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5:;<=>?����/0@ABCD	E. FG5)�� !HI?JK�LM, NO

+P	QRST, UVWXYZ5R[\]^_`, ab�c_`def��g, hi���

�5�jklhi���mn�HIop. *Pqrstuv�, wxyz{|op}~�

������%& !. ��, ������)�� !����9. 1�, �uv�opq

r:��, ���+���z�����)9� !HIop���op��. x��, �1

chi��j�%&, �z���CD��)hi�I��r ¡¢���£p(�j¤¥¦

§Z��). *�9� !���¢opt)uv� !opBLM�¨©, 5tJK<op

ª«¢�%& !�����. ��, *¬�op��k­p®, ¯°�J±²z�, ³´µ

¶�+P·µ¸¹. º», 5�¼½*���¢op� ¾¢, 1cHIop¿�µ¶�+®

�ÀÁÂÃa ¾ÄÅ, Æ~¶�Ç»����ÈÉ. 1���«>ÊJOËÌ¢� !o
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ØBÙÚ, �ÈtÛÜ®¢�Ý��Þßàáâ.; Îã, op;ät�å�, x��æ !

op.+®çè���Ë, éêt�W�.
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��`*PJK�	ÊBCD��, )9� !�op��HI���	
��c��üâ

�
�±²"#. *¬+ø�����ÔÕÖ, Ô8<�`����CDB !çèòA�

���o��, ¿�µ_op��ïðx±²��|, �°t®0�, þ��ìÂÀ¥�ì 

¾ÄÅB��ÈÉ. x*���Ë, ���[1, 2]k�?����opÍ�á� ! !op"

#. "#Í�"#$%	Q&'�"#. Ô(�)*	EJ Marchuk[3]. {+�ë�tx,ß

�á���|Ô-./<#Í)îJ !gHI�åop�"#, c01«>*¬�op�

�HIMÍ|�2Ù. {+�,ß�	E� 3x�"#�õ²k�ÔÕÖ, Ê4�56�

�5ÔþI. ��{+�#Í?:;��åop�ÈÖ®¢"#.

1 ��������

x*7#Í�HI9� !��åopTÈ=�Ë8ò��:  !CDö9, òAóô,À

:º;-<, op�r-<, op=>-<��opÈÖ®¢��Ý-<. ­ 3ø��5�t 

!õüCD���, "íCDö9(c×Ø?4@A�B?¥CDB;²E;�çF)z�òAó

ôBÀ:º;-<kG�H¥Iü��)�1 !ÓJè�K;HICA. *þ�L¤<Mc:

( , , , ) ,s
Q

F Q T Q
t

∂ = +
∂

�V (1)

"í Qt !ÓJè�N0, T t9��OèP, VtQP, Qst !Ó�gR, Sßst(x,t)

�Tõ, "í xMcUV�WK0. *7�ßX`?LY�Zý9(1)þ�_[\L;, ]¯È

Å^+_¢. ,�Ê4�9� !�õüö9BCD�ZØþ`abcdZ[4].

M�ç(1)��W !cΩ, Iec∂ Ω. Ie$%��Ie(Of<)BÞc(gc?ÙÚ|��

É, ¡hi9�í�+jJ£�WEcΩ )Ie. Ie��+_z�Ie�)�Èº(OÞcIe�

þ��cÃ?B�?Ie)�XiÈº�Ie����, *7c_#ÍLf�kÈÅ+_¢, Mc

( ) 0,b Q x ∂Ω.= ∈ (2)

Ol�xHm»n t0)�1o+»Wû[t0, t1]p� !HIop, ��qr !Óx*v

W���. *�¿sqrHm���

0 0( , ) ( ),Q x t Q x= (3)

�*þ�òAóôBÀ:º;-<â.. x[t0, t1]»Wû� !Ó�gR Qs5;tcîq, "

�S$%Öq�g(O� 	Q¥hiZ�� Ì¢)BÈuÖq�g(+_�v�wxgya

?ÃΩ�w�egy), 1z+_þydu»W�òAóôB",��â.. x[t0, t1]»Wû�

Oè¥QPZ´B Q+{�CDö9Ú�.

