F( C2) 3.000000

F( C3) 4.000000

F( D) 0.000000

Ù":´vk���Ñ�A��`üÑ"
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5.2. ÝÝÝ]]]©©©���¯̄̄KKK
¤¢Ý]©�¯KÒ´��êÆ5y¯K

max

n∑
i=1

gi(xi), (5.1)

s .t .
n∑

i=1

xi = a, (5.2)

xi ≥ 0, i = 1, 2, · · · , n. (5.3)

� ± ��| ^LINGO^ � ¦)" X é u ~4.2.1§
ÙLINGO�óXe§
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1]MODEL:

2] SETS:

3] variables/1..3/: x;

4] ENDSETS

5]

6] max=4*x(1)ˆ2-x(2)ˆ2+2*x(3)ˆ2+12;

7] 3*x(1)+2*x(2)+x(3)=9;

8]END
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ÙO�(J�
Local optimal solution found at step: 3

Objective value: 174.0000

Variable Value Reduced Cost

X( 1) 0.0000000 -108.0000

X( 2) 0.0000000 -72.00002

X( 3) 9.000000 0.0000000
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5.3. ������¯̄̄KKK
��¯K¢SþÒ´���ê5y¯K

max c1x1 + c2x2 + · · · + cnxn,

s .t . a1x1 + a2x2 + · · · + anxn ≤ b,

x1, x2, · · · , xn ≥ 0, � xi ��ê.

éAu§4.3���¯K�LINGO�óXe§
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1]MODEL:

2] SETS:

3] variables/1..3/: a, c, x;

4] ENDSETS

5]

6] DATA:

7] a=3, 2, 5;

8] b=5;

9] c=8, 5, 12;

10] ENDDATA

11]

12] MAX=@SUM(variables: c*x);

13] @SUM(variables: a*x)<=b;

14] @FOR(variables: @GIN(x));

15]END
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�A�O�(J�
Global optimal solution found at step: 0

Objective value: 13.00000

Branch count: 0

Variable Value Reduced Cost

X( 1) 1.000000 -8.000000

X( 2) 1.000000 -5.000000

X( 3) 0.0000000 -12.00000
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