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ABSTRACT

Numerical simulations of the propagation of cyclonic Gulf Stream rings are made using a primitive
equation S8-plane mode! of a flat-bottomed two-layer ocean with a rigid lid. Initially circular eddies having
upper and deep ocean maximum currents maxU, and maxU, located at radial position / from the center
are allowed to evolve and four types of behavior have been discerned: 1) dispersing rings possess
negligible nonlinearity and disperse rapidly; 2) barotropic rings (U, = U,) are weakly dispersive, propagat-
ing recognizably for long periods of time, and, nearly barotropic eddies (U, = U,) slowly lose coherence
in the deep ocean; 3) upper ocean rings propagate with a vortex present only in the upper ocean; and
4) eastward-traveling eddies possess circulations in the upper and lower oceans which propagate together
stably to the east. ’

Changes in viscosity are found to be more important to the longevity of the ring than aré changes in
(maxU,)/BI*. Both westward and northward speeds increase with increasing maxU,/maxU, and increasing
(maxU,)/BI%. Speeds to the west are found to be 2—-3 km day~! and those to the north are 1-9 km day™*
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for 3 < (maxU,)/B* < 15 and 0 < maxU,/maxU, < 1.2,

1. Introduction

Cyclonic Gulf Stream rings are formed by a
meander of the Gulf Stream into the Sargasso Sea
which traps slope water in a closed ring of Stream
water. Present evidence suggests that these cold
core rings are probably formed at the rate of 5-8
per year (Fuglister, 1972) and that between 10 and 16
rings may be present at any one time (Lai and
Richardson, 1977); they may thus cover about one-
third of the northwestern Sargasso Sea. Their num-
bers and current speeds (of order 100 cm s™!) suggest
that a knowledge of the behavior of these rings may
be very important to understanding the energetics
of the western Atlantic Ocean in the vicinity of
the Gulf Stream.

A modeling effort in this direction is that of Firing
and Beardsley (1976) who have performed a numeri-
cal simulation of a barotropic cyclonic vortex on a
beta-plane. Their work, which is corroborated with
a linear calculation and a laboratory experiment,
indicates that the eddy propagates in a northwesterly
direction and generates an anticyclonic eddy behind
it as it moves. A similar result is obtained by Brether-
ton and Karweit (1975) using a six-layer quasi-geo-
strophic model. A vortex in which the motion is
cyclonic in the four uppermost layers and at rest
in the lowest two is initialized over simulated

MODE topography and observed to propagate
northwest, while an anticyclonic motion evolves
behind it. Few details of the propagation are given,
although they do note that the eddy flow does not
extend to the bottom. The role of the bottom
topography in this process is not clear, however,
and we shall discuss vertical coherence (or the lack
of it) in Section 3. :

In the present work, we attempt to numerically
simulate the propagation and evolution of cyclonic
Gulf String rings. The model assumes a two-layer,
depth-averaged, primitive equation formulation ona
beta plane. For initial conditions, we assume an
interface displacement with Gaussian radial depend-
ence and with geostrophically compatible upper and
lower ocean velocities. The depths of the two layers,
the deformation radius and the size of the eddy are
fixed and chosen as fundamentally representative
of those quantities found in the environment, while
the eddy viscosity and relative layer velocities are
varied among the experiments. The philosophy is
thus that of thoroughly examining the behavior of the
same typically sized eddy when a variety of velocity
configurations are used as initial conditions. We find
that the observed behaviors can differ significantly,
one case from another.

Four fundamentally different propagation cases
have been discerned; they are as follows:
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a. Dispersing eddies

For very small fluid velocities an initiaily circular
vortex may be viewed as a superposition of many
Rossby waves and disperses as such (Firing and
Beardsley, 1976; Flierl, 1977).

b. Barotropic and nearly barotropic eddies

Barotropic eddies possess equal velocities in the
upper and the deep ocean, but disperse much less
rapidly than linear eddies (type A above), propagat-
ing as recognizable entities for long periods of time.
However, they do decay more rapidly than rings
which contain both a baroclinic and a barotropic
part. Nearly barotropic eddies are initialized with
upper and lower ocean velocities which are directed
in the same sense and with magnitudes close to one
another. For the ratio of layer heights used in this
paper they too disperse slowly, with the deep ocean
flow decaying somewhat more rapidly than that of
the upper ocean. Although the final state is presumed
to be an upper ocean eddy of the type discussed in
C below, the length of the experiments was neces-
sarily too short to incontrovertibly establish this.
Although this appears to be at odds with the con-
cept of the barotropic cascade (Rhines, 1976), the
fundamental reason for this difference will be dis-
cussed in Section 3.

