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Abstract

A Central Limit Theorem for non-commutative random variables is proved using the Lindeberg
method. The theorem is a generalization of the Central Limit Theorem for free random vari-
ables proved by Voiculescu. The Central Limit Theorem in this paper relies on an assumption
which is weaker than freeness.

1 Introduction

One of the most important results in free probability theory is the Central Limit Theorem
(CLT) for free random variables ([I1]). It was proved almost simultaneously with the invention
of free probability theory. Later conditions of the theorem were relaxed ([I0]). Moreover, a far-
reaching generalization was achieved in [I], which studied domains of attraction of probability
laws with respect to free additive convolutions. See also [2].

Freeness is a very strong condition imposed on operators and it is of interest to find out
whether the Central Limit Theorem continues to hold if this condition is somewhat relaxed.
This problem calls for a different proof of the non-commutative CLT which does not depend
on R-transforms or on the vanishing of mixed free cumulants, because both of these techniques
are closely connected with the concept of freeness.

In this paper we give a proof of free CLT that avoids using either R-transforms or free cu-
mulants. This allows us to develop a generalization of the free CLT to random variables that
are not necessarily free but that satisfy a weaker assumption. An example shows that this
assumption is strictly weaker than the assumption of freeness.

The proof that we use is a modification of the Lindeberg proof of the classical CLT (Jf]). The
main difference is that we use polynomials instead of arbitrary functions from C3 (R), and that
more ingenuity is required to estimate the residual terms in the Taylor expansion formula.
The closest result to the result in this paper is Theorem 2.1 in ([T2]), where the Central Limit
Theorem is proved under the conditions on summands that are weaker than the requirement
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of freeness. The conditions that we use are somewhat different than those in Voiculescu’s
paper. In addition, we give an explicit example of variables that are not free but that satisfy
conditions of the theorem.

The rest of the paper is organized as follows. Section 2 provides background material and
formulates the main result. Section 3 shows by an example that a condition in the main result
is strictly weaker than the condition of freeness. Section 4 contains the proof of the main
result. And Section 5 concludes.

2 Background and Main Theorem

Before proceeding further, let us establish the background. A non-commutative random space
(A, E) is a pair of an operator algebra A and a linear functional E on A. It is assumed that
A is closed relative to taking the adjoints and contains a unit, and that F is

1) positive, i.e., E (X*X) > 0 for every X € A,

2) finite, i.e., E(I) =1 where I denotes the unit operator, and

3) tracial, i.e., F(X1X3) = F (X2X1) for every X; and X3 € A.

This linear functional is called expectation. Elements of A are called random variables.

Let X be a self-adjoint random variable (i.e., a self-adjoint operator from algebra A). We can
write X as an integral over a resolution of identity:

X :/ AdPx (M),

where Px () is an increasing family of commuting projectors. Then we can define the spectral
probability measure of interval (a,b] as follows:

px {(a,b]} = E[Px (b) = Px (a)].

We can extend this measure to all measurable subsets in the usual way. We will call px the
spectral probability measure of random variable X, or simply its spectral measure.

We can calculate the expectation of any summable function of a self-adjoint variable X by
using its spectral measure:

By <X>=/_°O F ) dux ().

In particular, the moments of the probability measure px equal the expectation values of the
powers of X:

/oo Nedpx (A) = E (X¥).

Let us now recall the definition of freeness. Consider sub-algebras A; ..., A,. Let a; denote
elements of these sub-algebras and let k (¢) be a function that maps the index of an element
to the index of the corresponding algebra: a; € Ay ;).

Definition 1. The algebras A ..., A, (and their elements) are free if E (aj...am,) = 0 whenever
the following two conditions hold:

(a) E (a;) =0 for every i, and

(b) k(i) # k(i + 1) for every i < m.

The variables X1, ..., X,, are called free if the algebras A; generated by {I, X;, X'}, respectively,
are free.
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An important property of freeness is that we can compute the moments of the products of the
free random variables.

Proposition 2. Suppose X, ..., X, are free. Then

EXi.X)=Y 3 (71)’“*1E(Xk1)...E(XkT)E(Xl...)?kl...)?k,,...xn), (1)

r=11<k1<...<kr<n

where ~ denotes terms that are omitted.