) !HIop���|�t) !g���HIop, *7}2+ø) !gHIo

p��r-<î Ê~, 1�æ+ø¶opR� !ö÷L\c:

0

0 2

2 3

0

( , , , ) (1 ) ( , ],

( , , , ) , ( , ],

( , ) ( ),

s

s

t t

Q
F Q V T Q u t t t

t
Q

F Q V T Q t t t
t

Q x t Q x=

∂ = + ⋅ − ∈
∂
∂ = + ∈
∂

=

�

�

�

(4)

"í ut»WB�W��+;Tõ, "ü�� 0B 1�W, ×Ø?) !gop��è. �O

xo !g�iüc 0.9, �Z��� !g���R�ì? 90%. �� u t�J",8ò£
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p�, �O�xoP !g, ��HIop, *» u �ügc�. ��, op��7��z�

����Ö®Ë�.

�ø&����5����: op»Wû¥ëm»Wû��ÙÚ !Bëm !. op»W

ûMc[t0, t2], St��r !g��op�»Wû. �ëm»WûMc[t1, t3], St�x*û

»W7,  !Óxo+ !(gcëm !Ω 0)�Jè;È9�o+ëmü, ��, t0�t1�t2�t3.

ÙÚ ! Ω tö9�����, ;ä$�ëm !B��op���g. ö9�ç(4)�»W

��û[t0, t3], �W !tΩ. t��+ø&����top�éê. S;ä$%���ì 

!g������	Q2~ÂÀa�ü�ìZ��BW��12. x{+íÇ»XiL¤�

�M(g- � L2�õ, aË), ]MÍ|)+_�þ¡Tõsþ��M.

x*P�����|, �ßk�?Ëx�9� !�åop�¢´: (P1)�jx»Wû[t0,

t2]) !g�þIop, ëm»WpBëm !p� !ÓJè¿sW�+ø�®�ëmü;

(P2)op��éê�W. \�õ²Zý9�t: xËx£¤���Ë,

0 1 3

0 0 2

( , ) , ( , ) [ , ],

0 ( , ) ( , ), ( , ) [ , ],

Q x t c x t t t

u x t u x t x t t t

 Ω
Ω

∈ ×
∈ ×

(5)

("í u0(x, t)�1t��¥®�, Z¦)Èº !g��op�|£), 5+ø�å�op��,

_âop��éê�W:

2

0

2( ) ( , ) ( , )d d ,
t

t
J u u x t w x t t x

Ω
= ∫ ∫ (6)

"í w(x, t)t§¨� &Tõ, E©op+ø:)¤ª !g��«��éê. Ô�����

k�(a Zeng[1, 2] ), ;t`¬T J1é­(6)í� J,

2

0
1( ) ( , ) ( , )d d ,

t

t
J u u x t w x t t x

Ω
= ∫ ∫ (6)®

Èj, 56¯°(4), (5)� J1��WüxÙÚ|±.�²³�Ô8P, ´�ßµ¶`(6)9. _`(6)

9���+øå·t L2�õâ.�ÑlÔ¸¹P, �å6�º®¢þ�ÔñP(a ZhuZ[5]).

|x�(4), (5)B(6)9F�?+ø»¼�¶£¤�½¡��ç�åop"#.

