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Abstract

Central limit theorems for functionals of general state space Markov chains are of crucial
importance in sensible implementation of Markov chain Monte Carlo algorithms as well as of
vital theoretical interest. Different approaches to proving this type of results under diverse
assumptions led to a large variety of CTL versions. However due to the recent development
of the regeneration theory of Markov chains, many classical CLTs can be reproved using this
intuitive probabilistic approach, avoiding technicalities of original proofs. In this paper we
provide a characterization of CLTs for ergodic Markov chains via regeneration and then use
the result to solve the open problem posed in [17]. We then discuss the difference between
one-step and multiple-step small set condition.

1 Introduction
Let (X,,)n>0 be a time homogeneous, ergodic Markov chain on a measurable space (X, B(X)),

with transition kernel P and a unique stationary measure = on X. We remark that the ergod-
icity means that

lim |[P"(z, ) =7 =0, forallze X, (1)
n—oo
where || - ||z denotes the total variation distance. The process (X, )n>0 may start from any

initial distribution 7. Let g be a real valued Borel function on X, square integrable against
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the stationary measure m. We denote by g its centered version, namely g = g — [ gdr and for
simplicity Sy, ==Y i 01 g§(X;). We say that a /n—CLT holds for (X,,),>0 and g if

Su/vn -5 N(0,62),  as n— oo, (2)

where ag < oo. First we aim to provide a general result, namely Theorem that gives a
necessary and sufficient condition for /n-CLTs for ergodic chains (which is a generalization
of the well known Theorem 17.3.6 [11]). Assume for a moment that there exists a true atom
a € B(X), i.e. such a set o that m(«) > 0 and there exists a probability measure v on B(X),
such that P(x, A) = v(A) for all x € a. Let 7, be the first hitting time for . In this simplistic
case we can rephrase our Theorem 4.1 as follows:

Theorem 1.1. Suppose that (X,,)n>0 is ergodic and possess a true atom «, then the \/n—CLT

holds if and only if 9
a[(ZQ(Xk)> ] < oo. ®)
k=1

2
Furthermore we have the following formula for the variance o2 = w(o)E [( S (X )> ] .

Central limit theorems of this type are crucial for assessing the quality of Markov chain Monte
Carlo estimation (see [10] and [5]) and are also of independent theoretical interest. Thus a large
body of work on CLTs for functionals of Markov chains exists and a variety of results have been
established under different assumptions and with different approaches (see [9] for a review). We
discuss briefly the relation between two classical CLT formulations for geometrically ergodic
and uniformly ergodic Markov chains. We say that a Markov chain (X,,),>0 with transition
kernel P and stationary distribution 7 is

o geometrically ergodic, if ||P™(z,)—m(-)||tn < M (x)p", for some p < 1 and M(z) < co m-a.e.,

o uniformly ergodic, if |P™(z,-) — ()|t < Mp™, for some p < 1 and M < 0.

Recently the following CLT provided by [8] has been reproved in [17] using the intuitive
regeneration approach and avoiding technicalities of the original proof (however see Section 6
for a commentary).

Theorem 1.2. If a Markov chain (X,)n>0 with stationary distribution m is geometrically
ergodic, then a v/n—CLT holds for (Xn)ns0 and g whenever w(|g|**°) < oo for some § > 0.
Moreover o := [\, gdm +2 [, 3071 §(X0)g(Xn)dr.

Remark 1.3. Note that for reversible chains the condition (|g|**%) < oo for some § > 0 in
Theorem [1.2 can be weakened to (g?) < oo as proved in [16], however this is not possible for
the general case, see [2] or [6] for counterezamples.

Roberts and Rosenthal posed an open problem, whether the following CLT version for uni-
formly ergodic Markov chains due to [4] can also be reproved using direct regeneration argu-
ments.