This property is easy to prove by induction. However, we will not need all the power of this
property. Below we formulate the conditions that we need to impose on the random variables
to prove the CLT. These conditions are consequences of freeness but are likely to be weaker.

We will say that a sequence of zero-mean random variables X1, ..., X, ... satisfies Condition
A if:

1. For every k, E (XX, ... X;.) =0 provided that is # k for s =1, ..., 7.

2. For every k > 2, E (X,inl... Xir) =F (X,%) E (X;
s=1,..,m

X;,) provided that is < k for

1o

3. For every k > 2,

E(Xp Xy Xy XX 1o Xi) = E(XP) E (Xiyoo Xi)) E (X, X0

pH1er p+1er

provided that is < k for s =1,...,7.

Intuitively, if we know how to calculate every moment of the sequence X1, ..., Xx_1, then using
Condition A we can also calculate the expectation of any product of random variables X1,
..., X} that involves no more than two occurrences of variable Xj. Part 1 of Condition A is
stronger than is needed for this calculation, since it involves variables with indices higher than
k. However, we will need this additional strength in the proof of Lemma below, which is
essential for the proof of the main result.

Proposition 3. FEvery sequence of free random variables X1, ..., X, ... satisfies Condition

A.

This proposition can be checked by direct calculation using Proposition &
We will also need the following fact.

Proposition 4. Let Xi,...,X; be zero-mean variables that satisfy Condition A(1), and let
Yi+1, ..., Yy be zero-mean variables which are free from each other and from the algebra gener-
ated by variables X1, ..., X;. Then the sequence X1, ..., X1, Yi11, ..., Yy, satisfies Condition A(1).

Proof: Consider the moment E (X A,,...A;,), where A;, is either one of Y; or one of X; but
it can equal X}. Then we can use the fact that Y; are free and write

) (XkA“Alb) = ZCQE (XkXil(a)-"XiT(a)) s
el

where none of X, () equals X}. Then, using the assumption that X; satisfy Condition A(1), we
conclude that F (XA, ...A;,) =0. Also, E (Y A;,..A;,) = E(Yy) E (A, ...A;,) = 0, provided
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that none of A;, equals Yi. In sum, the sequence Xy, ..., Xj, Y41, ..., Y, satisfies Condition
A(1). QED.

While the freeness of random variables X; is the same concept as the freeness of the algebras
that they generate, Condition A deals only with variables X;, and not with the algebras that
they generate. For example, it is conceivable that a sequence {X;} satisfies condition A but
{Xi2 - F (Xf)} does not. In particular, this implies that Condition A requires checking a
much smaller set of moment conditions than freeness. Below we will present an example of
random variables which are not free but which satisfy Condition A.

Recall that the standard semicircle law pge is the probability distribution on R with the
density m=1v/4 — 22 if z € [-2;2], and 0 otherwise. We are going to prove the following
Theorem.

Theorem 5. Suppose that

(i) {&} is a sequence of self-adjoint random variables that satisfies Condition A;

(i) every &; has asbsolute moments of all orders, which are uniformly bounded, i.e., E |§Z|k <
i for all i;

(iii) B& =0, BE = 0%

(w) (63 + ...+ 0%) /N — s as N — .

Then the spectral measure of Sy = (&1 + ... + &n) /\/0F + ... + 0% converges in distribution
to the semicircle law psc.

The contribution of this theorem is twofold. First, it shows that the semicircle central limit
holds for a certain class of non-free variables. Second, it gives a proof of the free CLT which
is different from the usual proof through R-transforms. However, it is not stronger than a
version of the free CLT which is formulated in Section 2.5 in [I{].

3 Example

Let us present an example that suggest that Condition A is strictly weaker than the freeness
condition.

Let F be the free group with a countable number of generators fi. Consider the set of relations
R = {fufi—1fxfe—1fcf—1 = e}, where k > 2, and define G = F/R, that is, G is the group
with generators fj, and relations generated by relations in R.

