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MULTIVARIATE THEORY FOR ANALYZING HIGH
DIMENSIONAL DATA

M. S. Srivastava*

In this article, we develop a multivariate theory for analyzing multivariate
datasets that have fewer observations than dimensions. More specifically, we con-
sider the problem of testing the hypothesis that the mean vector p of a p-dimensional
random vector x is a zero vector where N, the number of independent observations
on x, is less than the dimension p. It is assumed that = is normally distributed
with mean vector p and unknown nonsingular covariance matrix ¥. We propose the
test statistic F* = n"?(p —n + 1)Nz'S™Z, wheren = N —1 < p, & and S are
the sample mean vector and the sample covariance matrix respectively, and S* is
the Moore-Penrose inverse of S. It is shown that a suitably normalized version of
the F'* statistic is asymptotically normally distributed under the hypothesis. The
asymptotic non-null distribution in one sample case is given. The case when the co-
variance matrix ¥ is singular of rank r but the sample size N is larger than r is also
considered. The corresponding results for the case of two-samples and k samples,
known as MANOVA, are given.

Key words and phrases: Distribution of test statistics, DNA microarray data, fewer
observations than dimension, multivariate analysis of variance, singular Wishart.

1. Introduction

In DNA microarray data, gene expressions are available on thousands of
genes of an individual but there are only few individuals in the dataset. For
example, in the data analyzed by Ibrahim et al. (2002), gene expressions were
available on only 14 individuals, of which 4 were normal tissues and 10 were
endometrial cancer tissues. But even after excluding many genes, the dataset
consisted of observations on 3214 genes. Thus, the observation matrix is a 3214 x
14 matrix. Although these genes are correlated, it is ignored in the analysis.
The empirical Bayes analysis of Efron et al. (2001) also ignores the correlations
among the genes in the analysis of their data. Similarly, in the comparison of
discrimination methods for the classification of tumors using gene expression
data, Dudoit et al. (2002) considered in their Leukemia example 6817 human
genes on 72 subjects from two groups, 38 from the learning set and 34 from the
test set. Although it gives rise to a 6817 x 6817 correlation matrix, they examined
a 72 x 72 correlation matrix. Most of the methods used in the above analyses
ignore the correlations among the genes.

The above cited papers use some criteria for reducing the dimension of the
data. For example, Dudoit et al. (2002) reduce the dimension of their Leukemia
data from 3571 to 40, before they applied their methods of classification on
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the data. Methods for reducing the dimension in microarray data have also
been given by Alter et al. (2000) in their singular value decomposition methods.
Similarly, Eisen et al. (1998) have given a method of clustering the genes using a
measure similar to the Pearson correlation coefficient. Dimension reduction has
also been the objective of Efron et al. (2001) and Ibrahim et al. (2002). Such
reduction of the dimension is important in microarray data analysis because
even though there are observations on thousands of genes, there are relatively
few genes that reflect the differences between the two groups of data or several
groups of data. Thus, in analyzing any microarray data, the first step should be
to reduce the dimension. The theory developed in this paper provides a method
for reducing the dimension.

The sample covariance matrix for the microarray datasets on N individuals
with p genes in which p is larger than NV is a singular matrix of rank n = N — 1.
For example if x;; denotes the gene expression of the i-th gene on the k-th
individual, ¢ = 1,...,p, k = 1,..., N, then the sample covariance matrix is of
the order p x p given by

S = (si5),

where
N

nsij = Y (v — Ti) (Tjk — Tj),
k=1
and 7; and Z; are the sample means of the i-th and j-th genes’ expressions,
z; = N1 fo:l Ty, Tj = N1 fozl xj;. The corresponding p x p population
covariance matrix X will be assumed to be positive-definite. To understand the
difficulty in analyzing such a dataset, let us divide the p genes arbitrarily into two
groups, one consisting of n = N —1 genes and the other consisting of ¢ = p— N+1
genes. We write the sample covariance matrix for the two partitioned groups as

S11 S12
S = . Soo = (s22i5),
<S{2 522> ’

where S12 = (8121,...,8129) : X ¢, ¢ =p—n, n =N — 1. Then the sample
multiple correlation between the i-th gene in the second group with the n genes
in the first group is given by

-1 7 o-1
$599i:812:911 S12i-

However, since the matrix S is of rank n, it follows from Srivastava and Khatri
(1979, p. 11) that
Sas = 81591 S,

giving so94 = 3’1%5’1_113121'. Thus, the sample multiple correlation between any
gene ¢ in the second set with the first set is always equal to one for all ¢ =
1,...,p — n. Similarly, all the n sample canonical correlations between the two
sets are one for n < (p —n). It thus appears that any inference procedure that
takes into account the correlations among the genes may be based on n genes or
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their linear combinations such as n principal components. On the other hand,
since the test procedure discussed in this article is based on the Moore-Penrose
inverse of the singular sample covariance matrix S = n~!'YY’, which involves
the non-zero eigenvalues of Y'Y’ or equivalently of Y'Y, Y : p x n, it would be
desirable to have a larger p than dictated by the above consideration.

Another situation that often arises in practice is the case when n ~ p. For
in this case, even if n > p and even though theoretically the covariance matrix S
is positive definite, the smaller eigenvalues are really small as demonstrated by
Johnston (2001) for p = n = 10. Since this could also happen if the covariance
matrix is singular of rank r < p, we shall assume that the covariance matrix is
singular of rank » < n. In the analysis of microarrays data, this situation may
arise since the selected number of characteristics could be close to n.

The objective of this article is to develop a multivariate theory for analyz-
ing high-dimensional data. Specifically, we consider the problem of testing the
hypothesis concerning the mean vector in one-sample, equality of the two mean
vectors in the two-sample case, and the equality of several mean vectors—the
so called MANOVA problem in Sections 2, 3 and 4 respectively. The null dis-
tributions of these statistics are also given in these sections. In the one-sample
case, the non-null distribution of the test statistic is also given in Section 2.
The confidence intervals for linear combinations of the mean vectors or for linear
combinations of contrasts in one, two, and more than two samples are given in
Section 5.

Tests for verifying the assumption of the equality of covariances are given in
Section 6. In Section 7, we give a general procedure for reducing the dimension
of the data. An example from Alon et al. (1999) on colon, where the gene
expressions are taken from normal and cancerous genes is discussed in Section 8.
The paper concludes in Section 9.

2. Omne-sample problem

Let p-dimensional random vectors «1, ..., xy be independent and identically
distributed (hereafter referred to as iid) as normal with mean vectors g and
unknown nonsingular covariance matrix . Such a distribution will be denoted
by & ~ Np(p,%). We shall assume that N < p and consider the problem of
testing the hypothesis H : p = 0 against the alternative A : p # 0. The sample
mean vector and the sample covariance matrix are respectively defined by

N
(2.1) izN_lzaci, and S =n"1V,
i=1
where
N
(2.2) V=> (w-%)(x;—x), n=N-1
i=1

Let B* denote the Moore-Penrose inverse of the m x r matrix B satisfying
the four conditions (i) BBTB = B, (ii) BtBB*™ = BT, (iii) (BTB)' = (B*B),
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(iv) (BBT)" = BB™. The Moore-Penrose inverse is unique and is equal to the
inverse of the nonsingular m X m square matrix B. We propose the following
test statistics for testing the hypothesis that g = 0 vs p # 0. Define for n < p,

T+ = NZ'S*®

(2.3) =nNzZ'V'Z.

