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c
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[r2 − (ur)2] −

D

ν2
+

2GM⊙

c3
ln |(|r| − ur)| . (1)bp�∆C h TOA >d<;m=�sm"` [7−11] �TOA :>Z�"EZ�(��Æ>Y=�s"`i�℄�k UTC L$��	"`iAz=�Z TAI ��v"`is4Z (Terrestrial
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(m + 1)!
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φs
n(t) = φs

n(T0) + fn(t − T0) +

M∑

m=1

f
(m)
n (t − T0)

m+1

(m + 1)!
. (3)bp� φs
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n 4 fn m m �f{���3KP�8iI�f{,Æ4g�Q t ZC�NE��u,N>dlimu n >|Nnm
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φ̂x
n(t) = φs

n(t − τn) + mn + ̟φn
, (4)bp� τn hNE��u,N>lmW8W�1�ÆLnjW8mZ��J (�) 1) �NE��u,N>lmW8eh�h 0∼1y
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Rφ = E[W φW T
φ ] =




σ2
φ1

0 0

0
. . . 0

0 0 σ2
φN


 . (5)bp� W φ = [̟φ1 ̟φ2 · · · ̟φN

]T �)p T /
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uT
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(3) �b (4) Qb (6) �l
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n(t) = φs

n(T
′

0) + fn(t − T
′

0 −
1

c
uT

nx) + mn + ̟φn
. (7)-1 T

′

0 Q t �B� � fn f{m&[��Yt3w�b (7) p φs
n(T

′

0) h T
′

0 ZC|NnsW�1�ÆLnjmW8�+/b (3) �.
φs

n(T
′

0) = φs
n(T0) + fn(T

′

0 − T0) +

M∑

m=1

f
(m)
n (T

′

0 − T0)
m+1

(m + 1)!
, (8)bp� T0 ZC|NnW�1�ÆLnjmW8 φs

n(T0) Q fn o(�f{74|Nnm�b<{�\f<{h� T0 [<4<;m��b (7) ��6-a�.
λn = f−1

n (φ̂x
n(t) − φs

n(T
′

0)) + T
′

0 = t −
1

c
uT

n x + f−1
n mn + f−1

n ̟φn
, (9)!b�xgu n >|Nnm:>d57b<{ (t � x Q mn) 
�m8L�)p λn h5u n>|Nn:>d φ̂x

n(t) .8mVw-a�pb/+47b<{ t � x Q mn �̟φn
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λ =




λ1

...

λN


 , U =




1

c
uT

1

...
1

c
uT

N




, F =




f−1
1 0 0

0
. . . 0

0 0 f−1
N


 , m =




m1

...

mN


 ,S.

λ = [1N − U ]

[
t

x

]
+ Fm + F




̟φ1

. . .

̟φN


 . (10)Mn W λ = F




̟φ1

...

̟φN


 �S λ mg��.℄4

Rλ = E[W λW T
λ ] =




σ2
λ1

0 0

0
. . . 0

0 0 σ2
λN


 . (11))p� σ2

λn
= f−2

n σ2
φn
��v�b (10) �hF�

λ = [1N − U ]

[
t

x

]
+ Fm + W λ. (12)

4.2 �N�&$[ARz (PATD) �/rT^*'6hQE��u,m��4 s �-1�&Qd$�NE��u,N:>im|Nn|Ni\Z� (TOA)dsi�&Q#�m&[�\w-1�u,�� s "*m TOA m"� (PATD) ��4-E��u,fIL$6wli�~{ s m6�eh �3-m�Su n >|Nnm PATD6we γn 5E��u,�� s �m8L�/
4
γn =

1

c
uT

ns + ̟γn
, (13)bp� ̟γn

h γn m>dG���1 N >|Nn�W$mg��.℄
Rγ = E[W γW T

γ ] =




σ2
γo1

0 0

0
. . . 0

0 0 σ2
γN


 . (14))p� W γ =

[
̟γ1 · · · ̟γN

]T �b (13) m.℄tb4
γ = Us + W γ . (15)bp U m��#.�
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4.3 �Kv+#8�'g�.�.��wgE��u,fIL$:> N >|Nnlim TOA Q PATD 5�u,E�8kQ��
�m8L�DCN�u,N� N >|Nnb|�u L ZwZ:>��Z:>mm�Z� ∆t W#�S. L × N ' TOA Q L × N ' PATD :>d�\)b (12) �-u l Zm:>�l

λ(l) =
[

1N − U

] [
t

x + l∆ts

]
+ Fm + W λ(l)

. (16)bp� s 4�u,m��� x + l∆ts hu l Z:>Z�u,m8k�)p l∆ts /
W�1�.�X�Z:>m8k-^�) λ̃ /
 L � TOA :>dm.℄�+/b (9) �l
λ̃ =

[
λT

(1) · · · λT
(L)

]T

, (17)

TOA :>G�m.℄
W

λ̃
=

[
W T

λ(1)
· · · W T

λ(L)

]T

. (18)1h�-b (12) ��1 L × N ' TOA :>m3K�.
λ̃ =




1N −U 0

1N −U −U

1N −U −2U

...
...