Here are some consequences of these relationships:

D) frrfrferfefo1fr=e.

(Indeed, e = fi " (fifu—1Sufr—1Sufr—1) fr = oot feSo1 fefo—1fx-)

2) hlufe o R = eand BT R T =

We are interested in the structure of the group G. For this purpose we will study the structure
of R, which is a subgroup of F generated by elements of R and their conjugates. We will
represent elements of F' by words, that is, by sequences of generators. We will say that a word
is reduced if does not have a subsequence of the form fj f,~ Lor fi L. Tt is cyclically reduced
if it does not have the form of fk...fl;l or f,;l...fk. We will call a number of elements in a
reduced word w its length and denote it as |w|. A set of relations R is symmetrized if for every
word r € R, the set R also contains its inverse r—! and all cyclically reduced conjugates of
both r and r~*.

For our particular example, a symmetrized set of relations is given by the following list:
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- { Jefe—1fefe—1fefr—1, fe—1fefre—1fefr—1/k, }
= —1 p—1p-1 p—1p—1 p—1 11 polp—1 p—1,—1

hode hade o B hodf hade i 17
where k are all integers > 2.
A word b is called a piece (relative to a symmetrized set R) if there exist two elements of R,
r1 and 7y, such that vy = bcy and r9 = beo. In our case, each fi and fk_1 with index &k > 2 is a
piece because fi is the initial part of relations fx fr—1frfe—1fxfr—1 and fi fe+1fefrer1fefer1,
and fl;l is the initial part of relations fl;lf,;llfglfl:lfglfl:l and f,;lfl;ﬁlflzlf;ﬁlfglf,;rll.
There is no other pieces.
Now we introduce the condition of small cancellation for a symmetrized set R:

Condition 6 (C' (\)). If r € R and r = bc where b is a piece, then |b| < \|r|.

Essentially, the condition says that if two relations are multiplied together, then a possible
cancellation must be relatively small. Note that if R satisfies C’ (A) then it satisfies C’ (1) for
all p > .

In our example R satisfies C’ (1/5).

Another important condition is the triangle condition.

Condition 7 (T'). Let r1, r2, and r3 be three arbitrary elements of R such that ro # rfl and
r3 # r2_1 Then at least one of the products ri7s, rars, or r3r1, is reduced without cancellation.

In our example, Condition (7") is satisfied.

If s is a word in F, then s > AR means that there exists a word » € R such that » = st and
|s| > Alr|. An important result from small cancellation theory that we will use later is the
following theorem:

Theorem 8 (Greendlinger’s Lemma). Let R satisfy C' (1/4) and T. Let w be a non-trivial,
cyclically reduced word with w € R. Then either

(1) w € R,

or some cyclycally reduced conjugate w* of w contains one of the following:

(2) two disjoint subwords, each > 3R, or

(4) four disjoint subwords, each > i R.

This theorem is Theorem 4.6 on p. 251 in [{.

Since in our example R satisfies both C” (1/4) and T', we can infer that in our case the conclusion
of the theorem must hold. For example, (2) means that we can find two disjoint subwords of
w, s1 and s, and two elements of R, r1 and ro, such that r; = s;t; and |s;| > (3/4) |r;| = 9/2.
In particular, we can conclude that in this case |w| > 10. Similarly, in case (4), |w| > 16. One
immediate application is that G does not collapse into the trivial group. Indeed, f; are not
zZero.

Let L?(G) be the functions of G that are square-summable with respect to the counting
measure. G acts on L? (G) by left translations:

(Lg) (h) =z (gh).

Let A be the group algebra of G. The action of G on L? (G) can be extended to the action of
A on L? (G). Define the expectation on this group algebra by the following rule:

B (h) = <5e; Lh68> ’
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where (-, -) denotes the scalar product in L? (G) . Alternatively, the expectation can be written
as follows:
E (h) = a.,

where h = geG (g9 is a representation of a group algebra element h as a linear combination
of elements g € G. The expectation is clearly positive and finite by definition. It is also tracial
because g1go = e if and only if gog; = e.