2 ����

2.1 ����

56|x�"#þ�¾�X`¿Tõ�, æ)�ÀK0�ÈZ9£¤ Q(x, t)�c^Á. c

�®Â+øÃ�éêTõ:

2( ) ( ) ( ),newJ u J u J Qγ= + (7)

"í

3

0 1

2
2 ( ) ( ( , ) ) ( ( , )d d ,

t

t
J Q Q x t c v Q x t t xβΩ

= −∫ ∫ (8)

�

2

1, if
( ) .

exp[ ( ) / , otherwise

p c
p

p c
βν

β
= 

− −
(9)

*7� β Ä��», νβ Ä�úÅTõ. )W�β > 0, J2×Ø?ÆE Q(x, t)�c*ø£¤�Ç¿.

x��ÙÚíOlβ uW, ��ÙÚÈÉ�,-, Tõνβ ��ÊBúÅTõ+¬?. �ßx�

�

��

Ë
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ÌÍÎ��åop"#í5;`?*¬�¿Tõ��, iâ?dñ�Ñl(Zhu Z[5]). ",

�¿Tõ��þ�`a Lin[6]. ¢´|(7)9íγ iü$9, £¤ Q(x, t)�c�$ÄN�¯°, �

¡ÙÚítyW.9i�øγ ü, �1z�Ñl®øÒÏ�ü.

2.2 �����

Ëxþ�X`ÐÑ��5�Ã�éêTõ��õ:

*2 ,new
s

J
wu Q Q

u

∂
= +

∂
(10)

"í Q*tÐÑK0, ¯°Ëx��ç:

0 1 3

*
* 2

[ , ]
( , , , )

[2 ( ) ( ) ( ) ( )] | ,
T

t t
Q F Q V T

Q Q Q c Q c Q
t Q β β Ωγν γ ν χ ×

 ∂ ∂ ′= − + − + − ∂ ∂ 

�

(11)

*7
0 1 3[ , ]t tΩχ × c¦¢Tõ, gc»W¥�W�Tõ, x 0 1 3[ , ]t tΩ × iüc 1, ³´iüc 0. Ò

3.(10)9�ÙÚ !5tΩ, ��»Wût[t0, t3], Èj»W��ÓÔtE�, gy tÕt3=m,

��. tÕt0, "�ü��(�cäÐÑ"#�Hü, ¥x{Ú»n t3)c:

Q*(x, t3)=0, (12)
�õ'9(10)9BÐÑ�ç(11)9���þ�` LagrangeÖ×�B�Ø��'9â., ./a

ÙÚ.

ËxL¤<�+øN×��(11)9�ÛIÎ+R�3Â. }2 Qto+ !Ó�Jè, �

(1)9t+øL¤�B?�ç:

,s
Q Q Q Q

u w Q
t x y z

ν∂ ∂ ∂ ∂= + + +
∂ ∂ ∂ ∂

ÜÝ

( , , , ) ,s
Q Q Q

F Q V T u w Q
x y z

ν∂ ∂ ∂= + + +
∂ ∂ ∂

�

�

( , , , )
,

F Q V T
u w

Q x y z
ν∂ ∂ ∂ ∂= + +

∂ ∂ ∂ ∂
�

t+øÚ×. x*øN×í, (11)9�ÛIÎ+Rc

* * *
*( , , , )

.
T

F Q V T Q Q Q
Q u w

Q x y z
ν ∂ ∂ ∂ ∂− = − − − ∂ ∂ ∂ ∂ 

�

2.3 ��������	

��, ,�opK0�ÈZ9£¤ 0�u(x, t)�u0(x, t)þ�`Je£¤�å;(Bounded

constrained optimization)Ú��6=. Je£¤�å;Ú�ë­î dc�ù, Þ�5þ�y

ó|Z�É<ßâ, *7�È./��, þ`a ByrdZ[7]B ZhuZ[8].

2.4 
���
�

àá|xstxâã��äË#Í�. �xÙÚå|ÙÚ, �â`õü56�, c���

ö9TD;. Èj, |x�âã�ä�#Í»æþ�S.TD��ä, �Oæö9�ç\�É

��ç, âã�ÐÑ�çK�É�ö9�ÐÑö9, º¬þ�:;<��(10)~(12)9TD�

ç ç
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ä9. *7X`âã�ä9��ë�tÔ-èéêë. �ß#Íj+ø)*�TDMÍ, t,

�ÌÍÎ��åop"#�, þ`a ZhuZ[5].