Let

(2.4) pr_p=n+1T
. - —

Thus, for n < p, we propose the statistic F'* or equivalently the T+? statistic
for testing the hypothesis that pu = 0, against the alternative that p # 0. It
is shown in Subsection 2.1 that F'" is invariant under the linear transformation
x; — cI'x;, c #0, and I'T' = I,,. Let

(n—1)(n+2) (tr S/p)?
n2 1 '
p~L|trS2% — E(tr S)2]

(2.5) b=

An asymptotic distribution of the F'T statistic, given later in Theorem 2.3, is
given by

n\ 172 .
(2.6)  lim P [<2> (b(p—n+ 1) B 1) < Zla] — B(z1_0),

where ® denotes the cumulative distribution function (cdf) of a standard normal
random variable with mean 0 and variance 1. In most practical cases n = O(p5),
0 < 6 < 1, and in this case (2.6) simplifies to

n?p_bw 2

n\1/2 |
(2.7) lim P lcp,n (—) (bFt —1) < zl_a] = ®(21-4),

where we choose
o = [(p—n+1)/(p+ 1)

for fast convergence to normality, see Corollary 2.1.

When
1 1/2

where & is a vector of constants, then the asymptotic power of the F'™ test as
given in Subsection 2.3 is given by

) nbp(p —n+1)"1Ft —n
B(FT) = lim P l n)1/2 > zi—a |

1/2 ,,1
(o (2)(2) ),
p/ \2 a
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where A = diag(A1,...,Ap) and \; are the eigenvalues of the covariance matrix.
A competitive test proposed by Dempster (1958, 1960) is given by

Nz'z
Tp = ( tr S >

The asymptotic power of the Tp test as given by Bai and Saranadasa (1996) is
given by

B(Tp) ~ @ (-Zla + 3%) .

Thus, when ¥ = 721,

8(T0) = [0+ (=) 2]

= s ()" ()

Thus, in this case, Dempster’s test is superior to the F'* test, unless (n/p) — 1.
It is as expected since Dempster’s test is uniformly most powerful among all tests
whose power depends on (' p/+?), see Simaika (1941). This test is also invariant
under the linear transformations @; — cI'z;, ¢ # 0, I'T" = I,,. In other cases, F't
may be preferred if

and

n \1/2
(2.8) (—) WA > P p;
paz

For example, if g ~ N, (0, A), then on the average (2.8) implies that

1/2
(i) (tr A?) > tr A,
baz

that is
2

a
n> —p=bp.
a2

Since a? < ag, such an n exists. Similarly, if pu = )\3 / 2, the same inequality is
obtained and F'* will have better power than the Dempster test.

Next, we compare the power of Tp and FT tests by simulation where the
F* statistic in (2.7) is used. From the asymptotic expressions of the power
given above and in (2.29), it is clear that asymptotically, the tests Tp and Tg
(defined in equation (2.26)) have the same power. Thus, in our comparison
of power, we include only the Dempster’s test Tp as it is also known that if
Y= J2Ip, then the test Tp is the best invariant test under the transformation
x — cl'z, ¢ # 0, I'T = I,, among all tests whose power depends on wp/o?
irrespective of the size of n and p. Therefore it is better than the Hotelling’s
T2%-test (when n > p), Tgs and the F'* tests. However, when ¥ # o021, then no
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ordering between the two tests Tp and FT exist. Thus, we shall compare the
power of the T)p test with the F'* test by simulation when the covariance matrix
Y = diag(dy, . ..,d,) # 0I,. The diagonal elements dy,...,d, are obtained as
an iid sample from several distributions. However, once the values of dy,...,d,
are obtained by a single simulation, they are kept fixed in our simulation study.
Similarly, the values of the elements of the mean vector p for the alternative
hypothesis are obtained as iid observations from some distributions. Once these
values are obtained, they are also held fixed throughout the simulation. In order
that both tests have the same significance level, we obtain by simulation the cut-
off points for the distribution of the statistic under the hypothesis. For example,
for the statistic F'™, we obtain F. such that

(# of F+ > F)
1000

:OZ,

where F™ is calculated from the (n 4 1) samples from N,(0, ) for each 1000
replications. The power is then calculated from the (n+1) samples from N,(p, X)
replicated again 1000 times. We have chosen « to be 0.05. The power of the two
tests are shown in Tables 1-3. The mean vectors for the alternative are obtained
as

py =A{z1,...,zp}, i=1,...,p, z; ~U(-0.5,0.5).
o = {z1,...,2p}, i=1,...,p, for i =2k, x; ~U(-0.5,0.5);
for i=2k+1,2;,=0,k=0,1,...,p— 1.

In our power comparison, we have used the statistic given in Corollary 2.1.

Table 1. Power, ¥ = Ij.

1231 Ho
P n Tp Ft Tp Ft
60 30 | 1.0000 0.9780 | 0.9987  0.8460
100 40 | 1.0000 1.0000 | 1.0000 0.9530
60 | 1.0000 1.0000 | 1.0000  1.0000
80 | 1.0000 1.0000 | 1.0000 0.9970
150 40 | 1.0000 1.0000 | 0.9317 0.9830
60 | 1.0000 1.0000 | 1.0000 1.0000
80 | 1.0000 1.0000 | 1.0000  1.0000
200 40 | 1.0000 1.0000 | 1.0000 0.9870
60 | 1.0000 1.0000 | 1.0000 1.0000
80 | 1.0000 1.0000 | 1.0000  1.0000
400 40 | 1.0000 1.0000 | 1.0000 0.9960
60 | 1.0000 1.0000 | 1.0000 1.0000
80 | 1.0000 1.0000 | 1.0000  1.0000
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Table 2. Power, ¥ = D, D = diag{dx, ...

,dp}, and, d; ~U(2,3),i=1,...

Hq Mo
p n Tp Ft Tp Ft
60 30 | 0.6424 1.0000 | 0.2909 1.0000
100 40 | 0.9417 1.0000 | 0.5934 1.0000
60 | 0.9979 1.0000 | 0.8608 1.0000
80 | 1.0000 1.0000 | 0.9622 1.0000
150 40 | 0.9606 1.0000 | 0.6605 1.0000
60 | 0.9991 1.0000 | 0.9127 1.0000
80 | 1.0000 1.0000 | 0.9829  1.0000
200 40 | 0.9845 1.0000 | 0.7892  1.0000
60 | 0.9998 1.0000 | 0.9668  1.0000
80 | 1.0000 1.0000 | 0.9981 1.0000
400 40 | 1.0000 1.0000 | 0.9032 1.0000
60 | 1.0000 1.0000 | 0.9951 1.0000
80 | 1.0000 1.0000 | 0.9981 1.0000

Table 3. Power, ¥ = D, D = diag{du, ...

s P-

,dp}, and, d; ~ x3,i=1,...,p.

Hq Mo
p_n Tp Ft Tp FT
60 30 | 0.9541 1.0000 | 0.5420 1.0000
100 40 | 0.9998 1.0000 | 0.9394 1.0000
60 | 1.0000 1.0000 | 0.9983 1.0000
80 | 1.0000 1.0000 | 1.0000 1.0000
150 40 | 0.9999 1.0000 | 0.9622 1.0000
60 | 1.0000 1.0000 | 0.9999 1.0000
80 | 1.0000 1.0000 | 1.0000 1.0000
200 40 | 1.0000 1.0000 | 0.9925 1.0000
60 | 1.0000 1.0000 | 1.0000 1.0000
80 | 1.0000 1.0000 | 1.0000 1.0000
400 40 | 1.0000 1.0000 | 0.9996 1.0000
60 | 1.0000 1.0000 | 1.0000 1.0000
80 | 1.0000 1.0000 | 1.0000 1.0000

In other words, the hypothesis H : pu = 0 is rejected if

Ft > {1+

= F.

P{Ft>Ffl=qa

() i)}

Thus, ideally under the hypothesis that g = 0, we should have

59
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if the normal approximation given in Corollary 2.1 is a good approximation.
Thus, in order to ascertain how good this approximation is, we do a simulation
in which we calculate the statistic F'* by taking n+ 1 samples from N (0, D) and
replicating it 1,000 times. We then calculate

# of F* > Ff
1000

=a

and compare it with a. We call & the attained significance level (ASL). We
choose o = 0.05. Tables 4-6 show the closeness of & with a.