Theorem 1.4. If a Markov chain (X,,)n>0 with stationary distribution m is uniformly ergodic,
then a f CLT holds for (X,)n>0 and g whenever w(g*) < oo. Moreover o} := [, g*dm +
2fx n=19 (X0)g(Xy)dr.
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The aim of this paper is to prove Theorem /4.1 and show how to derive from this general
framework the regeneration proof of Theorem The outline of the paper is as follows.
In Section [2 we describe the regeneration construction, then in Section [3 we provide some
preliminary results which may also be of independent interest. In Section /4]l we detail the proof
of Theorem [4.1] and derive Theorem[I.4 as a corollary in Section [5. Section 6] comprises a
discussion of some difficulties of the regeneration approach.

2 Small Sets and the Split Chain

We remark that ergodicity as defined by (I) is equivalent to Harris recurrence and aperiodicity
(see Proposition 6.3 in [13]). One of the main feature of Harris recurrent chains is that they
are ¢—irreducible and admit the regeneration construction, discovered independently in [12]
and [1], and which is now a well established technique. In particular such chains satisfy

Definition 2.1 (Minorization Condition). For some e > 0, some C € BT(X) :={A € B(X) :
P(A) > 0} and some probability measure vy, with vy, (C) =1 we have for all z € C,

P"(2,") > (). (4)

The minorization condition enables constructing the split chain for (X,,)n>0 which is the
central object of the approach (see Section 17.3 of [11] for a detailed description). The mi-
norization condition allows to write P as a mixture of two distributions:

Pm(aja ) = g]IC(z)Vm('> + [1 - EHC(z)]R(xa ')a (5)

where R(z,-) = [1 —elo(z)] 7 HP(z, ) — ele(2)vm(+)]. Now let (Xpm, Yn)n>o be the split chain
of the m—skeleton i.e. let the random variable Y, € {0, 1} be the level of the split m—skeleton
at time nm. The split chain (X, Y5 )n>0 is @ Markov chain that obeys the following transition
rule P.

P(Yn = 17X(n+1)m € dlen_l,Xnm = JJ) = EHC($>Vm(dy) (6)
P(Yn =0, X(n+1)m € dy|Yn—1, Xnm =2) = (1-clc(z))R(z,dy), (7)

and Y, can be interpreted as a coin toss indicating whether X, 41y, given Xy, = = should
be drawn from v, (-) - with probability el¢(x) - or from R(z,-) - with probability 1 —elc(x).
One obtains the split chain (X%, Y,)r>0n>0 of the initial Markov chain (X,,),>0 by defining
appropriate conditional probabilities. To this end let XJ™ = {Xo,..., Xpm—-1} and YJ* =
{Yo,....Yn_1}.

P(Y, =1, Xpmi1 €dzi, ..., Xt 1ym—1 € d@m—1, X(nt1)ym € Y, X§™; Xom = ) =
_ elo(@)vm(dy)

Pm(z,dy)
P(Y, =0, Xpmt1 €dz1, ..., X 1ym—1 € d@m—1, X(ns1ym € dy|Yy", X§™; Xy = ) =
(1 —ele(z))R(z, dy)

P(z,dx1) - - P(zpm-1,dy), (8)

Note that the marginal distribution of (Xj)r>o in the split chain is that of the underlying
Markov chain with transition kernel P.
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For a measure A on (X, B(X)) let \* denote the measure on X x{0, 1} (with product o —algebra)
defined by A\*(B x {1}) = eA(BNC) and A\*(B x {0}) = (1 —)A(BNC) + A(BNC°). In the
sequel we shall use v}, for which v}, (B x {1}) = ey, (B) and v}, (B x {0}) = (1 —€)vin(B) due
to the fact that v, (C) = 1.

Now integrate (8) over x1,...,Z;,—1 and then over y. This yields
P(Y, =1, X(ny1ym € dylYg", Xg™; X = 2) = elo(x)vm (dy), (10)
and
P(Y, = 1Y, XJ™; X = 2) = el (). (11)

From the Bayes rule we obtain

P(X(ns1ym € dylYg", Xg™; Yo =1, Xppm = 2) = vm(dy), (12)
and the crucial observation due to Meyn and Tweedie, emphasized here as Lemma [2.2 follows.