...

1N −U −(L − 1)U







t

x

s


 + F̃m + W

λ̃
= Aλ




t

x

s


 + F̃m + W

λ̃
, (19)

bp� F̃ =
[

FT · · · FT

]T �T�s��1 L � PATD m3K�-b (15) 3�li
γ̃ =




0N 0N,P U
...

...
...

0N 0N,P U







t

x

s


 + W γ̃ = Aγ




t

x

s


 + W γ̃ . (20)bp�P. P 4_d x m5{��I5�.� P = 3 �T�1 λ̃ Q W

λ̃
�b (20) pm γ̃ Q

W γ̃ �04
γ̃ =

[
γT
(1) · · · γT

(L)

]T

, (21)

W γ̃ =
[

WT
γ(1)

· · · WT
γ(L)

]T

. (22)

λ̃ mg��.℄�
Rλ̃ = E[W λ̃W T

λ̃
] =




Rλ̃(1)
0 0

0
. . . 0

0 0 Rλ̃(L)


 , (23)
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γ̃ mg��.℄�

Rγ̃ = E[W γ̃W T
γ̃ ] =




Rγ̃(1)
0 0

0
. . . 0

0 0 Rγ̃(L)


 . (24)

4.4 �/rT
�'D_~{b (12) Q (16) pm_dm 4�b (.8 m m;{�
�X�b��x) �P��bZ:>Qb|�Z:> N >|Nnm
w3K��0�w�u,8kmw�C��
4.4.1 ���ÆQ m 4�b�)e4_d m0 ��1bZ:>m3K�b (12) �hF

λ − Fm0 =
[

1N − U

] [
t

x

]
+ W λ . (25):)�^�<�
 (ML) 6wE��u,m8kQ)g��.℄�Nbp7b{ x Q t m�^�<6wo)W$mg��.℄�0h

ˆ̃x =
[

AT R−1
λ A

]−1

AT R−1
λ (λ − Fm0) , (26)

Rˆ
x̃

=
[

AT R−1
λ A

]−1

. (27)\Z� ˆ̃x h7b<{_d x̃ m�^�<6w� x̃ =
[

t xT

]T �A =
[

1N −U

] �DCE��u,fIL$)m=�sÆ4#;� t �l4�bd�\Z� x̃ = x � A =
[
−U

] �
Rx h ˆ̃x mg��.℄�)��V<�h%6wm<{m���~{%:>m N >nmE��5h �7Hm�N t l4�bdZ���m�u,8km��� �/
4

σ2
x = σ2

λc2 P

N
, (28)bp� σλ h N >|Nn σλ m$7� c h<�� P h{8m5{��1I5{8� P = 3 �DC t 4a5m7bd�S��lim�u,8km��4

σ2
x = σ2

λc2 P

N − 1
. (29)

4.4.2 ������Æ+/|NnfI��mQw�DC�E��u,8k6w�)mZ�Æ4^�:)b|�Z:>5��u,8km��h)�m�!:>���#Z5��u,m8kQ���~{�Z8k����1 N >|Nnpm��>�E�.b|�Z:>lim L � TOA Q PATD>deo)G��#Z~{ m = m0 4�b�S-b (19) Q (20) �li
[

λ̃

γ̃

]
−

[
F̃

0

]
m0 =

[
Aλ

Aγ

]


t

x

s


 +

[
W λ̃

W γ̃

]
. (30)
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


t

x

s


 47b<{_d� A =

[
Aλ

Aγ

] 4b (30) p7b<{mL{.℄�#Z�{�
T x =

[
02,1 I2,2 02,2

]T �+/�^�<6w� x̃ mg��.℄4
Rˆ

x̃
=



 AT




R−1

λ̃
0

0 R−1

γ̃



A




−1

=
[

AT
λ R−1

λ̃
Aλ + AT

γ + R−1

γ̃
Aγ

]−1

, (31)E��u,8k x mg��.℄4
Rx = T T

x Rˆ
x̃
T x . (32)