2.1. Invariance and other properties of the '™ test
For testing the hypothesis that the mean vector p is equal to a zero vector
against the alternative that p # 0, Hotelling’s T2-test based on the statistic
n—p+1
np

(2.9) F= NZ'S™'z

Table 4. Attained significant level of F'* test under H, sample from N(0, I).

n=30 n=40 n=50 n=60 n=70 n=80 n=90
p=100 | 0.077 0.062 0.057 0.058 0.078 0.098 0.117
p =150 | 0.069 0.069 0.053 0.073 0.067 0.052 0.059
p =200 | 0.053 0.052 0.053 0.047 0.056 0.048 0.039
p =300 | 0.068 0.057 0.064 0.069 0.054 0.037 0.039
p =400 | 0.071 0.064 0.053 0.067 0.053 0.048 0.048

Table 5. Attained significant level of FT test under H, (1) sample from N(0,D).
(2) D = diag(ds,...,dp), where D; ~ U(2,3).

n=30 n=40 n=50 n=60 n=70 n=80 n=90
p =100 | 0.072 0.060 0.055 0.062 0.071 0.096 0.108
p=150 | 0.053 0.047 0.057 0.048 0.052 0.046 0.060
p =200 | 0.062 0.060 0.053 0.058 0.050 0.039 0.047
p =300 | 0.068 0.067 0.064 0.052 0.053 0.068 0.058
p =400 | 0.071 0.061 0.067 0.052 0.051 0.058 0.061

Table 6. Attained significant level of Ft test under H, (1) sample from N(0, D).
(2) D = diag(ds, ..., dp), where D; ~ x2 of 2df.

n=30 n=40 n=50 n=60 n=70 n=80 n=90
p=100 | 0.049 0.032 0.014 0.008 0.018 0.015 0.030
p =150 0.028 0.017 0.017 0.015 0.025 0.006 0.002
p =200 | 0.019 0.024 0.030 0.018 0.001 0.002 0.010
p =300 0.043 0.030 0.013 0.013 0.008 0.028 0.012
p =400 | 0.055 0.042 0.033 0.021 0.018 0.018 0.002
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is used when n > p, since S is positive definite with probability one and F' has an
F-distribution with p and n—p+1 degrees of freedom. The F-test in (2.9) can be
interpreted in many ways. For example, 'S~ '& is the sample (squared) distance
of the sample mean vector from the zero vector. It can also be interpreted as the
test based on the p sample principal components of the mean vector, since

' S™'w =% H\L,' How,

where
S = H(’)LOHO, HOHé =1

Ly = diag(ly,...,lp) and HyZ is the vector of the p sample principal components
of the sample mean vector. It can also be shown to be equivalent to a test based
on (a/®)? where a is chosen such that a’Sa = 1 and (a’Z)? is maximized.

When n < p, S has a singular Wishart distribution, see Srivastava (2003)
for its distribution. For the singular case, a test corresponding to the F-test in
(2.9) can be proposed as,

F~ =cN7z'S™ =,

for some constant ¢, where S~ is a generalized inverse of S and SS™5 = 5. No
such test has been proposed in the literature so far as it raises two obvious ques-
tions, namely which g-inverse to use and what is its distribution. For example,
the p x p sample covariance matrix S can be written as

S11 S
g_ ( }1 12) ’
S1p 522
where S11 can be taken as an n X n positive definite matrix. When n < p, it
follows from Srivastava and Khatri (1979, p. 11) that Sae = 5125’1_11512. Thus, a

g-inverse of S can be taken as
o St o
0 0)’

see Rao (1973, p. 27), Rao and Mitra (1971, p. 208), Schott (1997), or Siotani et
al. (1985, p. 595). In this case,

F = cNEl’Sﬂlil,

where & = (%}, ®,) with £, : n x 1 and & : (p —n) x 1. With ¢ = 1/n?, it
follows that when p = 0,

1
F = ﬁNfllsl_llfl
has an F-distribution with n and 1 degrees of freedom. Thus, the distribu-
tion of =y’ Sﬁlil does not depend on the covariance matrix . In fact, since

A'(ASA")~ A is a generalized inverse of S for any p x p nonsingular matrix A,
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it is possible that the distribution of 'S~ % may not depend on the covariance
matrix 3. When more restrictions are placed on the generalized inverse, such
as in the case of the Moore-Penrose inverse, then the above property may not
hold since in the case of Moore-Penrose inverse A’(ASA’)* A may not be the
Moore-Penrose inverse of S. However, the statistic & Sy, ®; is not invariant un-
der the nonsingular linear transformations  — Az and S — ASA’ for any p X p
nonsingular matrix A.

In fact, when N < p, no invariant test exists under the linear transformation
by an element of the group Glp of non-singular p x p matrices. The sample space
x consists of p x N matrices of rank N < p, since ¥ is nonsingular, and any
matrix in x can be transformed to any other matrix of x by an element of Gip.
Thus the group Glp acts transitively on the sample space. Hence the only a-level
test that is affine invariant is the test ® = a, see Lehmann (1959, p. 318).

The generalized inverse used to obtain F'~, however, does not use all the
information available in the data. The sufficient statistic for the above problem
is (%, S) or equivalently (%; H'LH), where H : n x p, HH' = I,, and

(2.10) nS =V =HLH,

L = diag(ly,...,l,), a diagonal matrix. The Moore-Penrose inverse of S is given
by

(2.11) St =nH'L'H.

Thus, we define the sample (squared) distance of the sample mean vector from
the zero vector by

DY =F Stz
(2.12) =n®H'L 'HZ.

It may be noted that Hx is the vector of the n principal components of the
sample mean vector, and n~ 'L is the sample covariance of these n components.
Thus the distance function, as in the case of nonsingular S, can also be defined
in terms of the n principal components. For testing the hypothesis that g = 0
against the alternative that p # 0, we propose a test statistic based on (a'Z)?,
where a belonging to the column space of H', a€ p(H'), is chosen such that
a’'Sa =1 and (a'Z)? is maximized. It will be shown next that this maximum is
equal to D2,
Since a€ p(H'), a = H'b for some n-vector b. Hence, since HH' = I,

(a'z)? = [b/(HH'L'?HH'L~/?)Hz)?
_ [b/H(S)1/2(5+)1/2§]2
< (a'Sa)@StT) = DT
from the Cauchy-Schwarz inequality. The equality holds at
a=(SHxE/(xSTE)/2



ANALYZING HIGH DIMENSIONAL DATA 63

Hence, for testing the hypothesis that = 0 against the alternative that pu # 0,
we propose the test statistic

(2.13) o max(p,n) - min(p,n) + 1NEIS+§
nmin(p, n)
— 1
= %NE’SJFE, if n<np,
n
— 1
= wi\f?s—lﬁ if n>p,
np

which is the same as F' defined in (2.8) when the sample covariance matrix is
nonsingular. Thus, when n < p, we propose the statistics T+ or F T, as defined
in (2.3) and (2.4) respectively, for testing the hypothesis that g = 0 vs p # 0.
We note that the statistic 7+ is invariant under the transformation x; — cl'xz;,
where ¢ € Ry, ¢ # 0 and I' € Op; Rg) denotes the real line without zero and
O, denotes the group of p x p orthogonal matrices. Clearly cI' € Glp. To show
the invariance, we note that

e = Nz'V'z
n
= NT’H'L 'Hz
= NZI'TH' L 'HI'TZ
= NzZ'T/(TVI')'T=,

since the eigenvalues of T'VI” are the same as that of V. The invariance under
scalar transformation obviously holds.

2.2. Distribution of F* when p =0
We first consider the case when the covariance matrix > is of rank r < n. In
this case, we get the following theorem.