Ëx¥�Ê4�ÙÚìí: (i) 2® kÕ0, ¥�+ø u �Î+îü u(0); (ii) )¥®� u(k),

y t=t0. t=t3��ö9(4), ¯MÚÑl; (iii)ÙÚéêTõ(6); (iv) �(12)c�ü��, y tÕt3

=m, ��ÐÑö9(11). tÕt0; (v) �`(10)ÙÚéêTõ�Åè; vi) �`Jeå;(bounded

constrained optimization)Ú�ÔÃ u(k); (vii) ïð�å¢��t³¯°; (viii) Olt, ñ^, ³

´2® kÕk+1, ò.Î 2ì.

3 ��������	
��


y|x�#Íþ�ó., |Ø� !�åop��t�jÖ®¢���ÙÚ���, "

Ñlôõ��`.�CDQP¥IeöOèöÑ¥ !ÓHm���� !CDö9Z. Èþ

÷ø�t*P��sÈtnÖ�È�, 1��¼½*PÈÉ)��ÙÚ���åop���

��, 5g)�åop�ÈÖ®¢HI�Ý. *7�ß�#Í�QP¥OèPB !ÓHm�

��ÈÖ®¢)�åopKl���. ùúû�, �tx��CD�QP¥OèPB !ÓH

m��Ë, �ßþ�ô�|x���ÙÚ��å�op��, º»5�qr?*+op�K

l(�O J2�üþ�t+øñ��m), ÜÝ�ß�"üQP¥OèPB !ÓHm���Wý

A(ÈÉ))*+opKl���J89þ*t{è#Í���"#. Ô�Â���¢"#, O

)ö9ÈÉ���¢¥)ö9`õ���¢Zþ�`)*�����
, *7ÇÈ./#Í.

2x¥®�QP V¥OèP TBHmJè�� Q0Ë, |xÙÚ���åopt uop, �x

�opË�Jèc Qop(x, t), Sß¯°�ç

0

0 2

2 3

0

( , , , ) (1 ), ( , ],

( , , , ) , ( , ],

( , ) | ( ),

op
op op

s

op
op

s

op
t t

Q
F Q V T Q u t t t

t

Q
F Q V T Q t t t

t

Q x t Q x=

∂ = + − ∈
∂

∂ = + ∈
∂

=

�

� (13)

"opKl�+ø�mt f (Q op). *7 f (ç)t+øm0, t�0Topëm8��+øè0,

¯°Èt�+�. NOþ�ic J2(Q), az Q xop !Bop»Wp�JèB�üZ. x

��;`í�þ&i8ø�mTõ, ¯°)"��¢sHI�Ý.

OlQP V(x, t)¥OèP T(x, t)BHmJè�� Q0(x)sJÈÉ, �32cδV(x, t), δ T(x,t)

BδQ0(x), ÜÝxop uopËÃ�Jè Q®̄ °Ëx�ç:

0

0 2

2 3

0 0

( , , , ) (1 ), ( , ],

( , , , ) , ( , ],

( , ) | ( ) ( ),

op
s

s

t t

Q
F Q V V T T Q u t t t

t
Q

F Q V V T T Q t t t
t

Q x t Q x Q x

δ δ

δ δ

δ=

′∂ ′= + + + − ∈
∂

′∂ ′= + + + ∈
∂
′ = +

�

� (14)

"�mTõ;äc )(Qf ′ .

y� ( , ), ( , )V x t T x tδ δ B 0 ( )Q xδ )�mTõ���c ( ) ( )opf f Q f Qδ ′= − . Ëx���δ f

ç

ç
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� ( , ), ( , )V x t T x tδ δ BδQ0=(x)�,-. *7	¼½+ú�,-, g ,
f f

V T

∂ ∂
∂ ∂

B
0

f

Q

∂
∂

, ÜÝþ�

�`ÐÑ�çJK<ÙÚ.