Lemma 2.2. Conditional on {Y,, = 1}, the pre—mm process {Xy,Y; : k < nm,i < n} and
the post—(n + 1)m process {X,Y; : k = (n+ 1)m,i = n+ 1} are independent. Moreover, the
post—(n + 1)m process has the same distribution as {Xy,Y; : k > 0,4 > 0} with v, for the
initial distribution of (Xo, Yo).
Next, let 04(n) denote entrance times of the split chain to the set & = C' x {1}, i.e.

04(0) =min{k > 0:Y, = 1}, os(n) =min{k >o(n—-1): Y, =1}, n>1,
whereas hitting times 74(n) are defined as follows:

Ta(1) =min{k > 1:Y, = 1}, Ta(n) =min{k > 75(n—1) : Y =1}, n>2.

We define also

m(os(i+1)+1)-1 oa(i+1) m—1
si = si(9) = > X)) = > Zjg, where Z;(@) =Y 6(Xjmi)-
j=m(oa(i)+1) j=oa(i)+1 k=0

3 Tools and Preliminary Results

In this section we analyze the sequence s;(g), ¢ > 0. The basic result we often refer to is
Theorem 17.3.1 in [11], which states that (s;);>0 is a sequence of 1-dependent, identically
distributed r.v.’s with Es; = 0. In our approach we use the following decomposition: s; =
s; +5i, where

oa(itl)—1 oa(it1)—1
sii= Y, Zi(g) —En [ Yoz (@)} 5i = Zou(i+1)(7) — Enxg [Za&(i-i-l)(g)]'
Jj=oa(i)+1 j=oa(i)+1

A look into the proof of Lemmal[3.3 later in this section clarifies that s; and s; are well defined.

Lemma 3.1. The sequence (s;)i>0 consists of i.i.d. random variables.
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Proof. First note that s; is a function of {X (4, (i)+1)ms X(os (i) +1)m+1, - - - } and that Y, ) =
1, hence by Lemma 80,581,849, .- are identically distributed. Now focus on s;,s;,, and
Y, (i+k) for some k > 1. Obviously Y, ;+r) = 1. Moreover s; is a function of the pre—og (i +
k)m process and s, ., is a function of the post—(o4(i 4 k) + 1)m process. Thus s; and s;
are independent again by Lemma[2.2 and for A;, A; 1, Borel subsets of R, we have

Po({s; € A} N {84 € Airr}) = Py ({8, € AP ({s,44 € Aiyr})-

Let 0 €< 41 < 49 < -++ < 4;. By the same pre- and post- process reasoning we obtain for
Ay, ..., A, Borel subsets of R that
Po:({s;, € A }n--N{s;, € A4i}) = Prs({s;, € A, }0---0 sy, , € Ay, })-Prs({s;, € Ay }),

and the proof is complete by induction. O

Now we turn to prove the following lemma, which generalizes the conclusions drawn in [7] for
uniformly ergodic Markov chains.

Lemma 3.2. Let the Markov chain (X,,)n>0 be recurrent (and (Xpm)n>o be recurrent) and
let the minorization condition hold with w(C) > 0. Then

‘C(XTd(l)HXOaYO} € d) - ‘C(XOQ(O)HXOaYb} ~ I/:n) - ,/TC(')a (13)

where o (+) is a probability measure proportional to m truncated to C, that is 7c(B) =
7(C) r(BNCO).

Proof. The first equation in is a straightforward consequence of the split chain construc-
tion. To prove the second one we use Theorem 10.0.1 of [11] for the split m—skeleton with
A = &. Thus 74 = 754(1) and 7 := 7* is the invariant measure for the split m—skeleton. Let
C 2 B € B(X), and compute

Ta (1)

em(B) = #(Bx{1})= / Eoy | Y Inxqry(Xnm, o) | #(dz, dy)
a n=1
v Oa (O)
= ﬁ-(d nL Z HBX{I}(X’”"L’ Y ) = ﬁ-(d)E m,]IB (X (0))
n=0
This implies proportionality and the proof is complete. O

Lemma 3.3. E, *s < m? 7{9) < 00 and (3;)i>0 are 1-dependent identically distributed r.v.’s.

