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1 �\��Ag0�~�Y0jZ��Yk9Z��Y�o�Z��Yh~aJ0|6��Y�h2y�9Z��YF0h~�K�K,GK�H��Y�V$Nh�-*?Lm+��K3�#<j Poincaré �m�p� 
m-6r�k�>�9JNy�b��j!��K�YI��[l���yr�%{�j 20 �� 50∼70 7m Kolmogorov-Arnold-Moser

(KAM) z
ryLZ��-�E=vE Lorentz [1] ,6QM� Hénon k Heiles [2] >G�u�0yh~�P
 Sussman k Wisdom [3] .�Jd&y�Kz�|�	�Z�K�~6~QN~6(>^xyQb�
a� Kirkwood ℄�yQZAb[~�25thKnr+ [4] �leX���Ky�4*!K�~V�k ��K(h Poincaré1'*!� Lyapunov�-�J> Lyapunov �-
KG0; [5∼9] �a7 Lyapunov �1 [10,11] �AG0|! [12,13] k 0-1 �1 [14,15] |�A 40 7k�BWj!O�9��~�Yy�KK�h�qU℄y�6�p����[~�Yy�KK�d���{�>h>G4GÆjQ[~QN_u�~6kn2�~6Cy�*'�O
�~O��[uG�}<y�~6+$�;+$~9�kYU����+[~r�(h~K
H4�� hH#+y9X�yp�09�o�($sM [8,16∼18] ko��;�{�Y [19,20] ~9�V(�SZ��p~���
�uNh,Qy�K)j�A�7��j[~7EE�wp LISA (Laser Interferometer Space Antenna) � LIGO (Laser Interferometer Gra-�� �_|z�2005-04-28 � �d|z�2005-06-05fm
u�a�>hY9.��:;5�/ (10233020) �a�>hY9�:;5�/ (10303001 �10447112) �(6
8�sY?�x;5�/
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vitational Wave Observatory) P
 ASTROD (Astrodynamical Space Test of Relativity using

Optical Devices) [24] |~r�xy9!�!%0&_u�~6 [21∼23] OQj>Gi�� j��D*'�WGn2�[y�~6Cy�K(SyF�Y+ Mixmaster 'n2,' [25] f'U6�
K*'�!4���[~�Yy�K*!{�q9Q)��#x�Jb9�V(y
Y*!�>PK�k2�hsMy�Zj)*�~6K�yyr�~Æ�*!(AbH1��.Th���!~���
�49}�T9.�yp�9�
��%{y Lyapunov �-
UAbH1��k: Oq��Æ�D���H1��lH1�y5�hU��KGjyr
����Y#�>Thy�^qlH1�5�vU�Gj)*�Ky,G�1 Lyapunov �-I^qP9.(�
U�Wuk Huang [26] %{y���
��9.(�y Lyapunov�-
U5P*,�_r���[~N(ysM� Imponente k Montani [27] g Jacobi �[Z �Ab�.*�r6 Mixmaster n2Cy)j�
2 ��M{�5,#.O�KKd{�hKDMlyF�
U�9Xn���K
Uy)*Z5h~HY�p�.��K�NXy�#K���Y�V$y�-*?+�e
+y<�+�9ZqE+k.0I+�ÆuGZ Devany ��KyKD
U [28] �� V jK	n��~�Y f : V → Vs�BV$ (1) f h�Y�V$�-�y*?Lm+� (2) f �`E
�y� (3) 0I�~ V(X%��P f ��Ky�qg�ÆD
U#�Ih~K�9B�_�
 (1) k (2) ZPsZ
(3) �5tV$ (3) 
���p (1) k (3) K�s9Z (2) �o5�� (2) k (3) Is9Z (1) �~���4�K�Y��V$ (1) yD�ZW
 Lyapunov �-k�
�����A_u0qS�y�1��jj 0 �3�;!�Y�K�|j 0 �3�;!�Yh2��j 0 �3�;z�_uh�[<h~�r�+V(YPh2�V$ (2) y�V3
Zwb Poincaré 1'a�*!��'9|A�7k�Ky�4*!
K^bj����Y(yZ)+�
2.1 Poincaré lt

Hénon k Heiles [2] b Poincaré1'>G�u�0yh~�ÆK*!yd�~j�V&a�Yy�~6+$�s1'x�xtKD��3+�Yyz��=B0Iy�sxtK��V2'\���3+�Y�60Iy�s�R'<�0;��3+�Y��Ky�
2nk�~�Ya�t Poincaré1'xyk-j 2n− 1�Ze�Poincaré1'E�N>GNh�=g�y�&�Y�yp H =

1

2
(ρ̇2 + ż2)−U(ρ, z) ≡ E �Z'K7yj�kqva�k>G��
_u5&7b
C' z = z0 ��� f�XK*� (yp ż < 0)`
eC'��DFK��TÆ����HK�0=L��Æ���Cy12�rj P1(ρ1, ρ̇1, ρ̈1, z1) (z1 > z0)�

P2(ρ2, ρ̇2, ρ̈2, z2) (z2 < z0) �jxt z = z0 ��^y ρk ρ̇ �Ab HermiteF��*!p� [29] �
l1(z) =

z − z2
z1 − z2

, l2(z) =
z − z1
z2 − z1

;

l′1(z) =
1

z1 − z2
, l′2(z) =

1

z2 − z1
;
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A1(z) = [1 − 2(z − z1) l

′
1(z)] l

2
1(z) ,

A2(z) = [1 − 2(z − z2) l
′
2(z)] l

2
2(z) ;

B1(z) = (z − z1) l
2
1(z) ,

B2(z) = (z − z2) l
2
2(z) ;

ρ(z) = ρ1A1(z) + ρ2A2(z) + ρ̇1B1(z) + ρ̇2B2(z) ,

ρ̇(z) = ρ̇1A1(z) + ρ̇2A2(z) + ρ̈1B1(z) + ρ̈2B2(z) .j��ZPxt1' z = z0 xy� P (ρ(z0), ρ̇(z0)) �pb�0=LBP��0�4F�H�%,hyA5��"3+�Ab Hermite F�%�+F�Ih��#�+hT3u���
Poincaré1'*!I�n>GFC���1�P�℄ (p# Vieiral Letelier [20] n
) �Æ�Zj;�℄�h�^ 3 Dz��0�
5��+��k 4 7�V$��xe4k�℄�Y��k-� 3 � Poincaré 1'x1f�������CK�l;�Yy
0I� (�j=B0Iz�(h0Ih~��j60Iz�ho50Ih~��j�Kz�H#v0IZD)hU��
0I�Lmj��H1y5��q8C�<r�Cy��ÆDsMhfxt6R�pH1y5�{Z5_��9���p� Schwarzschild H1.|t Kruskal H1�0��
���^��-U��NNk2�s~ Schwarzschild H14y0Ij 100 (/ATh0I) ��~ Kruskal H14y0I.j e100 �j��~ Kruskal H14 Poincaré 1'x�5xt.KhÆy�D��9,VGK�~6)j�ea�W�t�mxy�V� Poincaré 1'*!y^b'tJÆ��Ajuky�~�Y� Lyapunov �-��4�KQh~yJN�K�

2.2 Lyapunov ��
Lyapunov �-�q���A_u<��CS0q%y�1�5P&a�KyQ���y�9*!4Gh.0*S! [30,31] k�}<! [32,33] �h��+*!5n�b [34] �~9�
����jKDP q k q̇ jYUH1k��y 2n k='�Y�� x = (q, q̇) �)*�~�YyCy*S�!G ẋ = f(x) (f jg-��) �K.0*Sj δẋ = (∂f(x)/∂x) · δx �<�5^Y�V$kY�S���Z�xEj Lyapunov �-�

λv = lim
t→∞

1

t
ln

‖ξ(t)‖
‖ξ(0)‖ , (1)K(S�� ξ = (δq, δq̇) �>G�y_u.0*Sy6� ‖ξ‖ j ξ y: '-�~~T��4�Z!j

‖ξ‖ =
√
δq · δq + δq̇ · δq̇ , (2)Æu “·” ^: 4�� δq l δq̇ 04�YUH1kYU7�y.0�j��x ξ �(/X��0z�*Sk.0*S�O�.0*S
YK6K�9oQ�W�^b*,�n�Y)Ab�}<!�j�WGKV_uyCy)j�<�5^lK�AyKV_u�Zxt t �[�V_u~�℄�4yOq�

d(t) =
√

∆q(t) · ∆q(t) + ∆q̇(t) · ∆q̇(t) , (3)



� 4 J w�N}�?Æ`v�Lz�E�2 321�K( ∆q(t) l ∆q̇(t) 043��_ul"k7����H�E�yEj Lyapunov �-3j
λN = lim

t→∞

1

t
ln
d(t)

d(0)
, (4)K( d(0) j�_uY��q��Bj��H�� (∆q,∆q̇) lS�� ξ H4IBj��
���9�{HZ5M
 d(0) �5b���S Tancredi l Sánchez [33] �Z d(0) ��j�yE�5�j 10−8 ���K_u� (2) � (3) �<���-�j�~Z
�9�WZ
��Æ��9�*�JG�b,�y_rÆKsM� q d(t) it d(0) y k (k 95Bj)  ���A_uxy�B:�� ξ � (∆q,∆q̇) "i}tl_u�Oj ‖ξ(0)‖ � d(0) yl"�H�}<!k2�,�yy
KD,G.y��T�_u~K�����C4m_jXKS℄�u�e n D=g�y�~�YNh 2n D Lyapunov �-�HK�y m k�~�Y���>h Lyapunov�-IZ�9Zk� (2)�y ‖ξ‖ ZP!jS℄�4yKDKk<℄�yN��

(1) �PjK0 Lyapunov �-� Oseledec [35] ^YtA0 Lyapunov �-�6'K)*Q mkS℄�4KD p (p = 1, 2, · · · ,m) kN��-�LyCS%� Benettin |j [36] GZ�>h
Lyapunov �-y�9*!�j)&S��yCy&e/A�5^�*Y�S��D� E
Kf�0�S�
 Gram-Schmidt �*℄K
S (�qj,�y) �g D*�y Lyapunov �-ZP�6e*�y�~6+$�YU���mgBbx* Lyapunov�-9!�
.0!k�}<!�O
/btE��q*S [37] �I/^s7|y\���� Nieto |j [38] GZ�9FE�z�y���_�y�q*S�IZPo5�Y6h=4y"D}<~ Schwarzschild �℄(yz� [37] y�q*S�pÆK
S�q%|�^q�Z�Æ+g�q�� (KL�Abp�4�
U) kr�kO�y Lyapunov�-(glH1�y5�vU��}<!ZK^bxy,4�~���(QjEE�KyKbJN�Z�'E� Lyapunov�-
U�/^bt���(�Z5~lH1['hU�n� [26,29] O'9�y�}<!y Lyapunov �-%{Q���
��y9.�1�����Qj~YU���(!
�Ky\VU��W�tE� Lyapunov �->bty (2) � (3) �~Hj4Or��ol9K! (O
hL�����r
3
j7���) �n� [26,29] %��E� Lyapunov �-
Ug�℄�I<jO(℄��IH�' (2) � (3) �(y7���_�oQD��℄�4y Lyapunov �-~[w�~�Y)j�
a|��~e�^x�wbYU���yVE�r� [39] 
Z%{lH1�vUy Lyapunov �-
U�~4k�℄ ds2 = gαβdxαdxβ (�j�1g 0 ^0 3 �Lf3���H1 t k℄�u0�H1 x � y � z �i��1g 1 t 3 �3�℄�u0�H1 x � y � z) 4z�p9K
FE�z�y}<�Pj
VE
��
VE
�5PVE:Ay}< (Pj
�I�) lKThOq�3<KTh���-�L�g�e
�yz��3�K�
�I�yY�V$^q<�5��pGY�lVE
y4kOqBP��P��A5�_j
VE
�>~yS℄�u�~kT�℄H1� xα 4�Z%{
VE
�kK
�I�yz�*S�~H1�� t �[�
VE
�lj O ��KH1k 4 7�04j xα � Uα �6�^r� τ � Uα ��
VE
�y��1*� (S
Kr���*�) �~�XH1�� t �[�
K_uxy
�I�it� P �l"H1j yα �j�xH1�� t �[g� O t� P ylM�� OP y0�j
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δxα = yα − xα �
U
VE
�y℄�[_95 hαβ = gαβ + c−2UαUβ (K( c j�℄(yX7) [39] �' OP W
[_95 hαβ a�t
VE
�~� O �*jK��1yukJ>℄�u�x[_�� OP ′ y0�j δxα

⊥
= hα

βδx
β �KL�j

‖OP ′‖ = ∆L(τ) =

√
gαβδxα

⊥
δxβ

⊥
=

√
hαβδxαδxβ , (5)K( gαβ ~ xα _�9� ∆L(τ) H�
VE
�~�yr� τ >Exy
�I�l�yThOq�Æ�KD1��Zebk.�
VE
�k
�I��_u~O(℄�4<
VE
�r� τ y0qS�yEj Lyapunov �-3�j [26]

λR = lim
τ→∞

1

τ
ln

∆L(τ)

∆L(0)
. (6)�j λR y-��9�^�uP� 3 �� (1) gj
VE
�k
�I�h9Xyr���55H1�� t Gj�
NXy��.�� (2) />0��~�9 Lyapunov �-�� E
K
��H�
,�y�Æ0(Gy��ZP��
VE
�k
�I�yOq~�D�9
S(�*�TBP��
a�BW~O(℄�u�9 Lyapunov �-�p�,�y(/~�℄�u>)� (3) ,�y^qB OP *��95B OP ′ *�>)�

λR Z>GkmH1�℄4}<yE�z���Twb�kG�9FE�z�p!%0&�Y [21∼23] I,*,�Y69.yEj Lyapunov�-*�IZ^Yt�>hy9. Lyapunov�-�p-GG�^<.��j���,'�S��Cyy�9mbx**!���� Gram-