It Lp = > geG glg is a linear operator corresponding to the element of group algebra h =
deG agg, then its adjoint is (Lp)" = deGa_ng—l, which corresponds to the element h* =
> gec Gg9 L

Consider elements X; = f; + f[l. They are self-adjoint and E (X;) = 0. Also we can compute
E (XZQ) = 2. Indeed it is enough to note that f? # e and f{Q # e, and this holds because
insertion or deletion of an element from R changes the degree of f; by a multiple of 3. Therefore,
every word equal to zero must have the degree of every f; equal to 0 modulo 3.

Proposition 9. The sequence of variables {X;} is not free but satisfies Condition A.

Proof: The variables X are not free. Consider X5X7 XX X5X7. Its expectation is 2, be-
cause fof1fofifofi1 =e and fg_lfl_lfglfl_lfglffl = ¢, and all other terms in the expansion
of XoX1X25X1X2X, are different from e. Indeed, the only terms that are not of the form
above but still have the degree of all f; equal to zero modulo 3 are fof; ' fof; ' fofs ' and
fa r fa Ly fa L £, but they do not equal zero by application of Greendlinger’s lemma. There-
fore, E (X2X1X2X1X2X;) = 2. This contradicts the definition of freeness of variables X5 and
X;.

Let us check Condition A. For A(1), we have to prove that E (X, X;,...X;,,) = 0, where k # i
and is # is41 for every s. Consider E (fifi,...fi, ), where k # is and iy # isy; for every s.
Note fifi,..-fi, # e, as can be seen from the fact that the degree of fi does not equal zero
modulo 3. Therefore E (fifi,...fi,) = 0. A similar argument works for F (fk_lf“flw) =0
and more generally for the expectation of every element of the form f;; fﬁ L. f[;?, where ¢ = £1
and ng are integer.

Similarly, we can prove that E ( ,;thfl ...f{f) = 0 and this suffices to prove A(2).

For A(3) we have to consider elements of the form f.* fi, ... fi, fz fi, .. .- fi,- Assume that neither
fiy oo fi, nor fi ... fs, can be reduced to e. Otherwise we can use property A2. Then the claim
is that F ( glfil - Jiy Zz fz-pﬂ...fiq) = 0. This is clear when £; and €5 have the same sign since
in this case the degree of f; does not equal 0 modulo 3. A more difficult case is when ¢; = 1
and g3 = —1. (The case with opposite signs is similar.) However, in this case we can conclude
that frfi,...fi, f;lfiﬁl...fiq # e by an application of Greendlinger’s lemma. Indeed, the only
subwords that this word can contain and which would also be subwords of an element of R, are
subwords of length 1 and 2. But these subwords fail to satisfy the requirement of either (2) or
(4) in Greendlinger’s lemma. Therefore, we can conclude that fi fi, ... fi, j”k_lj'}p+1 ..fi, # e, and
therefore A(3) is also satisfied. Thus Condition A is satisfied by random variables X1, ..., Xk, ...
in algebra A, although these variables are not free. QED.

4 Proof of the Main Result

Outline of Proof: Our proof of the free CLT proceeds along the familiar lines of the Lindeberg
method. We take a family of functions, {f}, and compare Ef (Sy) with Ef (§N> , where

Sy = X1+ ...+ Xy and §N = Y1 + ...+ Yy, and Y; are free semicircle variables chosen



42

Electronic Communications in Probability

in such a way that Var (Sy) = Var <§N) . To estimate |Ef (Sy) — Ef (§N) ‘, we substitute

the elements in Sy with free semicircle variables, one by one, and estimate the corresponding
change in the expected value of f(Sy). After that, we show that the total change, as all
elements in the sum are substituted with semicircle random variables, is asymptotically small
as N — oo. Finally, the tightness of the selected family of functions allows us to conclude that
the distribution of S must converge to the semicircle law as N — oo.

The usual choice of functions f in the classical case are functions from C? (R) , that is, functions
with a continuous third derivative and compact support. In the non-commutative setting this
family of functions is not appropriate because the usual Taylor series formula is difficult to
apply. Intuitively, it is difficult to develop f (X + k) in a power series of h if variables X and
h do not commute. Since the Taylor formula is crucial for estimating the change in Ef (Sy),
we will still use it but we will restrict the family of functions to polynomials.