Proof. Recall that 5, = >/ 'g(X oalit)m+k) — Exz (Zk 0 9( Xy z+1)m+k)) and is a func-
tion of the random variable

{Xna(i+1)m7 o 7Xo'd(i+1)m+m71}- (14)

By w;(-) denote the distribution of (14) on X™. We will show that p; does not depend on 7.
From (8), (11) and the Bayes rule, for x € C, we obtain

P(Xpmi1 € dat, ..., Xns1ym—1 € dTm—1, X(nt1ym € dy|Yg", X§™: Y = 1, Xpmy = 2) =

U (dy)

= WP(x7dx1)-~-P(:vm,1,dy). (15)
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Lemma [3.2 together with (15) yields

P(Xnm € dma Xnm+1 € dxlv ce ,X(n-i—l)m—l € dmmfle(n—&-l)m € dy‘ (16)

Vi (dy)

Y XE"5 Yo = 1i0a(0) <m) = molde) gt =

P(z,dz1) - P(Xm—1,dy).

Note that Pl:;"(gcd%) is just a Radon-Nykodym derivative and thus is a well defined measure
on X"+ say u(-). It remains to notice, that p;(A) = u(A x X) for any Borel A C X™. Thus
1i, © > 0 are identical and hence 5;, i > 0 have the same distribution. Due to Lemma [2.2] we
obtain that s;, ¢« > 0 are 1-dependent. To prove EWSE? < 00, we first note that % <1/e
and also mo(+) < %ﬂ() Hence

1

/LZ(A) = /l(A X X) < mﬂchain(lél)v

where fichain is defined by 7(dx)P(z,dz1) ... P(€m—2,dzm—1). Thus

m—1 _
: _ m|g|
E'fr* Xav % m+k S <
py <k§_;) g( & (i41) +k)>‘ 871'(0) o0

Now let 5; = ZZL:_OI 9(Xoy (i+1)ym+k) and proceed

N
3
3
—
QI
P
s
=
N
3
3
Q

O

We need a result which gives the connection between stochastic boundedness and the existence
of the second moment of s,. We state it in a general form.

Theorem 3.4. Let (X,,)n>0 be a sequence of independent identically distributed random vari-
ables and S, = ZZ;S Xk. Suppose that (1,,) is a sequence of positive, integer valued r.v.’s
such that 7,/n — a € (0,00) in probability when n — oo and the sequence (n~'/2S, ) is
stochastically bounded. Then EXZ < oo and EXy = 0.

The proof of Theorem 3.4 is based on the following lemmas.

Lemma 3.5. Let 6 € (0,1) and to := sup{t > 0: supgcr<, P(|Sk| = t) = 6}. Then
P(|S1on] = 4tg) > (1 —6)(6/4)* and P(supy,, |Sk| < 3to) > 1 — 34.

Proof. By the definition of tq there exists 0 < ng < n such that P(|S,,| = to) = 6. Then
either P(|S,| = t0/2) = §/2 or P(|S,| = t0/2) < §/2 and consequently

P(|Sn—no| = t0/2) = P(|Sn = Sne| = 10/2) = P(|Sne| = to) = P(|Sn| = t0/2) = 6/2.
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Thus there exists n/2 < ny < n such that P(|S,,| = t0/2) > §/2. Let 10n = any + b with
0 <b<nq, then 10 < a < 20,

P(|San1| > 5t0) 2 P(Sanl > t0/2) + P(San1 < —at()/2)
> (P(Sn, > 10/2))" + (P(Sn, < —t0/2))" > (/4)%,

hence
P (|S10n| = 4to) = P(|San,| = 5t0)P(|S10n — San, | < to) = (6/4)*(1 = 6) = (1 —06)(6/4)*

Finally by the Levy-Octaviani inequality we obtain
P(sup |Sk| > 3t0) < 3supP(\Sk| > to) < 36.
k<n

k<n

Lemma 3.6. Let ¢ < Var(Xy), then for sufficiently large n, P(|S,| = c\/n/4) > 1/16.