THEOREM 2.1. Suppose that the covariance matrixz > is singular of rank
r < n. Then under the hypothesis that the mean vector u = 0,

n—r+1

Tl (N5 )~ B

The proof is given in the Appendiz.

In the above theorem, it is assumed that the covariance matrix ¥ is not only
singular but is of rank » < m. At the moment, no statistical test is available
to check this assumption. However, in practical applications, we look at the
eigenvalues of the sample covariance matrix S, and delete the eigenvalues that
are zero or very small, as is done in the selection of principal components.

Tests are available in Srivastava (2005) to check if ¥ = 421, ¥? unknown,
or if ¥ = diag(\y,...,)\p) under the assumption that n = O(p°), 0 < § < 1.
A test for the first hypothesis that is of spherecity is also available in Ludoit
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and Wolf (2002) under the assumption that n = O(p). More efficient tests can
be constructed based on the statistics (NZ'Z/ tr S), and N@'Dg'Z, depending
upon which of the above two hypotheses is true; here Dy = diag(si1, ..., Spp),
S = (sij). Thus the F* test may not be used when the covariance matrix is
either a constant times an identity matrix or a diagonal matrix. Nevertheless,
we derive the distribution of the F* test when ¥ = ~2I, and 2 is unknown
because in this case we obtain an exact distribution which may serve as a basis
for comparison when only asymptotic or approximate distributions are available.

THEOREM 2.2. Let the Ft statistic be as defined in (2.4). Then when the
covariance matriz ¥ = v2I, and ¥* is unknown, the FT statistic is distributed
under the hypothesis H, as an F-distribution with n and p —n + 1 degrees of
freedom, n < p.

To derive the distribution of the F'™ statistic when 3 # 721 and n < p, we
first note that for any p x p orthogonal matrix G, GG’ = I, the statistic defined
by T+? is invariant under linear transformations, ®; — Gx;. Hence, we may
assume without any loss of generality that

Y = A =diag(Ai,. .., Ap)-
Let
(2.14) z=NY2AHZ, where A= (HAH')'2

Then under the hypothesis H,

zn~ Nn<07 I)a
and
T+?
<> = Nz'V'z
n
(2.15) = 2/(ALA) 2.
The n eigenvalues Iy, ...,[, of the diagonal matrix L are the n non-zero eigen-

values of V = YY’, where the n columns of the p X n matrix Y are iid N,(0, A).
To derive the asymptotic results in which p may also go to infinity, we assume
that

(2.16) 0<Gi,0:p1LIroloai<007 i=1,...,4
where

(2.17) a; = (tr X /p).

Let

(2.18) b= (a?/as).
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Under the assumption (2.16), consistent and unbiased estimators of as and ay,
as (n,p) — oo, are given by

2

o n tr S? P ﬁ 2
(2.19) a2*(n_1)(n+2) ( P > n(P)]
and
(2.20) a; = (tr S/p)

respectively, see Srivastava (2005). Thus, clearly (trS?/p) is not a consistent
estimator of ay unless p is fixed and n — oo. Thus, under the assumption (2.16),
a consistent estimator of b as (n,p) — oo is given by

~2
(2.21) b= (‘“) .
az

In the next theorem, we give an asymptotic distribution of the I’ statistic,
the proof of which is given in the Appendix.

THEOREM 2.3. Under the condition (2.16) and when p = 0,

n\ 1/ .
lim P l(ﬁ)l ’ (p(p—n—+1)"Ft —1) < zl_a] = P(21_0)-

COROLLARY 2.1. Letn = O(p?),0 < & < 1, then under the condition (2.16)
and when pu =0,

n\1/2 .
lim P lcpm (—) (bFT —1) < Zl_a} = P(21-q)

where
o = [(p—n+1)/(p+ 1))V

In the following theorem, it is shown that F* > F,, ,_,41 with probability
one, see the Appendix for its proof.

THEOREM 2.4. Let Fy, ,—ni1(a) be the upper 100% point of the F-distri-
bution with n and (p —n + 1) degrees of freedom. Then

P{F* > Fyp ni1(a)} > a.

2.3. Asymptotic distribution of F™ when pu # 0
In this section, we obtain the asymptotic distribution under the local alter-
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native,
- 1 1/2
(2.22) = E(E) = (mv) 5.
From (2.15)
T+
—— =2/(ALA) 'z,
n

where given H,
z~ N,(n"Y2AHS 1), A= (HANH)2

Let T’ be an n x n orthogonal matrix, I'T” = I,, with the first row of I given by

SH'A/(8'H' A2HE)'/2.
Then, given H,
w=Iz~N, ((g),[) ,
where
(2.23) 0= (n"'6'H AH6)'/?.
As before,

lim (pr+2/n) = lim 2’z = lim w'w.
p—00 p—00 p—00

We note that from Lemma A.2, given in the Appendix,

lim 6% = lim (n '6'H'A’Hé), A= (HANH)?

n,p—0o0 n,p—0o0
5 N6
= lim ( ):98.
n,p—oo \  pas

We shall assume that §2 < co. Thus,

. (pr“‘z/n) -n
| P{— " > 21_,
n,plinoo { /_277, 21

+2,N o p2 2\ 1/2 2
o P{(pr /n) —n— 62 <2n+490> B }

n,p—00 2n+498 2n \/%
= Jim @[-z o+ 02(2n)1/2.

Hence, the power of the F'* test is given by

(2.24) BFT)~® {—zl_a + (n/p)(n/2)1/2w} .

a2
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2.4. Dempster’s test
We assume as before that x; are iid N,(u,X). Suppose ¥ = o021, o2 un-
known. Then, the sufficient statistics are & and (tr S/p). The problem remains
invariant under the transformation  — cI'x;, where ¢ # 0, and I'T” = I,,. The
maximal invariant statistic is given by
NzZ'Z
(2.25) To = s/

The maximal invariant in the parameter space is given by
v=(Wn/o?).

Tp is distributed as an F-distribution with p and np degrees of freedom and
noncentrality parameter . Thus Tp is the uniformly most powerful invariant
test. This is also the likelihood ratio test. But when ¥ # ¢2I, then Tp has
none of the properties mentioned above. Dempster (1958), nevertheless proposed
the same test Fp when ¥ # 021, since it can be computed for all values of p
irrespective of whether n < p or n > p. To obtain the distribution of Fp, we
note that
Q1

Q2+ +Qn’
where @);’s are independently and identically distributed but not as a chi-square
x? random variable. Dempster (1958) approximated the distribution of @Q; as
mx?2, where r is the degrees of freedom associated with x? and m is a constant.
Since Fp does not depend on m, he gave two equations from which an iterative
solution of r can be obtained. Alternatively, since

Fp

E(mx?) = mr =try,
and
var(my?) = 2m?r = 2tr %2,

r is given by
2 2
. (tr>) :p(trE/p) — b
(trx2) ~ Py /p)

A consistent estimator of b has been given in (2.21). Thus, r can be estimated
by

7= pI;.
Hence, an approximate distribution of Fp under the hypothesis that g = 0 is
given by an F-distribution with [#] and [n7] degrees of freedom, where [a] denotes
the largest integer < a. The asymptotic distribution of the Fp test under the
alternative that p # 0, is given by

NV,
P { (2) o 1) > o1a = <nN>-1/26}

/
np'p
Y
< “ a+\/2paz>

lim
n,p— 00

=0,
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see Bai and Saranadasa (1996). This also gives the asymptotic distribution of
Dempster’s test under the hypothesis.