c. Upper ocean eddies

If the velocities in the upper and lower ocean are
significantly different, but still similarly directed
initially, then the eddy structure in the deep ocean
disperses rapidly and does not appear to reform for
the duration of the experiment. The upper ocean
flow, on the other hand, retains its vortex structure
and concomitant interface displacement which
propagate together as a stable entity in spite of the
lack of a coherent structure in the deep ocean below
(Mied, 1978a,b).

d. Eastward propagating eddies

A pure baroclinic circular vortex can evolve to an
interesting mixed barotropic/baroclinic structure

oh,u, + Ohuyu, + Ohuy v, — hfo,
ot ox oy

8h,v, + 8h,vu, + Oh,v,0, + hyfiay =
ot ox 8y

Ohou, + Oholisus + Ohuav, = hofvs
ot ox oy

3h292 4 6h2v2u2 + 6/121)22)2 + hzfuz -
ot Ox ay
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which propagates toward the east (Flierl, personal
communication, 1978). Guided by this suggestion,
the present authors attempted one such simulation,
and also found that an initially baroclinic vortex
exhibited a qualitatively similar behavior.

While an earlier draft (Mied, 1978a) of the current
work was being revised for publication, the authors
learned 'of a similar work nearing completion else-
where (McWilliams and Flierl, 1979). That work
seeks to model nonlinear vortices in general and
their model employs the quasi-geostrophic equa-
tions in a two-layer ocean; their results may be
more general than those of the present work in the
sense that some parameters considered fixed in this
paper (e.g., the ratio of the eddy length scale to the
baroclinic deformation radius are allowed to vary in
their research). The goal of their work is the ex-
position of the physics underlying the evolution of
nonlinear vortices. In particular, they are concerned
with the propagation and evolution of single- and
mixed-mode vortices, and the evolution of an ini-
tially pure baroclinic vortex into an eastward-
propagating structure.

The emphasis of the present work, on the cher
hand, is to employ a primitive equation model to
examine the phenomenon of strong eddies (Gulf
Stream rings in particular) and discussion is
centered, for the most part, on the behavior of the
upper ocean and deep ocean pressures and the inter-
face displacement, which are related to those oceanic
quantities (ocean velocities and isotherm displace-
ment) most easily observed by researchers in the
field. Because our motivation is the understanding
of the propagation and evolution of Gulf Stream
rings, the vortices examined have a variety of upper
ocean and deep ocean velocities, but they are all
cyclonically directed (with the exception of the
single pure baroclinic case studied).

2. Preliminary considerations -

The depth-averaged Boussinesq equations govern-
ing the motion of a two-layer ocean (without exter-
nal forcing) may be written in the flux form (Gram-
meltvedt, 1969, O’Brien and Hurlburt, 1972)

= —h, ey + hAgVeu,, (1a)
ox
P
2 A, (1b)
oy
P h
= _h2 8 ! + g’h 3—1‘ + h2AHV Ug, (IC)
ox ox
opP oh
—h, ayl + g'h, Tay‘l + hoA V0, (1d)
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Ohy | Bhuuy | Oy _ (1e)
ot ox ay
Ohy | Ohouy  Ohwv, _ (1f)
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The subscripts 1 and 2 refer to quantities in the upper
and lower layers respectively; P, is the ratio of the
upper layer pressure to a reference density [e.g.,
po = (p1 + p2)/2]; Ay is the lateral coefficient of
viscosity, which models subgrid-scale processes;
f is the latitude-dependent Coriolis parameter;
g' = g(p. — p)ipy; and x and y are the zonal and
meridional directions in which the velocities (u;,v;)
are defined. A side view of this two-layer ocean
with a flat bottom and rigid lid is given in Fig. 1.
We see that the local layer thicknesses #; are related
to the interface displacement 4 and the undisturbed
layer thicknesses H; by

hlel—h, h2=H2 +h.

Finally, it is convenient to define a pressure P, in
the deep ocean by

VP, = VP, + g'Vh.