Schmidt �*y
S(y4�k'-g: y<jp�y��jKG
y����Y�r�x5�kTH1��b;*�Zx9.y Lyapunov�-�p9NqyH1�9,j�96T_��9D��Z5lk=,y�9�}r{H��j Kruskal H1�lO'KFW
-�$�I95^x�^y9. Lyapunov�-�ea�x'
Uy λR 95_rn2�[yCysM�gr�xV� Lyapunov�-��Æ���-��9�W
�0�qL��^xy�j3	���h�AbhÆ�� Lyapunov �- [5∼9] ka7 Lyapunov �1 [10,11] �
2.3 �nU Lyapunov ��g{y℄T�9 Lyapunov �-y (1) � (6) ��~��ZjvX�y#�+GY�Yyz��T~KDh8[o4�g�G���QN�Y�K+��;�Yy�℄�9K
�;!y�IH�2�QNyz�9K
5�T~KDh8[o4�yp��jK�uNsM�~A5��j�yVd��uNyCy5bWK(QKD0&�YkKDtq�FRy�uN�Æ���Yy
Lyapunov �-~��ZjvX�A�j���Qb Lyapunov �-kG��Yy�K+5t�hTU�p��uN�Y~itE*8COeeE
�u;%*~��'Q	~�yP	.y0��ZP2�Y~0�Z
���+y�K�	g�-G%{K+�1k)*QN�YCy
Sy
+8C�P�'~9�~6
�(G�����(yO*
ao5�g*S (1) � (4) kV�[� [t, t + ∆t] 4ZP
UJ> λloc(t) = (1/∆t) · ln [d(t+ ∆t)

/d(t)] [5∼9] �	g�ZP	�~ÆK���4y�K8d�B:G
_u�P ∆t jT
���C��9K��J> Lyapunov �- λloc(ti) ���!<��y.y℄�5���YCyvS�oQVt�yV0j��yCS�H� λn = (
∑n

i=1 λloc(ti))/n �Æ����+S�9Ej Lyapunov �->�byM��
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Contopoulos|j{[r Lyapunov�-yG0; [5∼9] ��BKG
_uy λ(ti)� ti (i =

1, 2, 3 · · · , N) �[yJ> Lyapunov �-�G
V0� δ > 0 �s λ(ti) �~ (λ, λ + δ) 4yD-j ∆N �� P̃ (λ) = ∆N/(δN) H� Lyapunov �-y=�0;%�g-�ÆF;_uy
Lyapunov �-j�y=� [9] �
 F+ =

∫ +∞

0 P̃ (a)da �o5�Zx9=� F− �j��J>
Lyapunov�-�~ (λ, λ+ δ) 4y=� P (λ) = P̃ (λ) · δ = ∆N/(N) Pj Lyapunov�-yG�

2003 7 Vallejo |j [9] b Lyapunov �-yG0;��>G� Hènon k Heiles [2] y�y&�,'�?!�ZG0;5a7�4_uy+$
Kr
+�r
k9r
y0I_u�60I_u�_uy�&+k�K+|��_uy Lyapunov�-G0;Nh9X(CkK��leX�{5xtJ> Lyapunov�-<��y.y��xKLy��~
Yyb-�*!�9 Lyapunov �-��(/G�9Æ�J> Lyapunov �-�ZeG0;y^b6�h���{JG����GZ�I�y%��
Vallejo |j [9]  
�G0;y(Cl ∆t yj�k�D�0y��'hhK
U��?!"℄�ZE��by ∆t �k-��0��'h�PBZ5�3u�9���p�hxt.K+ey5��	g��j0I+k60I+y_u�ZPb,�y ∆t �k-��0��'h�Pe
�3�~hK
e3�ÆKsMyn>K=>G��&�Yy�K_u~K�K[4KhFCvEy+$�<��y0;|Xj<℄�l"y0;�ZeIZP�9n>G_u�AKC_uyJ> Lyapunov �-�bKG0;kR
�K_uy+$�x*1*3+�gKV_uZ ���D�0��0Qs>���[�k04�9 [�4y Lyapunov �-�Z�xK��J> Lyapunov �-�g�GZJ> Lyapunov �-G0;�IZg-[o40�Y�V$Z ��=xtK�^yhÆ��y Lyapunov �-�P�xhÆ��y Lyapunov�-G0; [53] �>mhÆ��y Lyapunov�-H�*S (1) (y t9^�Æ>xy Lyapunov �-�Æ+hÆ��y Lyapunov �-GBW%J> Lyapunov �-Gy�9i/j�p�_r�&_u�qh��Szezech |j [53] �Z��&_uyEjhÆ��y Lyapunov�-G4G0;~�_�=�Ej>0~-��_�3+;[oAyk2��Ky�Kf~�_�3+60I_uryh~�pbr���0�hÆ��y Lyapunov�-G4G0;~-��_�Æ+GK�9'�0��L�y_���9~Z
pJ> Lyapunov�-G0;(C' ∆t j�k�D�0��_�y0+
��

2.4 �p� Lyapunov �Q~b-�*!�9 Lyapunov�-��r�xGY��BZ5L��;�-#�jKDr
y-�� 9KD�-�'i/j�y�9���P j�t95b Lyapunov�-k>G�D�℄�y5O� Froeschlé |j [10] LZ�~G
�9���49Ab,�y�I9���CS��a7�9-D�1 (pS��y,�KDS����y�+) y��;�1y-�K�<��.y�6T~ÆKÆ
��4�;g{�h#�t*��p�j�K�60I�N�_uk9���ÆK�1�'hpj9X�ÆFZP>G�℄�yaJ5O�?!{�Z�gjd%���y�N�+$k>0S��L�ya7���Y��u�*yKDS����y�+~�P ��ÆIZPbG�Ky>4�1��x*3��Froeschlé|j [10]����4h2k�Ky 3+�1��KY�V$Xn(0) =