2.5. Bai-Saranadasa test (BS test)

Bai and Saranadasa (1996) proposed a standardized version of the Dempster
test which is much easier to handle in order to obtain the asymptotic null and
non-null distributions, with performance almost identical to the Dempster test
in all simulation results given by Bai and Saranadasa (1996). The test statistic
proposed by Bai and Saranadasa (1996) is given by

Nz —tr S
(226) TBS = (pd2)1/2(2(n T 1)/7’1,)1/27
where
2 2
P L 2 1 20 v A
paQ_(n—i—Q)(n—l) trS n(trS) _(n+2)(n—1)c’

and is an unbiased and ratio consistent estimator of tr ©2. This test is also in-
variant under the transformation @ — cl'z;, ¢ # 0, I'T” = I as was the Dempster
test Tp. To obtain the distribution of Tgg, we need the following lemma.

LEMMA 2.1. Let a;, be a sequence of constants such that

n
lim max (a2,) =0, and lim E az, = 1.
n—001<i<n et

1=

Then for any iid random variables u; with mean zero and variance one,

lim P [Z Ainll; < z] =®(z2),

n—00 £
=1

see Srivastava (1970) or Srivastava (1972, Lemma 2.1).

Thus, if
. maxlgigp >\i .
(2.27) pan;O sz 0,
then

lim P{Tps <z} = ®(2).

n,p—oo

It may be noted that the condition (2.27) will be satisfied if

(2.28) Ai = O0(p"), 0<y< %

since a is finite. To obtain the power of the test, we need to obtain the distri-
bution of the statistic Tpg under the alternative hypothesis g # 0. As before,
we consider the local alternatives in which

E(x) = p = (1/nN)"/?8.
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From the above results, we get under condition (2.28),

= ®(z2).

n,p—0o0

[Nz = () 26) [ — () 26) — e S
im (2tr>2)1/? <z

Since,

i (N/n)Y/28'® i & N6 i 62 0
m var| —————| = 1m 5 | = 1m — | =
n,p—00 V2tr 32 np—oo \ 2n tr %2 np—oo \ 2n '

it follows that

) (Nzx') —tr S [ \/pas 6'6
lim [P = > e — ————
n,p—00 V2pao Vir o2 nv/2paz

—®| 210+ & =0
- ny2pasz | |

Thus, the asymptotic power of the BS test under condition (2.28) is given by

(2.29) B(BS) ~ & (—zl_a LR ) .

V2paz

2.6. Lauter, Glimm and Kropf test

Léuter et al. (1998) proposed a test based on principal components. The
components are, obtained by using the eigenvectors corresponding to the non-
zero eigenvalues of V + Nzx’, the complete sufficient statistic under the hy-
pothesis. In place of using the sample covariance of the principal components,
they use 01504, where V + NZZ' = O'LO, 00’ = I,,1, O' = (0},05), and
L= diag(l}, e ,l~n+1)7 Ih>--- 7Zn+]_. The matrix O] is of p x k dimension, k < n.
When O] is a p X k matrix such that 0150} is a positive definite matrix with
probability one, then it follows from Léuter et al. (1998) that the statistic

n—k+1___ 1 =
Trox = TNm’O’l(OISO’l) 10133 ~ ka—k-ﬁ-la k<n.

The non-null distribution of this statistic is not available. A comparison
by simulation also appears difficult as no guidance is available as to how many
components to include. For example, if we choose only one component from the
n + 1 components, denoted by a, then one may use the t>-test given by

t> = N(a'%)*/(d'Sa),

where a is a function of the statistic V 4+ NZ&'. This has a t>-distribution with n
degrees of freedom. Such a test however, has a poor power when the components
of the mean vector do not shift in the same direction and the shifts are not of
equal magnitude; see Srivastava et al. (2001) for some power comparison.
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3. Two-sample F™ test

In this section, we consider the problem of testing that the mean vector
@, and ps of two populations with common covariance ¥ are equal. For this,
we shall define the sample (squared) distance between the two populations with
sample mean vectors ; and s and pooled sample covariance matrix S by

D+2 = (51 — EQ)IS+(51 — 52).

Thus, for testing the equality of the two mean vectors, the test statistic F'*
becomes

-1
L _p—n+l/1 1 —  Vat— -
F —T ﬁl‘f‘m (1'1_:172)8 (ml_wQ)a n < p,
where x11,...,x1N, are iid Np(pq,X), x21,...,xon, are iid Np(pq,X), X > 0,

x1 and T, are the sample mean vectors,

N1 N2
nsS = Z(ﬂfu —Z1) (1 —T1) + Z($2z — Ty)(w2 — T2),

i=1 i=1
and
n = Ny + Ny — 2.

All the results obtained in Theorems 2.1 to 2.4 for the one-sample case are also
available for the two-sample case, except that T+? is now defined as

T2 _ N1Ny

. =) + /= =
—7N1+N2(:I}1 :L'Q)S (2121 1132).

4. Multivariate analysis of variance (MANOVA)

For MANOVA, that is for testing the equality of k mean vectors, we shall
denote the independently distributed observation vectors by x;;, j = 1,...,1V;,
i=1,...,k where x;; ~ N(p;,%), ¥ > 0. The between sum of squares will be
denoted by

where T; are the sample mean vectors,
k
T = (ZNimi/N> , N=N; +---+ Ny,
i=1

and within sum of squares or sum of squares due to error will be denoted by

k N;
V=nS= Z Z(ww — EZ)(SBU - fz’)/;

i=1j=1

where n = N — k.
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The test statistic we propose for testing the hypothesis that pu, = --- =
against the alternative that p; # p; for at least one pair of (4,77 # j) is given
by

m
Ut =J[Q+d)" =[I+BV*H,
i=1
where d; are the non-zero eigenvalues of the matrix BVT, m =k — 1 < n, and
VT is the Moore-Penrose inverse of V. To obtain the distribution of U1 under
the hypothesis that all the mean vectors are equal, we note that the between sum
of squares B defined above can be written as

B=UU,

where U = (u1,...,uy), m = k — 1 and is distributed as N, ,,(0, %, I),) where
0 = (01,...,0,,) is a p x m matrix and a random matrix U is said to have
Npm (0,3, C) if the pdf of U can be written as

(2m)~ W2 | 0| ~(1/2)p || ~(1/2m o, <—;E‘1[(U —o)o U - e)/]) ,

where etr(A) stands for the exponential of the trace of the matrix A, see S & K
(1979, p. 54). Under the hypothesis of the equality of the k£ mean vectors § = 0
and U ~ Np (0,2, Ip,).

Similarly, the sum of squares due to error given in (2.19) can be written as

V=nS=YY'

where Y : p x n, the n columns of Y are iid N,(0,X). It is also known that B
and V are independently distributed. Let

HVH' =L =diag(ly,...,ln), n<p,

where HH' = I,,, H : n x p. Hence, the non-zero eigenvalues of BV T are the
non-zero eigenvalues of

(4.1) UH' A(ALA)"'AHU = Z'(ALA)"' Z,
where
(4.2) A= (HSH)™/?,

and the m columns of Z are iid N,,(0, ) under the hypothesis that pu = 0.
From Srivastava and von Rosen (2002), the results corresponding to the case
when Y is singular becomes available. Thus, we get the following theorem.

THEOREM 4.1. Suppose the covariance matriz 32 is singular of rank r < n.
Let dy,...,d,, be the non-zero eigenvalues of BVY, where V* = H'L™'H, L =
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diag(ly,...,l;), H:r xp, HH' =1, and m =k —1 < r. Then, in the notation
of Srivastava (2002, p. XV),

m

Ut =1[0+d)™" ~ Uprmim,
=1

and, under the hypothesis that p =0, r fixred and n — oo,
1
P {— (n — 5(7“ —m+ 1)) log Uy n > c}
(4.3) = P{Xim > ¢} + 07 0[P(Xfmia > €) = P(Xim > )] +0(n ),

where n = rm(r? +m — 5)/48 and Xfc denotes a chi-square random variable with
f degrees of freedom.

When ¥ = ~2I, A = I, and hence we get the following theorem.