Proof. Let (X/) be an independent copy of (X;) and Sj, = >_"" , X!. Moreover let (¢;) be a
sequence of independent symmetric 1 r.v.’s, independent of (X;) and (X]). For any reals (a;)

we get by the Paley-Zygmund inequality,
n 2 1 n 2
P(‘;aisi > 4E‘;aiei )

P(’Zn;aigi‘ > ;(Za§)1/2>
1=
(1- 1)2 (BISL o) | 3

%
4 E| Z?:l ai€i|4 - 16

WV

Hence

, c = , c 3 "o 9 1
— > - = . XD > = > XN > >
P(|Sn Syl = 2\/71) P(| iglgl(Xl X)) = 2\/5) > 16P( E (Xi—X)*>c n) >3
for sufficiently large n by the Weak LLN. Thus

<P(S =541 = 5vn) <P(Sa| = Tvin) + P(1S)] >

> 1Y) S2P(S] > Jvn).

“ 4

ool =

O

Corollary 3.7. Let ¢* < Var(Xy), then for sufficiently large n, P(inf1on<r<iin |Sk| = %c\/ﬁ) >
9—121

Proof. Let ¢y be as in Lemma[3.5 for § = 1/16, then

P( inf |Sk|>t0> > (|S10n| 4tg,  sup  |Sk — Sion| < 3750)

10n<k<1ln 10n<k<11n

= (|510n‘ 4t0)P<sup |Sk| < 3t0> > 2121,
k<n

Hence by Lemmal3.5l we obtain ¢y > ¢y/n/4 for large n. O
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Proof of Theorem|3.4. By Corollary 3.7 for any ¢ < Var(X) we have,

c T, a c
P(IS,,| > 5ov/an) > P(|™—al< g inf  |S]> oovan) >
| nl 20 an <|TL a| 21 %anglrlig%mJ k| 20 an)
c [2an T, a
> P inf Skl = =/ = —P(—n— >7)
(g?anglrliggfarJ k| 4 21 ) ‘ n a‘ 21
> 2_121—P(‘T—n—a >g) > 9122
n 21

for sufficiently large n. Since (n~1/2S, ) is stochastically bounded, we immediately obtain
Var(X;) < co. If EX; # 0 then

S
Tn ||%‘ |V — oo in probability when n — oo.

1
Sl =152

4 A Characterization of /n-CLTs

In this section we provide a generalization of Theorem 17.3.6 of [11]. We obtain an if and
only if condition for the y/n-CLT in terms of finiteness of the second moment of a centered
excursion from d.

Theorem 4.1. Suppose that (X,)n>0 is ergodic and w(g*) < oo. Let vy, be the measure
satisfying (4), then the \/n—CLT holds if and only if

G’&(O)

E,. [( ; Zn(g))T < 0. (17)

Furthermore we have the following formula for variance

=2 o (S ) | (S a)( 3 )]}

Proof. For n > 0 define
lp:=max{k>1: m(osz(k)+1) <n}
and for completeness I, := 0 if m(04(0) + 1) > n. First we are going to show that

n—1 l,—1
‘ —0 in probability. (18)

1 1
=2 X)) ——= ) s
\/ﬁ;g Vn 2

Thus we have to verify that the initial and final terms of the sum do not matter. First
observe that by the Harris recurrence property of the chain o4(0) < oo, Pr:-a.s. and hence

lim,, o0 Pﬂg (mos(0) = n) =0 and PWG‘ (04(0) < 00) = 1. This yields

n—1

Y )

j=m(os(0)+1)

—0, P-as. (19)

1o 1
]ﬁ;gw—ﬁ
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The second point is to provide a similar argument for the tail terms and to show that

mog(ln)+m—1

n—1
= Y - 3 )

j=m(ca(0)+1) j=m(os(0)+1)

— 0,  in probability. (20)

For € > 0 we have

Poos | | —= ) g(X;
P(‘f Z( o)

Now since > 32 Pa(7a(1) = k) < Eq7a(1) < oo, where we use that & is an atom for the
split chain, we deduce form the Lebesgue majorized convergence theorem that (20) holds.
Obviously (]1—9) and (20) yield (18).