x̃ mg��.℄��V<�*Sgb|�Z:>��lim�u,m8k���QZ� t m���+/ t m#������|NnfIL$)�Z�.�m�uw�DC t m#�Æ4$�S��\)|NnfIL$�0mZ��fI)m=�s�u"`�DC=�s#�Æ4$��Æb (30) pm t l4�bd�\�hy5��u,m8kQ���[	`C�-lW��b�
4.5 �b�L m '5�.-NE��u,N�|NnW8>dlimeh�h 0∼1 mb{e�|Nn
�m_y{h7bm�Q_y{me4 m(hG_{e) �� N >|Nn�. m = [m1, m2, m3, · · ·, mN ]T �DC:)m=�sÆ4A{�N�u,qHm_''���)Sm!V ∆tNIzG��3��S�_d m m6wd-l(�C��℄zN��.mnL=�smw���A{�+1 3×10−12 �BA{�+1 5× 10−14 �j&N��Æ�5�pQ��4E��u,N:>ZC t m8khN�)4 R m4�3��-Y6wS_d m m
.��e��1�>|Nn�d.�'��e�){d�)Pb6�

p =
R/c + ∆t

T
. (33)bp� c h<�� T h!|Nnm
�y'��1S`nL=�s ∆t m&[�Yt3w�Æ

p �NU8_4 Np �\ Np '��eE4|N�[w�)ph.�'eh`;m�)3m7$�Uz�[b (33) �b�
�y'^m|Nn��[w{dO��1E��u,mI5{8�DC�8=�s�{�b�=SNhx 3 >|Nn,�w�S�u,m8k�d4g�U3`;m�[w���Æ t �47bd�GN�Hbp�<�b
(25) Qb (30) �\��iO) 4 >|Nn9�5S�u,m8kQZ� t �4�4�[wC��pQWW 4 >
�y'�^m|Nn�
�y'�BbmL�|NnP3�MN��-p~ 4 >nm
.�[w�u�U��'�UphG 4 >np(nm�'�[w��1
.��m�U�b (25) gb (30)(841:)m:>��) ��S t m6we t̂ Q t̂ mG� σt �DC) tc /
=�sm�{�S-^8��U (1.`; m em�[wU-) lim t̂ 5=�s�{ tc 
�m6�edÆR^1��G��p

|t̂ − tc| ≥ α(σt) . (34)bp�α 4�U<{��8 4 � 5 � 6 � · · · ���Æb (34) m�U743`;m m e�$!�U�����/Æ�e R ≤ 106 m Z�Nx�
�.9�4�[wC� [5] �DC R ,^�
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 [5] ���v�4C��DC R �B^ (DNfIL$x�p�Xxi+}�-1�[w{d���fIL$m
�x��{Z��TidSSL�) �\w3Kh$!*�m�Np~ 4 >|Nnm m e;{X�-! 4 >n��S�u,m8ko)G� σx �\Z� σx m6�edAb1Qa:)m R e��1V3m
.|Nn (�My'bmL�|Nn) �- σx �,�S�>nm�[w{�
pσx

=
σx

cT
, (35)bp� c h<�� T h|Nny'�-1 pσx

��Wb�MZNxWW�
�SWC�li�>nm`; m e�
5 ����yE��u,\)|Nnm
|fIL$Qw5E��u,m�k��u���IzmLPd^bQ�uZ�C�p��.8�Nx��4m8�uv�HmOWW�
��u,8k�
Q|NnmM~p��A.)�SF��Q�*�
5.1 ��[8�Z�tQ�)1fIm.Px|NnQ X PV|Nn�Px:>Q#|�h�VQ�olp��V�~)z}t1_�V��VQ�ol.dLPd(�^ (:> N >n�x N �#�Q#) �Px:>hj)1IzLPd^mE��u,�X PV2�:>j)1?TE��u,�-b
(28) Qb (29) b�E��u,8k��#�|�841 TOA m>dG� σλ ��1~{m N>|Nn� σλ 0|�841wZ:>Q# (�>,) ml
�Q:>mQ(�$w��>,m�mh|NnfIL$pm8�uv�
5.2 �Xo:!J.-|Nn�P���H�4liA{m|NvO�wZ:>x�Ujmm�Z���oimmOp��G.P
!&�Pp��m#=�\w#=13�^Ns�:>���:).d�
4�aU�NE� TOA >dp�4`;s-�oimmO�>|Nnm
�W8�mOWW�
m�*�Wx�� Sala p> [5] YO�wg��^�<6w4jVmWW�
�:))��
mn�o3#�
�m(�h)�m�
5.3 �6� TOA 	'Pn3�mDC|NnfIL$ TOA m>d#� σλ \ig+1sX1�dq (1 µs We1 300 mE�2V) �SE��u,8k�
p$!woW�wd$m&[��1�%>ll�em|Nn�`$wo|Nnl�m&[�pb (6) p$}Nl�℄QW$m Shapiro ℄��1 2n�l�℄h3�Ytm�-1\f℄Q�u,8km8Lh�Vw8L���;r�>lm
TOA )}"`m�
��aU��m&[�4Y�N�Z8k��Z�Q3;r\f℄�:�S�u,m8kQ���M):�Sm�u,8kQ��ew� Shapiro Ql�℄m�Jd��	"` TOA X�Mxi���u,8kQ���

Sheikh p> [14] � �Sg|NnfIm δ "`�
�!�
m:>G��Hbd��M|Nnl�QW�wd$� TOA >dm"`℄�DCE��u,m �8k�b (��3
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!%�q�}OoOF��v-|9qn%* 259�KP��-E��u,�k}a� �:�) �S��:) δ "`�
�li:>ZCE��u, �8k (?�:)e)x̃ m"`e δx �Q δtobs 4NE��u,N:>lim|Nn|Ni\Z�5:�em�e��W�4 TOA >d<;m=�sW�1 TDB Z�L�m"`e� δtb 4N�ÆLnjW�#�|Nn#�|N:>limi\Z� (-E��u,N>lm TOA �ai�ÆLnjli) 5|Nns�q:�mi\�ÆLnjZ�m�e�S.
δtb = δtobs +

u · δx

c
+

1

cd

[
(u · x̃)(u · δx) − x̃ · δx + δx · V ∆t

−(u · V ∆t)(u · δx) − (b · δx) + (u · b)(u · δx)

]
+

2µ⊙

c3

[
u · δx + (x̃ · δx)/(x̃ · x̃)

1
2

(u · x̃ + (x̃ · x̃)
1
2 ) + (u · b + b)

]
.

(36)bp d 4|Nnm2V� V 4|NnmJ}��_d� ∆t 4:>ZCW�1|Nns<;[< T0 mZ��&� µ⊙ = GM⊙ 4�Æ"aB{� b 4BjW�1�ÆLnjm_d� b 4
b m6�e�)3(d��D.
x�n_d A = A(x̃, u, d, V , b, ∆t) �Nb��h4

δtb = δtobs + A · δx . (37)\) N >|Nnm TOA :>��-b (37) ��S δx �
5.4 �{=h�F<`x2Y'}l�1Px:>�!VL!&Q�Æ�Ph3�YlmQU��!VL!&�Pmf�<� TG 5:>#s ν m8L�e ν >0.1 GHz Z� TG ≈ ν−2.2 �N ν =1 GHz Z�!j�_
TG ≈ 40 K �N�!j78 TG ≈ 5 K �!n7 TG ≈ 3 K �N;{:>#sQ~R|NnZ�$M�;r!VL!&�Pm&[��Æe}. 11 �my'��ÆNe}'5�''m�PW�0^��Æ�P&[�5�u,V�Æm2V.8�N~R|NnZ�$!d*981bk�  m|Nn��4e�Vf_�Æ�_Z��Æm0�Pdfj|Nn:>F
�u��1 X PV:>� ROSAT ��limN 0.1∼2.0 keV {�^mG X PV!&)/Æ�!j�_^C($!67f 6 "�2GSÆRm�1�^ [15] �!j�_m X PV|Nns!VL!&�P&[hR~m�
5.5 �N�p'w�L�|Nn(&"|Nn
�A{�$��<�PmO(y'�Cm&"|NnH�dL�|Nn��0,A{mZ�.��$j4p~�`�-1|N|nwZ�q�K�h�~|n�k<{�%#;>{gm|N|n�2NE��u,8k�
p�)y"`|n�k<{� TOA m&[�814�n+m|Nn�$!�n+"agm&[�S6w�.f&"|Nn1.
�E-S`�$�UN-�m-�|Nn�PmOm0H�|NvOt��
N�_m!&�Pp�h~nZ;rm����1~{m|Nn�$!�)�bm
�<{Q��>d<{�u�O�H�!d~)j&<{>{#�$m|Nn�DC|Nn.��m TOA :>�i�)�$!\)\f�i��)
�A{��u�H�* [16,17] �$p~
�A{��$m|Nn�
~|Nn�M�NE�7H�5��.�Px|Nn{d��M~3s�^� XPV|Nn{d3��{|�� X PV|NnX�)���1.Px�Pm X PV|Nn�NPxQ X PV
'2�:>�C�u(��*h)�m�
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5.6 �N�p%9E*?,�VF|NnfImWw�
B6Ft�)8�uv�N9��*p�di�`�.`b�/m|NnfI℄��C�4U
|NnfIm#��Sheikhp> [14] �H�*g�AF8℄�k\) ARGOS ;n�1 1999� 12 F� PSR B0531+21(Crab|Nn) �umIZ:>�:>)
X PV�>,m.d�m4 1 000 cm2 � 3 Z:>m�Z��04 446.7 s � 695.9 s Q 421.7