(x1(0), x2(0), x3(0), · · · , xn(0))��Y��[ nkS℄�KD�+�{yS����j V n(0) =

(v1(0),v2(0),v3(0), · · · ,vn(0)) �
U 3 D�1 [10] �



� 324 �������R�o�7�?��������� 23 Q�
ψ1(t) = 1/‖v1(t)‖n ,

ψ2(t) = 1/(
n∏

j=1

‖vj(t)‖) ,

ψ3(t) = 1/(supj‖vj(t)‖n) .

(7)

�j�K_u�	g ψ1(t) ^q�-�a7Zj��gj v1 �<�5�y��j�y�L'Ej Lyapunov �-_#� ψ2(t) l ψ1(t) %,�5bS�����+y.yIh��\S��*�5�yK(+�ψ3(t) �P>hS��j��Lyxe8j�1�gjÆ 3 D�1�l DS��y,CyhU�S�jh2_u�Æ 3 D�1�m-��Zj� (yaVd��jS��CyR0I��yh2_u�Æ 3 D�1S~-��'h47�)���j�K_u�Æ 3 D�1�^�-�a7Zj�� Froeschlé |j��!YPja7 Lyapunov �1�6T~���9��S��9^qGkm,�y��0��9�LGHL"9�
�p��>hyY�V$^qAbXFy�0���n� [10] �Æ��1bj19a�k Hènon k Heiles [2]�yy&�,'�xt ψ3(t) 5PEh�[0�Kkh2_uy5��g�� ψ2(t) k ψ3(t)y�9G% ψ1(t) v/I�y���	g�Æ��15P[0h2k�K_u�psM��!53bk[0h2_uyF+o'�ypGj9. KAMzy60I_uk
rr�(yN�_u��j>hyh2_u�
Lyapunov �-^qaj��695>K=[0F+h2_uyo'� 2000 7 Froeschlé k
Lega [11] �Z�N�_uya7 Lyapunov �1�t%60I_uy�^��x��?!'x'ya7 Lyapunov �1G�<>�
AbS�� ξ(t)(#*S (2)) yCykQ��

FLI(t) = ln ‖ξ(t)‖ , (8)K(� ‖ξ(0)‖ = 1 T�9���C^j��ol 1 ��o5jJ> Lyapunov�-�pÆu�hAb,�y�wb FLI k�4h2��K_u9��ÆT FLI y-�5b�I,G�VG FLI l�� t y.yU��IH�V FLI <�� ln t ��+�L (
℄�A5��) {��-�L�gjS�� ξ(t) y�9�h�
,�y
S�K4���KVd�K�- v7��a�S FLI Pj�4h2k�K_uya7�1�^q�Z��% (7) �(
Uy 3 D�1�9�,�ea� FLI Z[0h2kt�K_u�{5�4N�k.N�_u�geZ#�HqvV(kV�FLI 
��h,�yy fa�yJ> Lyapunov�-�O'{�Z�q-G�9�℄�4y>h Lyapunov�-���KVG
_u/}5^�*Y�S��D�6 E
Kf�0r�
 Gram-Schmidt �*℄K
S�3��K4���K_uS��yCy'&eZjKV���ZjS��A�NEj Lyapunov�-*�Cy�ea�
Froeschlé|j [10] ~%{a7 Lyapunov�1�6Tt�gjd%���y�N�+$k>0S��L�ya7���Y��u�*yKDS����y�+~�P ��Ze�bÆ++$k%{>��KyK+�1�p�g*S (7) GZy 3 D�1kV�K�eyS����y�+eU9+	� Skokos [47] ��AbÆD�+<��y.yS��LZb,�<��1
(Smaller Alignment Index, SALI) k�4h2k�K_u�
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2.5 �k�vr�QG
Y�V$ x(0) ��DY��q�� ξ1(0) l ξ2(0) y�0z�*SkLfY6.0*S�Z�x t �[�D�q�� ξ1(t) l ξ2(t) � �0KDT
y����>)[Ky��[Kyry 2 Dol��j η1(t) k η2(t) �
U SALI j [47]

SALI(t) = min{‖η1(t) + η2(t)‖, ‖η1(t) − η2(t)‖} . (9)93�u SALI(t) ∈ [0,
√

2] �{ZP 
 SALI(t) = 2 sin(θ/2) (θ ∈ [0, π] j��q�� η1(t)l η2(t) y�+�s θ ,��� SALI(t) ≈ θ) �q η1(t) l η2(t) <QK�
X�&*���
SALI(t) = 0 �r�k-��D3+��j�k"a��eKD=g�y='d%��Yyh2_u�K�Vd���q�� η1(t)l η2(t)E*'CytKk9.'\�yS�*��S