We turn to prove that the condition (17) is sufficient for the CLT to hold. We will show that
random numbers [,, can be replaced by their non-random equivalents. Namely we apply the
LLN (Theorem 17.3.2 in [11])) to ensure that

[n/m]-1

A : (&) .
L ;; (X yieay = == Py —as. (21)
Let
wt o= r@em ), ne= (- op@am, 7= (14 e)a(@nm

Due to the LLN we know that for any € > 0, there exists ng such that for all n > ny we have
P «(n <l, <7) > 1-¢. Consequently

In—1
P, (
7=0

Sj

5 5| > v + (22)
=l

-
_ sj‘>\/ﬁﬁ> < €+ng( max
7=0

n<l<n*

l
+Pﬂ3< max Z 55 >ﬁ\/ﬁ>

n*4+1<I<n
+ AR ]:n*+1

Since (sj)j>0 are 1-dependent, Mj, := Z?:o s; is not necessarily a martingale. Thus to apply
the classical Kolmogorov inequality we define My = 3°7° ; s9;l19;<py and My = 3772 51495101 195k,
which are clearly square-integrable martingales (due to (17)). Hence

Ml|>ﬁf)
Ml Ml|>ﬁf)

].f’,ré( max |M*—Ml|>ﬂ\f) < fv’ﬂa( max

nI<n* nI<n*

+ng ( max

n<lsn*
4 1
< o (E
k=0

— M}]?) < CeB 2B, (s5),  (23)
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where C'is a universal constant. In the same way we show that P(max,« 11<i<m |M;— My« 41| >
By/n) < Cef~?E,: (s3), consequently, since ¢ is arbitrary, we obtain

In—1 n*
1 3 1
=0 =0

The last step is to provide an argument for the CLT for 1-dependent, identically distributed
random variables. Namely, we have to prove that

% ]go Sj i} N(O,(_TQ)? as n — 0o, where 5% = Evjn(SO(g))z + 2El/;‘n (SO(g)Sl(g)) (25)

Observe that (19), (20), (24) and (25) imply Theorem 4.1, We fix & > 2 and define &; :=
Skj+1(g) + ... + Skj+k—1(g), consequently &; are i.i.d. random variables and
=2 5= & G+—= D k(@) +—= 55 (26)
\/ﬁj:O vn j=0 v j=0 \/ﬁj:k[n/k}+1
Obviously the last term converges to 0 in probability. Denoting
o = Ex; (6)* = (k= DEy; (50(9))* +2(k = 2)Euy, (s0(9)51(9)), and o2 := Ey; (s0(9))*
we use the classical CLT for i.i.d. random variables to see that
1 /Rt ; 1 Lo/ 4
7 jz:(:) & SN0,k o}, and N jZ::O s (9) = N(0, k" o?). (27)

Moreover
[n/k]—-1 [n/k]

i [ IR - R (28)

converges to N (0, JS), with k — oo. Since the weak convergence is metrizable we deduce from
(26), (27) and (28] that (25) holds.