To show that the family of polynomials is sufficiently rich for our purposes, we use the following
Proposition:

Proposition 10. Suppose there is a unique distribution function F with the moments {m(’“), r> 1} .

Suppose that {Fn} is a sequence of distribution functions, each of which has all its moments
finite:

o0
m%) :/ z"dFy.
— 00
Finally, suppose that for everyr > 1 :

lim m%)

n—oo

=m),

Then Fn — F vaguely.

See Theorem 4.5.5.on page 99 in [B] for a proof. Note that Chung uses words “vague conver-
gence” to denote that kind of convergence which is more often called the weak convergence of
probability measures.

Since the semicircle distribution is bounded and therefore is determined by its moments (see
Corollary to Theorem I1.12.7 in [§]), therefore the assumption of Proposition [ is satisfied,
and we only need to show that the moments of .S,, converge to the corresponding moments of
the semicircle distribution.

Proof of Theorem Define 7; as a sequence of random variables that are freely indepen-
dent among themselves and also freely independent from all &. Suppose also that 7; have
semicircle distributions with En; = 0 and En? = 0?. We are going to accept the fact that the
sum of free semicircle random variables is semicircle, and therefore, the spectral distribution

of (m+...+nn)/ (sx/ﬁ) converges in distribution to the semicircle law pugc with zero ex-

pectation and unit variance. Let us define X; = &;/sy and Y; = n;/sy. We will proceed by
proving that moments of X7 4 ... + X converge to moments of Y; + ... + Yy and applying
Proposition [ Let

Af=FEf(Xi+..+Xny)—-EfWV1+...+Yn),

where f (z) = 2™. We want to show that this difference approaches zero as N grows.
By assumption, EY; = EX; = 0 and EY;? = EX? = 0?/s%.
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The first step is to write the difference A f as follows:

Af = [Ef(X1+...+XN71+XN)7Ef(X1+...+XN71+YN)]
+[Ef(X14+ ...+ XN+ YY) —Ef (Xa+ ...+ Yyo1 + Yo)]
+[Ef(Xi+ Yo+ ..+ YN 1+ YN)-EfMi+Ya+...+Yy_1+Yy)].

We intend to estimate every difference in this sum. Let
Zr=X1+ .+ Xp_1+ Y1 +... + Yn. (2)

We are interested in
Ef(Zx+ Xy) — Ef (Zi + Yz) .

We are going to apply the Taylor expansion formula but first we define directional derivatives.
Let f%, (Zk) be the derivative of f at Zy in direction Xk, defined as follows:

/ o f (2 + X)) — f(Zk)
Ix,(Zy) = lgfg p .

The higher order directional derivatives can be defined recursively. For example,

/ Y (Zp+tXy) — [y (Z
F%, (Zi) = (fx)x, (Ze) = lim Lo (Ot t’“) fe (k) (3)

For polynomials, this definition is equivalent to the following definition:

f(Zk +tXy) = F(Zk) — tf%, (Zk)

X, (Zk) = 21im e : (4)
Example 11. Operator directional derivatives of f (z) = x*
Let us compute f4 (Z) and f% (Z) for f (x) = x*. Using definitions we get
N (2)=Z3X +Z°XZ2+ ZXZ*+ X 73
and
V(2)=2(2*X*+ ZXZX + XZ°X + ZX*Z + XZXZ + X*Z%), (5)

and the expression for f% (Z) does not depend on whether definition @) or @) was applied.