THEOREM 4.2. Suppose the covariance matriz ¥ = ~2I, ~ is unknown and
m < n < p, then U" has the distribution of Upmp. Thus, the asymptotic
expression of P{—llogU™" < z} under the hypothesis that p = 0, is given by
(44) P{-lblogU" <z} = P{x2 <z} +p 2B[P(x2y4 < 2) — P(X} < 2))]
+0(p™"),

where n fized, p — co and g = nm,

1
l:p—i(n—m+1), m=k—1, and 624%3( 2+ m—5).

THEOREM 4.3. Under the null hypothesis and (2.16)

_pbl + _
lim p | —LblosUT —mn
n,p—00 2mn

< zi—a| = P(z1-0a)-

For some other tests and power, see Srivastava and Fujikoshi (2006), and
when (p/n) — ¢, c € (0,00), see Fugikoshi et al. (2004).

5. Confidence intervals

When a hypothesis is rejected, it is desirable to find out which component or
components may have caused the rejection. In the context of DNA microarrays,
it will be desirable to find out which genes have been affected after the radiation
treatment. Since p is very large, the confidence intervals obtained by the Bonfer-
roni inequality, which corresponds to the maximum of ¢-tests, are of no practical
value as they give very wide confidence intervals.

As an alternative, many researchers such as Efron et al. (2001) use the ‘False
Discovery Rate’, FDR, proposed by Benjamini and Hockberg (1995), although
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the conditions required for its validity may not hold in many cases. On the other
hand, we may use approximate confidence intervals for selecting the variables or
to get some idea as to the variable or variables that may have caused the rejection
of the hypothesis. These kind of confidence intervals use the fact that

sup g%(a) <c= sup ¢*(a)<c,

ac P acp(H')
for any real valued function g(-) of the p-vector a, where H' : p x n, and RP is the
p-dimensional Euclidean space. Thus, it gives a confidence coefficient less than
100(1 — a)%. However, we shall assume that they are approximately equal.

5.1. Confidence intervals in one-sample
Let

(5.1) A% =[n+ (2n)1/2z1_a],

where z1_, denotes the upper 100a% point of the standard normal distribution.
It may be noted that A2 ~ ng‘ In the notation and assumptions of Section
2, approximate simultaneous confidence intervals for linear combinations a’p at
100(1 — )% confidence coefficient are given by

T 4 N_I/Q(n/p)lml;_lﬂ(a'Sa)l/ZAa,

when a’Sa # 0 and a€ p(H'). Thus, approximate simultaneous confidence in-
tervals for the components yp; of p = (p1,...,p1p)" with confidence coefficient
approximately 100(1 — a)% are given by

where T = (T1,...,7p)’, and

S = (Sij)-

5.2. Confidence intervals in two-samples

In the two-sample case and again under the assumption made in the begin-
ning of this section, approximate simultaneous confidence intervals for the linear
combinations a’(p; — py) at 100(1 — «)% confidence coefficient are given by

1 1/2 .
d@ -zt (gt ) /) S A,
N1 Ny
when a’Sa # 0 and a€ p(H'). Here n = N1+ N3—2, and S is the pooled estimate
of the covariance matrix . Thus, approximate simultaneous confidence intervals
for the differences in the components of the means 1, — po; are given by

1 1 1/2 . ‘
(s — To) + (F + F) (n/p) 252 (502 A2 =1, p,
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where
= (it pap)s Ho = (B2t p2p),
xr = (511, ... ,flp)/, xT9 = (fgl, A ,Tgp)/,
and
S = (Sij).

5.3. Confidence intervals in MANOVA

From the results of Section 2, it follows that the eigenvalues of VB, under
the hypothesis of the equality of means, are asymptotically the eigenvalues of
p U, where U ~ W, (m,I), m = k — 1. Approximately, this is equal to the
eigenvalues of W~1U, where W ~ W,,(p, I) for large p. With this result in mind,
we now proceed to obtain the confidence intervals in MANOVA.

In the MANOVA, we are comparing k means. Thus, we need simultaneous
confidence intervals for Zg’:l a K;q;, where E?zl g; = 0, that is ¢;’s for m con-
trasts. These approximate 100(1 — a)% simultaneous confidence intervals for the

contrasts in the means a’(py, ..., px)q, ¢ = (q1,-..,q) are given by
1/2
k b2 !
a Va) ( Ca > 21/
aTiq; b ,
S| (£) (57 2

where V' is defined in the beginning of Section 4, and lf%a is the upper 100a%
point of the distribution of the largest eigenvalue of W~1U. The value of ¢, can
be obtained from Table B.7 in Srivastava (2002) with pg = n, mg = k — 1, and
n corresponds to p. The vector a of constants can be chosen as in the previous
two subsections.

6. Testing the equality of covariances

For testing the equality of the two covariance matrices, let S and S be the
sample covariances based on n; and no degrees of freedom. Then a test for the
equality of the two covariance matrices can be based on the test statistic

(6.1) T = (pbtr Vit Vo — mina) /(2n1ng) /2

where Vl == nlSl = H{Llﬂl, HlH{ = Inl, ‘/2 = TZQSQ and ‘/1+ = H{L;lHl The
statistic Th is distributed asymptotically as N (0, 1) under the hypothesis that the
two covariances are equal. The estimate b of b can be obtained from the pooled
estimate. For the equality of the k covariances in MANOVA, let S; = n,; ly;
be the sample covariances of the k£ populations based on n; degrees of freedom,
i=1,...,k. Then, a test for the equality of the k& covariances can be based on
the test statistic.

(6.2) (1) [pbtl" Vl‘/v( n nln(l)]/ 2n1n(1)



ANALYZING HIGH DIMENSIONAL DATA 75

where V(1) = Z';:Q Vo, and n(y = ng + -+ + ng. It can be shown that under
the hypothesis of equality of all covariances, T3 is asymptotically distributed as
N(0,1). Alternatively, we may use the approximate distribution of

(6.3) Py = pb(tr Vi V3),
and
(6.4) Py = pbtr(ViV}))

which are approximately distributed as x?2 1y, and X2 L X1 respectively. The tests
in (6.1) and (6.2) are arbitrary. To make them less arbitrary, we may define

T = [pbtr Vi Vis_iy — mana]/(2mang)' 2, i=1,2,
and ) .
1y = phtr ViV —ming)/@nin) %, =1,k

Then, conservative tests based on

(6.5) Ry = max(|T3"|,73”)

for testing the equality of two covariance matrices, and
1 k

(6.6) Ry = max(|T3V],..., |77

for testing the equality of k£ covariance matrices may be considered. The hypoth-
esis of the equality of the two covariance matrices is rejected if

Ry > 21 o4

and the hypothesis of equality of k covariance matrices is rejected if
R3 > z1_q 0k

where z1_, is the upper 100a% point of the N (0, 1) distribution.

7. Selection of variables

In order to have good power for any test in multivariate analysis, it is impor-
tant to have as few characteristics as possible. Especially those variables that do
not have discriminating ability, should be removed. We begin with Bnn based on
the n characteristics chosen for the three cases, as n largest value of Nz2/S,.,,
[N1No/(Ny + No)| (1 — T2r)?/Spr, and (al.Ba,)/(alSa,), where r = 1,...,p
and a, = (0...0,1,0...0)" is a p-vector with all zeros except the r-th place which
is one. Let p* be the number of characteristics for which

(7.1) (P/7)brn(NT7/Spr) > A2,
(p/n)bnn[N1 N2 /(N1 + No)|(T1, — Tor)? > A2,

and
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(7.3) (pi)n’n)(a;Bar)/(a/rSaT) > caf/(1 = ca),

for the three cases respectively where A2 is defined in (5.1) and ¢, in Subsection
5.3. All the testing, procedures, and confidence intervals etc, may now be carried
out with IV observations and p* characteristics. Other values of p* around it may
also be tried for seperation of groups etc. If the selected p* is less than n, then
the usual multivariate methods apply. However, if p* ~ n or p* > n, then the
methods proposed in this paper apply. This method of selection of variables is
illustrated in Example 8.2 in Section 8.