The remaining part is to prove that (17) is also necessary for the CLT to hold. Note that if
> r_09(Xk)//n verifies the CLT then Zé":?)l s; is stochastically bounded by (18). We use
the decomposition s; = s; +5;, ¢ = 0 introduced in Section 3] By Lemma 3.3/ we know that
5; is a sequence of 1-dependent random variables with the same distribution and finite second
moment. Thus from the first part of the proof we deduce that Zé-":?)l 5;/+/n verifies a CLT
and thus is stochastically bounded. Consequently the remaining sequence 2?;61 gj/ V/n also
must be stochastically bounded. Lemma [3.1 states that (§j)j>0 is a sequence of i.i.d. r.v.’s,
hence E[§?] < 00 by Theorem [3.4. Also l,,/n — #(&)m~! by (21). Applying the inequality
(a + b)? < 2(a? + b?) we obtain

Eﬂ-g [Sj]z < Q(Eﬂg [ﬁ?] + Eﬂg [3?]) < o0

which completes the proof. O
Remark 4.2. Note that in the case of m = 1 we have 5; = 0 and for Theorem 4.1 to hold, it is
enough to assume |g| < oo instead of w(g?) < co. In the case of m > 1, assuming only w|g| <

oo and (17) implies the \/n-CLT, but the proof of the converse statement fails, and in fact the
converse statement does not hold (one can easily provide an appropriate counterexample).
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5 Uniform Ergodicity

In view of Theorem [4.1] providing a regeneration proof of Theorem[1.4 amounts to establishing
conditions and checking the formula for the asymptotic variance. To this end we need
some additional facts about small sets for uniformly ergodic Markov chains.

Theorem 5.1. If (X,)n>0, a Markov chain on (X,B(X)) with stationary distribution m is
uniformly ergodic, then X is vy, —small for some v,,.

Hence for uniformly ergodic chains (4) holds for all # € X. Theorem 5.1 is well known in
literature, in particular it results from Theorems 5.2.1 and 5.2.4 in [11] with their ¢ = 7.

Theorem [5.1 implies that for uniformly ergodic Markov chains (5) can be rewritten as
P"(z,:) =evm() + (1 —e)R(x,-). (29)
The following mixture representation of m will turn out very useful.

Lemma 5.2. If (X,,)n>0 is an ergodic Markov chain with transition kernel P and (29) holds,
then

™= ::EZVm(l—e)"R”. (30)
n=0

Remark 5.3. This can be easily extended to the more general setting than this of uniformly
ergodic chains, namely let P™(x,-) = s(x)vm(-) + (1 — s(x))R(x,), s : X — [0,1], s > 0.
In this case m = 783" vmRl, where Ry(x,-) = (1 — s(x))R(x,-). Related decompositions
under various assumptions can be found e.g. in [14], [7] and [3] and are closely related to
perfect sampling algorithms, such as coupling form the past (CFTP) introduced in [15].

Proof. First check that the measure in question is a probability measure.

< Zumls”Rn> 7521% R")(X) = 1.

It is also invariant for P™.

<2ym(16)"R”>Pm - (ium(le)"R”>(5Vm+(15)R)

n=0
= 5,uz/m+ZVm 1—e)"R" = Zum 1—¢)"R"™.
n=1

Hence by ergodicity ey = euP™™ — w1, as n — oco. This completes the proof. O

Corollary 5.4. The decomposition in Lemmal5.2 implies that

o (0)

@) By (D Tixemeay) = Euy (D Iixoemyivo=o, vi_1=0}) = 'm(A),
= n=0

(i) Eu;‘” ( Z F(Xnms Xpmats -5 Yo, Yogs - ) ivo=o,.. v _1=0}) =

n=0
= E_lETF*f(XQ,Xl,. . .;Yo,Yl, .. )
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Proof. (i) is a direct consequence of (30). To see (ii) note that Y,, is a coin toss independent
of {Yy,...,Yn_1} and X, this allows for 7* instead of m on the RHS of (ii). Moreover the
evolution of { X,m+1, Xnm+2,- -+ Ynit1, Ynio,. ..  depends only (and explicitly by (8) and (9))
on X, and Y,,. Now use (i). O

Our object of interest is

o (0)

r - k[(Saw) |-k (S e )]

= u* |:ZZ ]I{Yo 0yeeey Y — 1—0}:| +2Ey* |:Z Z H{a(0)>n}Zk( )]I{Jd(O)}k}

n=0 k=n+1
= A+B (31)