The derivatives of f at Zy + 7X} in direction X}, are defined similarly, for example:

f;gk (Zk —I—TXk)
— 6um? (Zi+ (1 +1) X)) = [(Z + 7X) — tfx, (Zx + 7Xk) — 582 1% (21 + 7X})
T 3 ’

Next, let us write the Taylor formula for f (Z; + Xi):

1
F(Bt X0 = 12+ F, (20 + 505, (20 + 5 [ =1 (Gt rX0)dr. (0)
0
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Formula (@) can be obtained by integration by parts from the expression
1
F(Zt X0~ 120 = [ fr, (Ze X
0

For polynomials it is easy to write the explicit expressions for f )(gk) (Z) or )((Tk) (Zk + 7X%)
although they can be quite cumbersome for polynomials of high degree. Very schematically,
for a function f (z) = 2™, we can write

I (Zr) = XpZ0 N+ 2 X 20+ e+ 20T X (7)

and
5 (Zi) =2 (XRZ] 2 + X ZuXu Z) 2+ + 202 X]), (8)

Similar formulas hold for fi. (Zx) and fy (Zy), with the change that Y}, should be used instead
of Xk

Using the assumptions that sequence { X} } satisfies Condition A and that variables Y}, are free,
we can conclude that Efy. (Zx) = Efy, (Zi) = 0 and that Efy, (Zi) = Ef%, (Z1) . Indeed,
consider, for example, (§). We can use expression (@) for Z; and the free independence of Y;
to expand (@) as

Ef% (Zk) = Z caPo (B (Xp X1 X1 X2) , B (X3 X3X6X4) s .. (9)

where X; denotes certain monomials in variables X7, ..., Xx_1 (i.e., X, = Xy - X, with i €
{1,...,k—1}), and where « indexes certain polynomials P,. In other words, using the free
independence of Y; and X; we expand the expectations of polynomial f}'(k (Z) as a sum over
polynomials in joint moments of variables X; and Y; where j =1,...,kandi=k+1,..., N. By
freeness, we can reduce the resulting expression so that the moments in the reduced expression
are either joint moments of variables X; or joint moments of variables Y; but never involve
both X; and Y;. Moreover, we can explictly calculate the moments of Y; (i.e., expectations of
the products of Y;) because their are mutually free. The resulting expansion is ().

Let us try to make this process clearer by an example. Suppose that f () = 2% N =4, k = 2
and Zy = Zy = X1 + Y3 + Y;. We aim to compute Ef% (Z2). Using formula (H), we write:

Ef%, (Z2) = 2E(Z3X3+..)
= 2F ((X1 +Ys4 Y2 X2+ )
= 2{E(X{X3)+ E(X1Y3X3) + E (X1Y4X3)
+E (,X0X3) + B (V2X3) + F (Va3 X3)
+E (YaX1X3) + E (YaYsX3) + E (Y2 X3) + ...}

Then, using the freeness of Y3 and Y; and the facts that E(Y;) = 0 and E (Y}?) = o2, we
continue as follows:

Ef%, (Z2) = 2{E (X7 X3) + 03E (X3) + 03 E (X3) + ..},

which is the expression we wanted to obtain.
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It is important to note that the coefficients ¢, do not depend on variables X; but only on Yj,
J > k, and on the locations which Y; take in the expansion of f¥ (Zx). Therefore, we can
substitute Y, for X} and develop a similar formula for Efy (Zx):

Eff (Zk) = caPu (B (Vi X1ViX2) , E (YiX3YiXa) .. - (10)

In the example above, we will have
Bfy, (Z2) = 2{E (X{Y3) + 03B (Y5) + 03 B (Y5) + ..}.

Formula (@) is exactly the same as formula [@)) except that all X} are substituted with Y.
Finally, using Condition A we obtain that for every i:

E (YiX:YpXit1)

\
a|
=
eS|
EE
eS|
=

+

and therefore Efy (Zy) = Efy, (Zk).
Consequently,

Ef(Zk+ Xx) — Ef (Zk + Yk)
1

1 1 1
- 5/ 1-7)?EfY (Zk+TXk)dT—§/ (1 =7 Eff (Zy + 7Yi) dr.
0 0

Next, note that if f is a polynomial, then fY¥, (Zx + 7Xj) is the sum of a finite number of

terms which are products of Zy + 7X; and Xi. The number of terms in this expansion is
bounded by C, which depends only on the degree m of the polynomial f.
A typical term in the expansion looks like

E(Zk +7X0)" T X3 (Zk + 7X0)° X

In addition, if we expand the powers of Zj + 7 X}, we will get another expansion that has the
number of terms bounded by Cs, where C5 depends only on m. A typical element of this new
expansion is

E(Z]XEZEXT).