(14)�(13)9, â

0 0

( , , , ) ( , , , ),

( , ) ( , ) | ( ),

op
op

op
t t

Q Q
F Q V V T T F Q V T

t

Q x t Q x t Q x

δ δ

δ=

′∂ − ′= + + −
∂

′ − =

� �

(15)

M opQQQ −′=δ , ÜÝ(14)9�
�¢�ç(gÕÖ.ãú��*)c

0

( , , , ) ( , , , ) ( , , , )
,

( , ) | ( ).

op op op

t t

Q F Q V T F Q V T F Q V T
Q V T

t Q T T

Q x t Q x

δ δ δ δ

δ δ=

∂ ∂ ∂ ∂= + +
∂ ∂ ∂ ∂

=

� � �

(16)

¼½OË�ÐÑ�ç,

0 1 3

*
*

[ , ]

* *

* *

( , , , )
| ,

( , , , )
,

( , , , )
,

op

Top

t tQ Q

Top

Top

Q F Q V T f
Q

t Q Q

F Q V T
V Q

T

F Q V T
T Q

T

Ωχ ×=

 ∂ ∂ ∂= − + ∂ ∂ ∂ 

 ∂=  ∂ 

 ∂=  ∂ 

�

�

�

(17)

B�ü��:

0),( 3
* =txQ . (18)

þ�ð�(aÙÚ),

* * *
0

0

( , ), ,
f f f

Q x t V T
Q V T

∂ ∂ ∂= = =
∂ ∂ ∂

. (19)

Ò3.ÐÑ�ç(11)B(17)9Î+ø�ç	tw6
RyÈº, 1�x��ÙÚíþ�X

`º+ÐÑö9, �jbK6
R��3ÙÚ. �ÐÑ�ç(17)9�Î 2, 3ø�çt���ç,

þ�x��(17)9Î+ø�ç�jçí��ÙÚ��. ÐÑçÔ;yTD�ö9{����,

*�xî J78+�BÞ�(NO RostaingZ[9], ��Z[10]).

4 ��

*7#Í�t+P�{�MÍ"#, az�t+øMÍ��. ",&��"#B��õ

üÙÚ�¿s/;. Ë+ì�ß���
�Ê4"#$%ü�åopõü�ð¥ïðopjç

í�òAE�B�»opÔÃ�MÍBÚ�, ��O�®ÂÔñ� !opéêTõ. ��,

wÓ/��y���(gë­�CDö9¥òAóôBÀ:º;-<), �³_*+�á�x�

�x��í;`, 	J�j��ïð�þâq. �j)*+MÍ�á�H+ì�
B�ð, ~

ìþ�_�ßcbHCDö9¥�-òA�·¥«>�H�À:º;-<ZkG��B��

 HE`, ¯H+ìkl�ß)9� !åM�"�o�����!4.

ç
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1. ����(10)����	(11)
��

�
 Lagrange��(������) *
0 3( , ), ( , ) [ , ],Q x t x t t tΩ∈ × �� Lagrange��

2

0

3

2

* *

*

2

( , , ) ( , , ) (1 ) d d

( , , ) d d

( ) ( ),

t

st

t

st

Q
L Q Q u Q F Q V T Q u t x

t

Q
Q F Q V T Q t x

t

J u J Q

Ω

Ω

γ

∂ = − − − ∂ 

∂ + − − ∂ 

+ +

∫ ∫

∫ ∫ (A)

��� Q, Q*� u����
��. � Q,u!"#�� )()( 2 QJuJJnew γ+= 
$%&', ( Q*!)*


����
+,-.!( uQ,Q ,* )/ L
0123, 4(5

0.
L

Q

∂ =
∂

(B)

678%98��
*

* *
00 0

d d ,
t t

tQ Q
Q t Q Q Q t

t t

∂ ∂= −
∂ ∂∫ ∫ (C)

4(A), (B)�(C):;

0 1 3

*
* 2

[ , ]

*
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