SALI(t) → 0 [48] (yaVd��jS��CyR0I��yh2_u�SALI(t) ~-��'h47�)�qg��K_uZS��A�NEj Lyapunov�-*�Cy�(h SALI(t) → 0�px*�
Zj�y*�1g9X�O
�m-�y��r
��-�y��j 2n k"a��e n (n > 1) D=g�y='d%��Yyh2_u�Zh~ n Du��ny�{R{�0�S�_uÆj n k9.z'x�g���q�� η1(t) l η2(t) K�_j9X*���x
SALI(t) ~-��'h47� [49] �qg�yaVdIh�hZ5 SALI(t) → 0 �pZj�y*��m-�y (ÆDyaVd6�h"rG
6Tt�6TrG
:,Q�b SALI(t) yE*5bkGj�4h2k�Ky>
LL�t!y>G3+�b SALI(t) <���m-{��-.ykGj�4h2k�Ky>
LLIjnr) �H�K_u���A�h SALI(t)�-Zj� [50] � SALI 5Pa7h��4h2k�K_u�

SALI �W
wb�0z�*SkX��0�f.0*S^xy��Ab��A_u
KF=y.0*S�x��A_uhÆ��y Lyapunov �1yHIZPGj!
h2k�K_uy�1� Sándor |j [51] �ÆDHPj��hÆ��y Lyapunov �1 (Relative Finite

Time Lyapunov Indicator, RLI) �
2.6 �	\Æ�}iY Lyapunov �Q*S (1) (y t 9^�Æ>xy Lyapunov �1PjhÆ��y Lyapunov �1��G
L(x0, ξ0, t) (K( x0 k ξ0 043�Y�_u8C�kY��q��) �pb�GY�_u8C�hz0�H ∆x (E�5�j ‖∆x‖ = 10−8) �e�Y�8C�.j x0 + ∆x �0�>xhÆ��y Lyapunov�1j L(x0 +∆x, ξ0, t) �j�����A_uhÆ��y Lyapunov�1yHj [51]

RLI(t) = |L(x0 + ∆x, ξ0, t) − L(x0, ξ0, t)| . (10)�jh2_u�RLI(t) <�� t ~-,���:A7����j�K_u�RLI(t) �hK���x�itEj� (itEj�y���j τ) �gr�)Zj��Zj<:��V0j�
L(x0, ξ0, t) k L(x0 + ∆x, ξ0, t) �.QEj Lyapunov �1���lY�_u8C�kY��q��y5�vU� τ l�KS�hU��KvP	� τ Hv�� Sándor |j [52] {WG� RLI(t) lY�8C��H ‖∆x‖ yU�� 
~h2_u( RLI(t) < ‖∆x‖ �+�L��~�K_u( RLI(t) ' ‖∆x‖ y.y_�9j�Æ�Zjh2_u[��A_u�#x�TrY��H9.�BW�
�hZj�yCy�pCy=��#K!���j�K_u�
L(x0, ξ0, t) k L(x0 + ∆x, ξ0, t) �G�Ej Lyapunov �1=�9K!�;7XA�



� 326 �������R�o�7�?��������� 23 Q�BW RLI(t) 5PGj�4h2k�K_uy�1�pK9B�_I�+	y��y-��9-G�z�*Sk.0*SF�0�f���P��x*�D�1�l Lyapunov�-h;%U���'9|l Lyapunov �-U�9p;%y�D�4h2k�K_uy*!�
2.7 0-1 �Qn� [14,15] LZK+#y�4�Ky
 0-1 �E"!�;*!yr��^ksjn�
[44,45] �K�#3��'>GWGy��2� x = x(t) >):�uwf SE(2) h� (exten-

sion) �
θ̇ = ω0 ,

ṗ = φ(x) cos θ ,

q̇ = φ(x) sin θ .

(11)Æu φ(x) �Uj x ykTG
g- (yp�^ x y�KD0� x1 ��h φ(x) = x1) �A�
ω0 �kT.�K-�:�uwf SE(2) h�r��
�~�YFCvEr��)f�`Ekf�|W�-6r��Æu9G��9|��GZn� [44,45] yKD5��n� [44,45] ��3+� p yC*CSlM

M(t) = lim
T→∞

1

T

∫ T

0

[p(t+ s) − p(s)]2ds , (12)�BU�
M(t) = K0t+ o(t) t→ +∞ , (13)6T>WGy�~�Ys9�K�� K0 = 0 �3�� K0 j.�K-�NN�2��jh2_u� p(t) h8�g� ∆p(t) h8�
 |∆p(t)| ≤ C (C jK-) �j� 0 ≤ M(t) ≤ C2 ���j�KVd� p(t) R;nh���x |∆p(t)| → t1/2 �Ze M(t) → t �~Ær��^x�

Gottwald k Melbourne [14] 
U K �1j
K = lim

t→∞

lnM(t)

ln t
. (14)	g�s K = 0 ���Yh2�s K = 1 ���Y�K�Æ+*!9(�uz�*S��-�xUj x(t) y��2�
Z��5a7�4�K�p95LL��y�~6
++$�I9� Lyapunov�-0F&a9[�S���93+�
 0-1 �E"!�j�qty�K (p�C�K) v���5�4Q�K�

2.8 �xy℄�
1982 7 Binney l Spergel [12] b DH1��2�y8uJ.|�
AG0|G��&��~6sM�AG0|�~A�ox.�%j℄ey.y[��P,�%j>)K�0|yK+$� [40] �I�U~)*�k�YaJ�~6K�y-�JN [41,42] �A7k~QnfKQn��2�0|(xtY)^b�KDkTy60I%jZP�Q8uJÆ-�S
!j�D�vXD� ��y
��KD.0I%j x(t) (t ∈ (−∞,+∞)) ZPlj�KD0I T Z�jvXjy0I%j�SI5�UQ8uJÆ-�(p

x(t) =
1

2π

∫
∞

−∞

X(ω) expiωt dω , (15)
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X(ω) =

∫ ∞

−∞

x(u) exp−iωu du . (16)Æu i j.-ol�ω jA��X(ω) Pj x(t) y8uJ.|�IPG x(t) yAG�X(ω) �7-�>PZPxt�y�4 A(ω) (Pj x(t) y�4G) k�l Φ(ω) (Pj x(t) y�lG) �ÆuAG0|��)* Nyquist A�� 1/(2∆) (∆ j^F���C)4y�4k�l|0;Vd� Carpintero k Aguilar [13] H�Ab�4Gk�lG��kkuk_u>)0|y�bK�GxtyAG0|�j[00Ik60I%j>3�yh2_u�+	y�Zj0Ik60I%j x(t) yAG�qvy�G�pbK�Gk�4�K_uGK4=� [43] �Zj.0I%j (�f�K_uk.0Iy.�K_u) x(t) yAG���3G�qY�V$<�5^���GAG
KT�36Z,
�HZ�
�Y��Ky�
Robutel k Laskar [41] � Laskar [42] �AG0|*!G�r�k�b+>G��jlKV_u��y��%j x(t) ��
��KD60Ig-

x(t) = a1e
iν1t +

∑

k

ake
i(k·ν)t , (17)K( i�.-ol�ν1 ��^Ej�4 a1 y4A��ν �K?fADQyA����k �KD�-���Laskar ��y:� ν1 y9!p��GKD"EA� ω kKD���C (0, T )��9 ω �^y�4

aω =
1

2T

∫ T

0

x(t)e−iωtχ(t)dt , (18)K( χ(t) �KD`g-�WKh χ(t) = 1 + cos(πt/T ) �:�� |aω| itEj�y ωT ��^q� ν1 yA5�� Laskar lj��j60I_u�q T → ∞ ��h ωT → ν1 �bÆ+*!Z3=xt>hA��^
�D���C [0, T ] k [T, 2T ] �bx**!~Æ�D�C404xt ωT k ω2T ��jKV60I_u�q T BPj�^;h ωT = ω2T �ZeZP
U
σ = 1 − ω2T

ωT
(19)j_u�K+yKD1��PjA�$v�� Laskar %Xb σ �q 0 yS�k3��KyQt�Robutel k Laskar [41] bA�$v�G��BE�j)&�yAG0|kaJ�~6�.Kh�[0�h2�N�k�K[o�

3 �^1mI�?x>*� +!4�Ky*!FhKdb�� Poincaré 1'5�V(��)*�~�YyaJ
++$�pK^bÆj��k-j 3 y�Y�_r�k�Yy Lyapunov�-5&a��A_uE*0qS���4h2k�K_u
�KyS��pK�9i/jT95&ah2_uy�3�K?�D>
*!�fJ> Lyapunov �-
KG0;�a7 Lyapunov�1�,�<��1���hÆ��y Lyapunov�1|�Sl Lyapunov�-h;%U��J