s ��<\f:>m�m13h)1|NnfI℄��d\)\f�i�Q6�Hflg 3 Z:>lim TOA {/�"E:>lim TOA 5 PSR B0531+21|Nns:�mi\�ÆLnj TOA m(��w�li ARGOS ;nN:>ZCm8k (��ÆLnj4<;�|Nn�_m'&2V) � 3 Z>dm#��04 ±1.8 km � ±1.6 km Q ±1.9 km �DCYt PSR

B0531+21|Nns�qG��1~{ X PV�>,4WZ�>, (�.�8	NQQU) �WwN)� ARGOS ;nm8k>d#�$4 ±0.3 km [14] �℄zlim#�C4Ww#�m 6"�)|�=�el��6���SN�\) GPS ;nfIL$�4℄Ss�Q sE��.m#;{8�d GPS `3��Æ4SE�.fImx5�j1R\>2mSE/�4#;>dSE�.�lV�_m2V�d��li#;mI5�.�\)|NnmfIL$�4℄S�ÆL�3�E��u,m
|fI�=WN3x�s�L$maD��	,�9�1.��℄SSE�.m$#�I5�.{8���SE�>m�U�E��u,
|fImx5DPD%1�-1|NnfI,�9��	1./Nm8f$)� 2004 ���AA�8+}g\) X PV|Nnm
|fI
(XNAV) �*℄��w℄\ 5 �.F℄��)�.h�N�ÆL�3�℄SC ±100 m mfI{8#��1K0ÆP��v℄S3r1 ±10 m m#��DC�4℄S\�m{8#��|NnfIÆ.��fl���UQ=�$)��Gei�
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Positioning for a Spacecraft using Pulsars

YANG Ting-gao1, NAN Ren-dong2, JIN Cheng-jin2, GAN Heng-qian2

(1. National Time Service Center, Chinese Academy of Sciences, Lintong 710600, China; 2. National Astronomi-

cal Observatories, Chinese Academy of Sciences, Beijing 100012, China)

Abstract: Pulsars offer most reliable timing standard due to their very stable rotation. Their

celestial positions in space was determined. So pulsars can be used as both time standard and

spatial reference coordinates. It is very important to investigate navigation for a spacecraft using

pulsar timing information. Earth-based navigation of deepspace satellites has satisfactory navi-

gational accuracy only along the line-of-sight. During Solar conjunctions no precision navigation

is possible. Autonomous navigation for a spacecraft may be realized by using pulsars. Such a

navigation system offers three dimension coordinates of spacecraft with respect to the barycenter

of solar system. Radio pulsars can be used only for navigation of spacecraft with heavier payload

and X ray pulsar navigation system is suitable for most popular spacecraft. The model of pulsar

clock is discussed and a frame structure of pulsar navigation system is outlined. The algorism of

spacecraft position is referenced to the Ariadna study by Sala J, Urruela A, Villares X. Today

about 1 800 radio pulsars and 70 X ray pulsars are known. For the most of them rotational

parameters (rotational frequency and its derivatives) and astrometry parameters (positions and

proper motions) was determined. Modeled pulsar clock can predict rotational phase with respect

to the barycenter of solar system. Measured phase delay on spacecraft relative to predicted value

with respect to the barycenter of Solar system contains information on spacecraft position. Tim-

ing observations on spacecraft of a group of pulsars well distributed on the sky may offer positions

of spacecraft by a good algorism. The positioning accuracy of spacecraft is mainly determined

by timing ability on spacecraft which depends on performance of detectors to pulsar radiation.

Shapiro and Einstein delay and parallax effect should be considered while high precision timing

is carried out on spacecraft. Some key technology and method in developing such a navigation

system is addressed and discussed.

Key words: astronomical facilities and technique; pulsar; review; pulsar clock; spacecraft; pulsar

navigation