Next we use Corollary 5.4/and then the inequality 2ab < a? + b? to bound the term A in (31).

m—1
A=e1E . Zy(9)° = 5*1Eﬂ( Z g(Xk)) <e 'mE, [ Z 7 (Xk) ] < e tmPng? < oo
k=0 k=0

We proceed similarly with the term B
|B| < 2E,. [Z 1Zn(9) L{os (0)=n} Z | Zn+k( )|]I{Ua(0)2n+k}:|

k=1
= 2 { |Z|Zk Nios(0)> }}
By Cauchy-Schwarz,

\/EW*[H{GQ )=k} Zo(9) \/EW*Z,C
= \/ Er- [Livo=0tIvi=0,....vi =01 Z0(9) \/EW*ZO

Observe that {Y1,...,Y,_1} and {Xo,..., X1} are independent. We drop Iy, —o to obtain

E'n’* [H{o'a >k}|Z0( )HZk(g)H

N

[ _ ko1
Er Loz, 20(@)1Ze(@)]] < (1 —¢) 7 Er-Zo(9)° < (1 —¢) 7 m’mg”.

Hence |B| < o0, and the proof of (17) is complete. To get the variance formula note that the
convergence we have established implies

2
I=¢'E,. [Zo(g)} +2e7'Eq- [Zo Z Zx(g H{aa(0)>k}]

Similarly we obtain

74(0) os(1)

J:=2E,. [( N Z.@)( > Zn(g))} = 2¢7 B, [Zo(g) > Zk(g)]l{aa(le}]‘
n=0

n=0s(0)+1 k=05(0)+1
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Since 7(C') = 1, we have o] = em™'(I + J). Next we use Lemma 2.2 and E.-Zy(g) = 0 to

drop indicators and since for f : X — R, also B« f = E, f, we have
(14 0) =B | 200) () + 23 20 ) | = Be | 2000) (2000) 4230 20)) |
k=1 k=1

Now, since all the integrals are taken with respect to the stationary measure, we can for a
moment assume that the chain runs in stationarity from —oo rather than starts at time 0 with
Xo ~ m. Thus

7 = m—lEﬂ[zo@)(kizk(g))}—m-le[j__:gul)(k_iwg(xwﬂ
= E; {Q(Xo)k_ioog(Xk)} :/ §2d7f+2/ ig(Xo)ﬁ(Xn)dW

6 The difference between m =1 and m # 1

Assume the small set condition (4) holds and consider the split chain defined by (8) and (9).
The following tours

HX o) +1ym X(om)+1)ym+1s - - > X(o(nt1)+1)ym—1}n =0,1,... }

that start whenever X ~ v, are of crucial importance to the regeneration theory and are
eagerly analyzed by researchers. In virtually every paper on the subject there is a claim
these objects are independent identically distributed random variables. This claim is usually
considered obvious and no proof is provided. However this is not true if m > 1.

In fact formulas (8) and (9) should be convincing enough, as Xy y1;- -+, X(nt1)m given Y, =1
and X,,,, = z are linked in a way described by P(x,dz1) - - - P(2n—1, dy). In particular consider
a Markov chain on X = {a,b, ¢, d, e} with transition probabilities

P(a,b) =P(a,c) =P(b,b) = P(b,d) = P(c,c) =P(c,e) = 1/2, P(d,a) =P(e,a) = 1.

Let v4(d) = va(e) = 1/2 and ¢ = 1/8. Clearly P*(x,-) > evy(:) for every z € X, hence we
established with C' = X. Note that for this simplistic example each tour can start with d or
e. However if it starts with d or e the previous tour must have ended with b or ¢ respectively.
This makes them dependent. Similar examples with general state space X and C' # X can be
easily provided. Hence Theorem [4.1]is critical to providing regeneration proofs of CLTs and
standard arguments that involve i.i.d. random variables are not valid.
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