Every term in this expansion has a total degree of X} not less than 3, and, correspondingly,
a total degree of Zj not more than m — 3. Our task is to show that as n — oo, these terms
approach 0.

We will use the following lemma to estimate each of the summands in the expansion of
fégk (Zk + TXk)

Lemma 12. Let X and Y be self-adjoint. Then

|E (XY™ X™ry ™)

I I | I
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Proof: For r = 1, this is the usual Cauchy-Schwartz inequality for traces:
|E(X™y™))? < E(X¥)E(Y?™),

See, for example, Proposition 1.9.5 on p. 37 in [9].
Next, we proceed by induction. We have two slightly different cases to consider. Assume first
that r is even, r = 2s. Then, by the Cauchy-Schwartz inequality, we have:

|E(X™y™ .  X™ry ") ?
B (XY™ XMy ey e X e Y MX ) B (YT XY et X el X ety ekt Xy )
E(XPmy ™, Xmey e X YY) B (Y X Y et Xk y et X

IN

Applying the inductive hypothesis, we obtain:

|E(X™y™  X™ry ") ?

—r41 —r41 o—r+2 —r42

< [pee)] e )] [ ()]

§ [E <X2"ms+1)rﬂ+l 41 P— [E (X2"*1mr)]

)] [ ()

g—r+2

g—r+2

We recall that by the Lyapunov inequality, {E (YQT_lnl)} < [E (YQT’“)] and we
get the desired inequality:

|E(X™Yy™  X™ry"r)
s 27" s 27" T 27" T 27"
< [plem)] 2 ()] 2] [ ()
Now let r be odd, r = 2s + 1. Then

|E(X™y™  X™ry ") ?

IN

= B (XPmy™ YT XFreny e YY) B (Y2 X T X ey 2res X et X
After that we can use the inductive hypothesis and the Lyapunov inequality and obtain that

|E(X™y™ XMy ™|

T —r —r

< ()] [ O] e )] [ o))
QED.

We apply Lemma [[Z to estimate each of the summands in the expansion of fy (Zx + 7Xk).
Consider a summand E (2, X;"*...Z,"" X;'") . Then by Lemma [ we have

\E(ZM X020 X

< el [l e ()] B (i)

Next step is to estimate the absolute moments of the variable Z.

(11)

—r

B (XY™, Y X et X ety ey XY (Y X X e 2y ety ekt X etz YTy )
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Lemma 13. Let Z = (vy + ... +vn) /N2, where v; are self-adjoint and satisfy condition
A(1) and let E |vi|k < pg for every i. Then, for every integer r > 0

E(Z]")=0(1) as N — oo.

Proof: We will first treat the case of even r. In this case, E (|Z|") = E(Z"). Consider the
expansion of (v + ... + vn)" . Let us refer to the indices 1, ..., N as colors of the corresponding
v. If a term in the expansion includes more than r/2 distinct colors, then one of the colors must
be used by this term only once. Therefore, by the first part of condition A the expectation of
such a term is 0.
Let us estimate a number of terms in the expansion that include no more than r/2 distinct
colors. Consider a fixed combination of < r/2 colors. The number of terms that use colors
only from this combination is < (r/2)" . Indeed, consider the product
(v1 + ... +on) (V1 + ... FUN) ... (V1 + ... + vn) with r product terms. We can choose an ele-
ment from the first product term in 7/2 possible ways, an element from the second product
term in r/2 possible ways, etc. Therefore, the number of all possible choices is (r/2)". On the
other hand, the number of possible different combinations of k < r/2 colors is

N!

: r/2
.

Therefore, the total number of terms that use no more than r/2 colors is bounded from above
by
(r/2)" NT/2.