� 328 �������R�o�7�?��������� 23 Q�> Lyapunov �-yk�V0j��yCSH� Lyapunov �-�a7 Lyapunov �1�9
��h�
,�yy �[y Lyapunov�-�,�<��1H�gKVBW_uZ �9�D Lyapunov �-��h�
 Gram-Schmidt �*yyIy���hÆ��y Lyapunov �1���A_uF=NhyEjhÆ��y Lyapunov �-�H�BWpe��!l Lyapunov�-�%mh�dv�_�pNha7>��K (fK�t�K) y5~�53i�~�Yy
+�3sM�ÆuK4Q��a7 Lyapunov�1k,�<��1~[0h2k�K*'h�5�_��j�K_u�a7 Lyapunov �1k,�<��1�<���-.y���jh2_u�a7 Lyapunov �1kh�,�<��1�<��m-.y�t!>G3+�pb'*S (8) yi*O'U�9j�0� FLI k SALI �N�$A6T�
�t|��Æb�~�YyFCvEr��phr6y�S��,y.y^ql�S��y�+.yh�5+�>P�~�bÆ�*!��9^;�6TKEr-���^U6K.y
S��-y{�m-y�
K*'���hÆ��y Lyapunov�1Zj-G�z�*Sk.0*SF�0�f���P��>P9%XAb�ea�pb9QGZ.0*Sy0|3i��0��bÆ�*!H�q9,w�OE�u�9 Lyapunov�-ZPAb�}<*!��GY��H5��q65n,�y�H5^xl.0!o5y5b�pY��qOq95Bj�3�'���A_u9X_jKDJ>S℄�4�qg�Y��qOqI95B��3�}r{Hy_�',j�ÆFsG'�}<*!M�ta7 Lyapunov �1(~ptK
e3�pb9,�y��~���A_uOq�qvkvj�K4�gjh8�K_uy�k+���A_uOq�jtK
S�H9}���
K*'�� Lyapunov �-�90F�
,�y�Hh~pm���4h2k�Kmga7ysM�r�x�b��A_uy�℄�H1�H��kmPS���
u}<!IZzbj,�<��1�pXF'
Y��qOq5��qsM� jJ> Lyapunov�-
KG0;�^;ZPb�}<*!mP.0!�pÆ�F!h~yK�r�sMkNNCG�3Shnj-��"E=�y-�Z�l Lyapunov �-5tvUya7>��Ky*!{h 0-1�1kAG0|� 0-1�1y^bENhK�+��9<�n_r�k�Y��TZ9(�uz�*S��-�xhU�y��2�
Z��5a7�4�K�p95LL��y�~6
++$� Laskar yAG0|*!5��k�Y>)aJ0|�Æ�E��~6�4�Ky*!K�5bkG�����Y�p�9��℄H1.|y9.�� Poincaré 1'Zbj1�P4kFC�℄�p`
 Poincaré1'y�l�y���Cl;�Yy
0I�h���g�'��H15�y_���hAbr��;�Yy
0I���Th
0I��E� Lyapunov �-
U�"j!6TtK9�KD�.���xW*y��*S (6) %{����
��9.y Lyapunov �-
U�j>�4k�℄(y}<y�Kz�LL�KD\V19�K4�Æ+9.y Lyapunov �-
U�gj}).0*S (}<~���4k�℄(yz�*S�E��*S�K.0*S��q%|yE��q*S) �Ab�}<*!�_r���[~Nz�*SK4*,�wbÆ+9.y Lyapunov �-
U>xyJ> Lyapunov �-
KG0;^;l�℄H15�vU�Ze�>G���[~�Y (yp����
��Æ#+uNsM) EhAbt!LZy9.y Lyapunov �-
U�
�^yJ> Lyapunov �-
KG0;�W�ta7 Lyapunov�1k,�<��1�hb.0*S�5^x,h�b�pZ���[~�Yyz�*SyE��q*Sy7|+u,��!~���[~�Y(y^b�
K*'�a7 Lyapunov�1k,�<��1'�℄H



� 4 J w�N}�?Æ`v�Lz�E�2 329�15�y_�I��q+	y��ba7 Lyapunov�1k,�<��1��E,Gy�6T�!y.y
S�g�~K�℄H1�u#kj�-.yhZ5~
KH1�u7yjm-.y�Z�I(/%{H1�9.y
UkCG�0-1 �1*!'H1.|_�4GN
~�*'�
��H1kl��2�hUy���j��H1ZPbr�Gj��B��p�l��2�hUy�pm5�jKDTh�m�h6R�sAb��A_uThOq (5) �kGj��2���>x*S (14) >�y�1 K �3jH1.|y9.�{�xE=�AG0|*!I�ÆF�A�����
��y�K�4*!hn>K= �k
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Several Diagnostic Indexes for Orbital Chaos

WU Xin1,2, HUANG Tian-yi1

(1. Department of Astronomy, Nanjing University, Nanjing 210093, China; 2. Department of Physics, Nanchang

University, Nanchang 330047, China)

Abstract: In this paper we review in detail some methods for distinguishing between a regu-

lar orbit and a chaotic one in a Newtonian dynamical system, which contain Poincaré section,

Lyapunov exponents, local Lyapunov exponents and their spectral distributions, fast Lyapunov

exponent index, smaller alignment index, 0-1 test, frequency map analysis, and so on. In par-

ticular, merits, demerits and application of these diagnostic indexes are discussed. In principle,

these indexes from the Newtonian frame can also be applied to relativistic gravitational systems

in general. However, there may still exist some problems because they are not coordinate invari-

ant. As a result, it is vital to understand the behavior of a relativistic gravitational system by a

covariant way. For example, it is convenient to employ our way for the calculation of Lyapunov

exponents with gauge invariance by use of the “1+3” splitting of a curved spacetime and the

projected norm.

Key words: celestial mechanics; chaos; review; orbit; Lyapunov exponent; general relativity