8. An example

Alon et al. (1999) used Affymetrix oligonucleotide arrays to monitor absolute
measurements on expressions of over 6500 human gene expressions in 40 tumour
and 22 normal colon tissues. Alon et al. considered only 2000 genes with highest
minimal intensity across the samples. We therefore consider only data on these
2000 genes on 40 patients and 22 normal subjects.

To analyze the data, we first calculate the pooled sample covariance matrix
assuming that the two populations of tumour and normal tissues have the same
covariance matrix Y. Although, this assumption can be ascertained by the test
statistic given in Section 6, it may not be necessary at this stage as we will be
testing for it after the selection of variables. From the pooled sample covariance
matrix S, we found that bgo 6o = 0.1485. Using the formula (7.2) in Section 7,
we select 103 characteristics. For testing the equality of means, we calculated
b607103 = 0.110, and

N1 N A
(8.1) (M) <i) beo,103(®1 — T2)' ST (T1 — T2) = 94.760.

Using the approximation that A% ~ x2 ., we find that the value of Xy 05 =

79.08. Hence, the p-value is 0.0028. Thus, the hypothesis of the equality of
the two means is rejected. Similarly, for testing the equality of the covariances
of the two populations, we calculate the sample covariances of the two popu-
lations, S; and S5 on 39 and 21 degrees of freedom respectively. The value of
P, = p13607103 tr V1+V2 = 523.01, where V7 = 3957 and V5 = 21.55. This is approx-
imately chi-square with 819 degrees of freedom. The p-value is 0.999 for this case,
and the hypothesis of the equality of covariances of the two groups is accepted.
Thus, the final analysis may be based on 103 characteristics with both groups
having the common covariance. We can also try a few other values of p if the
seperation of the two groups and equality of the two covariances are maintained.
We first tried p = 200. For this case, we find that bgg200 = 0.0096, and the
value of the statistic in (8.1) is 59.376, with a p-value of 0.4984. Thus, p = 200
does not provide the separation of the two groups. Next we tried p = 100. For
this case, bgo,100 = 0.113, and the value of the statistic in (8.1) is 86.0128 with a
p-value of 0.015. Thus, p = 100 is a possible alternative, since the value of the
test statistic P for p* = 100 is 317.3079 with a p-value of one, accepting the hy-
pothesis of equality of the two covariances of the two groups. Next, we consider
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the case when p = n = 60. We now have the case of p ~ n. We found that one
eigenvalue of the sample covariance matrix is very small. Thus, we assume that
the population covariance matrix 3} is of rank 59 and apply the results given in
Theorem 2.1. The value of the test statistic is 21.1035 with a p-value of 0.04646.
The corresponding value of the test statistic P» for p* = 60 is 666.0173 with a
p-value of one. Consequently, p = 60 is also a possibility on which we can base
our future analysis. However, it appears from the above analysis that p = 103 is
the best choice.

9. Concluding remarks

In this paper we define sample (squared) distance using the Moore-Penrose
inverse instead of any generalized inverse of the sample covariance matrix which
is singular due to fewer observations than the dimension. For normally dis-
tributed data, it is based on sufficient statistic while a sample (squared) distance
using any generalized inverse is not. These distances are used to propose tests in
one-sample, two-sample and multivariate analysis of variance. Simultaneous con-
fidence intervals for the mean parameters are given. Using the proposed methods,
a dataset is analyzed. This shows that the proposed test statistic performs well.
In addition, it provides confidence intervals which have been used to select the
relevant characteristics from any dataset.

Appendix A: Proof of Theorem 2.1

Here, we consider the case when the covariance matrix X is singular of rank
r < n. That is, for an r x p matrix M, MM’ = I,, ¥ = M’'DyM where
Dy = diag(A1,...,\), Ay > 0,4 =1,...,7. Also, nS =V =YY’ where the
n columns of Y are iid N,(0,X). Since X is of rank r, we can write ¥ = BB’
where B : p x r of rank . Hence, Y = BU, where the n columns of U are iid
N,(0,I). Then, the matrix S is of rank 7, and p(S) = p(X) = p(M') = p(H')
where p(S) denotes the column vector space of S, and HVH' = diag(l4,...,l,),
H :r x p. Thus, there exists an r x r orthogonal matrix A such that M = AH.
Let w ~ N,(0,1) and W ~ W,(I,n) be independently distributed.

Then, since ©Y/2 = M’D§/2M, MH' = A, and HM' = A, we get

<E> TStz = W/SV2H' (HVH) 'HYY ?u

n
= o' M'D\?MH' (HSY*WsV2H') L HEY
— u'M'DY?A(A' DY MWM' DY A) ' A'DY? Mu
= u'M'(MWM) ' Mu
=2ZU 1z

where z ~ N,(0,1) and U ~ W,.(I,n). This proves Theorem 2.1.

To prove Theorem 2.2, we need the following lemma.
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LEMMA A.l. Let D = diag(dy,...,d,) whose distribution is that of the n
non-zero eigenvalues of a p X p matriz distributed as Wy(I,n), n < p. That is,
the joint pdf of di > --- > d,, is given by

B )
ﬁ Ci J [Hd 1/2 p—n— 1 (1/2)d~z‘| '
1<J

Let P be an n x n random orthogonal matriz with positive diagonal elements
distributed independently of D with density given by

(A.2) = (/2n°p, (%n) gn(P)dP, PP =1,
where
(A3) gn(P) = J(P'(dP) — dP),

the Jacobian of the transformation from P'(dP) to dP as defined in Srivastava
and Khatri (1979, p. 31). Then U = PDP’ is distributed as Wy(1,p), n < p.

PROOF OF LEMMA A.1. The Jacobian of the transformation .J(P, D — U)
can be obtained from Theorem 1.11.5 of Srivastava and Khatri (1979, p. 31). It

is given by
-1

(A4) J(P.D = U) = |[(di - dj)gn(P)
1<J
The joint pdf of D and P is given by
1 . ST S1/2)(p—n—1)__(1/2)d:
: gn(P H d l d (p— e—(1/2)
2(1/2)PnFn (2]?) 1<j i=1
1
9(1/2pnT, (_p>
2
H d;)|PDP'|(1/Ap=n=1) (etr PDP’).

1<j

Putting U = PDP’ and using the above Jacobian of the transformation given in
(A.4), we get the pdf of U which is W,,(I,p), n < p.

_ COROLLARY A.l. Let w ~ Ny(0,1,) and D = diag(ds,....dy), dy > -+ >
dy, whose pdf is given by (A.1) and w and D are independently distributed. Then

p—n+1

17—1
- wD w~Fy .
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PROOF OF COROLLARY A.l. Let P be any n x n orthogonal matrix dis-
tributed independently of D whose pdf is given by (A.2). Then

w' D" 'w = w' P(PDP") ™' Pw

= z’Uﬁlz,
where

z ~ Np(0,1,)
and

are independently distributed. Hence,

—n+1 - —n+1
p=ntl o vply =Pt
n n

~

/U—lz

n,p—n+1-

PROOF OF THEOREM 2.2. Since ¥ = 4%] = A and since T+? is invariant
under scalar transformation, we may assume without any loss of generality that
+% = 1. Hence,

A=HANH)V?=(HHE) =1

Thus, from (2.15) with a slight change of notation (w instead of z), it follows

that P
 _ w' L w,
n
where w ~ N, (0, I) is independently distributed of the diagonal matrix L. Also,
the diagonal elements of L are the non-zero eigenvalues of YY’, where the n
columns of Y are iid N,(0, I,,). Thus, L is the diagonal matrix of the eigenvalues

of U=Y'Y ~ W,(p, I,). Using Corollary A.1, we thus have

p—n-i—lT+2 p—n+1
w
n n n

'L lw

-n+1
= pTZ,U_lZ ~ Fn,p—n—i—l-

To prove Theorems 2.3, we need the results stated in the following lemma.