Now let us estimate the expectation of an individual term in the expansion. In other words
we want to estimate F (vfllvi) , where k; > 1, k1 + ... + ks = r, and i; # ;1. First, note

that
}E (Ufll...vzb')‘ SE( )

Indeed, using the Cauchy-Schwartz inequality, for any operator X we can write

ke

k1
Uil ...U,L-S

EEE = |20 x| < B (X200 x7) B (X1 X))

E(|X|P) E(1X]),

where U is a partial isometry and P = U*U is a projection. Note that from the positivity
of the expectation functional it follows that F (|X|P) < E (|X|). Therefore, we can conclude
that B (X)| < B (|X]).

Next, we use the Holder inequality for traces of non-commutative operators (see [, especially
Corollary 4.4(iii) on page 324, for the case of the trace in a von Neumann algebra and Section
II1.7.2 in [B] for the case of compact operators and the usual operator trace). Note that

1 1
-4+ =1,
S S
—_———

s-times

therefore, the Holder inequality gives

" ( ) = [E (Ivillk”) E <|Uis

ks vks

U,Ll RN

k.s)]l/s
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Using this result and the uniform boundedness of the moments (from assumption of the
lemma), we get:

1 S
log‘E (vfll...vfs)‘ < - E log pig, s
s s
i=1

Without loss of generality we can assume that bounds py are increasing in k. Using the facts
that s < r and k; < r, we obtain the bound:

log }E (Ufll...vzb')‘ < log tt,2,

or
‘E (vfll...vfs)‘ < fp2
Therefore,
E(v+ ... +on)" < (1/2)" pp2 N2,
and

E(Z7) < (r/2)" re. (12)

Now consider the case of odd r. In this case, we use the Lyapunov inequality to write:

E|Z|7‘ S <E|Z|T+1) r+1 (13)

T

r+1 r+1 r+1
(5.
r+1\" T
= 9 (:u‘(r+1)2) .

The important point is that the bounds in (IZ) and ([3)) do not depend on N. QED.

By definition Zx = (&1 + ... + &k—1 + Nkt1 + ... + 1) /sy and by assumption & and 7; are
uniformly bounded, and sy ~ v/N. Moreover, &, ..., &_1 satisfy Condition A by assumption,
and Mgy1,...,nn are free from each other and from &, ..., &k—1. Therefore, by Proposition
&1y ooy Ek—1y M1, ---, M satisfy condition A(1). Consequently, we can apply Lemma [3 to Zj,
and conclude that E|Zx|" is bounded by a constant that depends only on r but does not
depend on N.

Using this fact, we can continue the estimate in ([Il) and write:

\E(ZM X2 X

< alp(x) e

where the constant Cy depends only on m.
Next we note that

(14)

r

E X2T7h > < H2rn,y 2 — C(M27'n1)277v
k — N2T*1n1 - Nni/2
Next note that ni + ... + n, > 3; therefore we can write

—r

B (xze)]" e ()] <oven

In sum, we obtain the following Lemma:
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Lemma 14.
—-3/2
\EfY (Z +7Xy)| < CsN 73/,

where C5 depends only on the degree of polynomial f and the sequence of constants pi.

A similar result holds for ‘E ¥, (Zk + TYk)‘ and we can conclude that
|Ef (Zi + Xi) — Ef (Zi + Yi)| < CeN73/2.
After we add these inequalities over all k = 1,..., N we get
|Ef (X1 + ..+ Xn)—Ef(Yi+...+ Yy)| < C;N"V2,

Clearly this estimate approaches 0 as N grows. Applying Proposition [0 we conclude that
the measure of X; + ... + X converges to the measure of Y7 + ... + Y in distribution. This
finishes the proof of the main theorem.

5 Concluding Remarks

The key points of this proof are as follows: 1) We can substitute each random variable X; in
the sum Sy with a free random variable Y; so that the first and the second derivatives of any
polynomial with Sy in the argument remain unchanged. The possibility of this substitution
depends on Condition A being satisfied by X;. 2)We can estimate a change in the third
derivative as we substitute Y; for X; by using the first part of Condition A and several matrix
inequalities, valid for any collection of operators. Here Condition A is used only in the proof
that the k-th moment of (&, 4 ... + &x) /N'/? is bounded as N — oo.

It is interesting to speculate whether the ideas in this proof can be generalized to the case of
the multivariate CLT.
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