LEMMA A.2. Let V =YY’ ~ W,(A,n), where the columns of Y are iid
Np(0,A). Let ly,..., 1, be the n non-zero eigenvalues of V.= H'LH, HH' =
I,, L = diag(ly,...,l,) and the eigenvalues of W ~ W, (I,,p), are given by
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the diagonal elements of the diagonal matric D = diag(dy,...,d,). Then in
probability
Y'Y tr A
(a) lim ( ) — lim (r> I = aoly,
p—=oo \| p p—=oo \ p
1
(b) lim <—L> = al()In
p—00 \ p
1
(¢) lim (—D) =1,
p—00 \ p
(d) ph_{& (H A H/) = (ago/alo)fn
1 "N
(e) lim (a'H'Ha) = lim (a, a)
n,p—00 \ 1N, n,p—00 pai
for a non-null vector a = (as,...,a,)" of constants.
PrROOF OF LEMMA A.2. The n eigenvalues Iy, ..., [, of the diagonal matrix

L are the n non-zero eigenvalues of V =YY’ where the n columns of the p x n
matrix Y are iid N,(0,A). The n non-zero eigenvalues of Y'Y’ are also the n
eigenvalues of Y'Y. Let U denote a p X n matrix where its n columns are iid
Np(0,1). Then, the eigenvalues of Y'Y are in distribution the eigenvalues of

/
uy
/ .
UNU=| 1 | AN(u,...,uy),
/
u
n
ul Auy, ujAug, ..., ulAu,
/ / /
B Uy AU, Uy AUz, ..., Uy AUy
:7 :7 .'7
/ / /
w, Ny, U, ANug, ..., U, Nup

Let U = (u1,...,u,) = (ui;). Then u;; are iid N(0,1) and uq, ..., u, are iid

N,(0,1). Hence,

E(uiAuy) =trA,  E(ujAuz) =0,
and

E(Y'Y)=EU AU) = parl,,
where

ap = (trA/p), and lim a; = ajg.
p—00

We also note that
E(ufj) =1, var(u?) =2

Hence, from Chebyshev’s inequality

P{‘uﬁ/\ul —ay > e} _ P{‘Zi’l&-(ui—l)
p

p

:
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E[Zleki(“%i - 1)]2

< 22
_ E PN (uf; — 1)
- p2e?
2
_ 2N
T pRe
Since 0 < lim,_o(tr A?/p) < oo, it follows that
D 3\2
lim 722:21 L =0.
p—00 p
Hence,
u A u,;
lim — ‘' Sayg, i=1,...,n
p—oo  p

in probability. Similarly, it can be shown that in probability

/
A ws
lim 22 g 2,
p—oo P
and ,
lim = ayi9l, in probability.
p—oo
This proves (a). Also, if l,...,1, denote the non-zero eigenvalues of YY" then,

from the above result, it follows that

1
lim () L =ay9l, in probability.
p—oo \ p

This proves (b).
It follows from the above results that if dy, . . ., d,, are the non-zero eigenvalues
of A"V2VA=Y2 and D = diag(dy, . .. ,dy), then in probability

1
(A.6) lim - D = I,

p—oop

since dy, ..., dy are the eigenvalues of W ~ W, (p, I). This proves (c). We note
that
YY' = H'LY*GG'L'?H,

for any n x n orthogonal matrix G, GG’ = I,, depending on Y. Choosing G =
LY2HY (Y'Y)™!, we find that in distribution,

Y = H'LY2G ~ Ny, (0, A, I,).
Thus, in distribution

GY' AN\YG =GU' N>UG = LY*?H A H'LY?,
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where U = (uy,...,u,). We note that

ul A2, tr A2
E( ‘ L) = bijs

p p

where 6;; = 1if ¢ = j and 6;; = 0,7 # j, i,j = 1,...,n, the Kronecker symbol.
Similarly,

ul A2, 2tr At
Var( Zp L] = 2 =7,

tr A4 . .
= T35 i # J.
p

Since, lim,_, tr A*/p = a0, and 0 < agp < o0, it follows that

Hence, in probability,

/ 2
lim [G (Y AY) G’] = (hm A )In = agoly.

Thus, in probability

p—o0 P

Ll/QHAH/L1/2
lim = agoly.

Since, limy_.o(L/p) = a10l, it follows that in probability

. n o
plLI&(H A H) = (ago/alo)fn.
This proves (d).
To prove (e), consider a non-null p-vector @ = (ai,...,ap). Then, since
YY' = H'LH, HH' = I,, we get
a'YY'a d'H'LHa

pn pn

With Y = (yy,...,¥,) and y; = (Yi1, - .., Yip), the left side

— L3 (aly,)?
pn iy
R L 2 L&

= — ZZaiyfj +— Z Z a;jakYijYik,
iz i= L

of which the second term goes to zero in probability.
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Hence, in probability

adHLHa

1 &K
lim — Z Z a?y?j = lim
n,p—00 pn, 4 n,p—00 pn

i=1j=1

, and

From the law of large numbers, the left side goes to lim,,_. limp_,oo(%)

from the results in (a), we have in probability lim, p~'L = ajp. Hence, in

probability
. aHHa . a Na
lim | —— ] = lim /aio.
b

n,p—0 n n,p—0o0

PROOF OF THEOREM 2.3. We note that A = (H A H')~!/2 and from the
proof of Lemma A.2 (d),

(H N H)/ i <L>—1/2 GU' N2 UG <L>—1/2
p P P ’

where GG’ = I,,, U = (uy,...,uy,), and u; are iid Nj(0, ). Since the distribution
of T is invariant under orthogonal transformations, we get from (2.15)

T =
pr— = b2’ (%) z

n
—-1/2 —-1/2
Do)
p p

-1 1 A2 -1
bz (L) G <U A U) G’ <L> z.
b p b

bz

[l
>
7N

[l

Hence,
A i U'N2U
. (p/n)bT > —n o ZGE =Gz —n
: /U’/\QUz _n
_ paaso
= n}olinoo Py —(271)1/2 < Z2l—al -

Let r; be the eigenvalues of (U’ A2 U/pazg). Then

ri =1+ Op(P_1/2)7

and )
1 [& t !
Do) = BAVY 1+ Op(np)~'/2.
n \‘— npasg
Hence,
. (p/n)bT+* —n
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T D1 7"1‘212 -n

= n,lp}E}OO PO [W < Zl—q

RT die Ti(zz'z —1) 1T

= ohm  Fo [ (2n)1/2 (2n)1/2 < Al-al -

Now

Yiciti—n _ (n DY Ry 1
(2n)1/2  \2 n o

Hence, from Lemma 2.1,

(p/n)l;T+2 —-n

lim P() [ (2n)1/2

< Zl—a] = (I)(Zl_a).

PrROOF OF THEOREM 2.4. The ALA occuring in (2.15) can be rewritten
as

ALA = (HANH)V2(HVH"(H A H')™Y/?
= (HANH)Y2H A2 W AY2 H(H A H)Y?
= PWP,
where W ~ W,(I,n) and P = (HAH')"Y2HAY2 PP’ = 1I,,. Let G be an n x n
orthogonal matrix such that

PWP =GMG

where M = diag(ma,...,my), my > --- > m, are the ordered eigenvalues of
PWP'. Then,if dy > --- > d, are the ordered nonzero eigenvalues of W, we get
from Poincare Separation Theorem, see Rao (1973, p. 64), m; < d;, i =1,...,n.
Hence in distribution
T+
= ZGM Gz =vM v
> o' D t,

where v ~ N, (0, I) is independently distributed of D. Thus from Corollary A.1,
Ft > Fn,p—n+1-
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