We solve these equations numerically as a mixed
initial-boundary value problem. By prescribing
hix,y,t), P(x,y,t), ufx,y,t) and vi(x,y,t) at an
initial time and imposing a free-slip boundary
condition at the side walls, we see that the problemis
well-posed. The proximity of the walls limits the
length of time for which the experiment is valid, and
this is discussed in Appendix B. The finite-
differencing scheme has been formulated by Lilly
(1965) for a barotropic ocean, and extended to a two-
layer system by Holland and Lin (1975). The
physical parameters which we use in this model
ocean are given by

H,=1000m g'=2cms™?
H, =4000m f=7.3x10"%s"!
+2X107% ecm™ s71 X (y — y,) [cm].

Ay = 2.5 X 10° cm? s~! for most experiments, al-
though other values of A, are used for the eddy
dissipation studies; the internal radius of deforma-
tion is

1 ( gH H,
fo Hl + H2

The integration is carried out in a 1000 km square
box, so that 0 < x,y < 1000 km. A time step of 20
min and grid spacing of 20 km are found to give a
stable numerical solution and to adequately resolve
the details of the eddy.

The interface displacement 4 and velocity fields
(u;,v;) are chosen to be in geostrophic balance ini-
tially on an f plane. Although a more correct initial

12
) = 55 km.
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Fig. 1. A side view of the two-layer ocean showing the
undisturbed layer heights H, and H, and interface displacement
h(x,y,t). The local upper and deep-ocean layer thicknesses are
h, and h,, while their densities are p, and p,, respectively.

condition would require geostrophic balance on a
beta-plane, our feeling is that because rings have
such longevity in the ocean, the tendency for a stable
configuration to form is strong and would not be
severely influenced by a slight imbalance in the initial
conditions. We do expect a readjustment of the flow
shortly after initialization, however, and this is ob-
served in many experiments.

If we presume a plausible deep-ocean initial
velocity field and interface displacement to be
given by )

u, = Ay exp[—(x? + y?)/2[?]
v, = —Ax exp[—(x* + y®)/2/%] } ,
h = bH, exp[—(x? + y?)/21?]

then we may calculate the pressure P, and the upper
ocean velocity field (#,,0,) by imposing the above
geostrophy argument. The values of A and b are then
fixed by this argument. The upper ocean quantities
are thus

(uy,01) = (A + g'bH [fol*)(y, —x)
X exp[—(x% + y?)/2[%}
P, = (fAl2 + g'bH ) exp[—(x? + y?)/21%]

Note that for a cyclonic motion (A < 0) with {ulz
+ 02| > |us? + vy2|, b < 0. The maximum veloci-
ties in the top and bottom layers are respectively

(A + g'bH,/fol®)]le V% and Ale V2

which occur at radius =/.

A fairly representative eddy diameter appears to
be O(250 km). By requiring that 90% of the amplitude
variation of the initial fields be contained within a
radius of 125 km, we see that (x? + y?)¥?/212] = 1.5,
so that | = 250/3v2 or 58.9 km. With the eddy size
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Fi1G. 2. Initial velocity ratio (maxU,/maxU,) vs. strength (U,), also given as U,/B/?
with 8 =2 x 107 cm™ s™' and / = 58.9 km. The numbers beside each dot indicate the
experiment number. The dashed lines corresponding to an initially pure barotropic and
baroclinic motion are shown, as are the experiments of Firing and Beardsley (1976) and
Bretherton and Karweit (1975). (See Appendix A.) The lettered areas indicate four
different types of vortex behavior: A, dispersing eddies; B, barotropic or nearly barotropic
eddies; C, upper ocean eddies; D, eastward propagating eddies.

now fixed, there remain only two. free parameters
(apart from the eddy viscosity Aj); these are (max
x U,)/(maxU,)!, a measure of the relative barotropy,
and U,/B!?, a measure of the nonlinearity, or relative
magnitude of the advective terms and the variation
of the Coriolis parameter with latitude. Using these
two quantities, we can display a plane which gives
an overview of the-experiments (Fig. 2). The experi-
ments of Bretherton and Karweit (1975) and Firing
and Beardsley (1976) (see Appendix A) are shown
in relation to the present work. The shading is meant
to generally delineate one region of the parameter
space from another, in which the actual boundaries
are only poorly known. A complete list of the ex-
periments, showing current speeds in each layer is
given in Table 1.

3. The regimes of propagation and evolution

As mentioned in Section 2, an isolated interface
displacement anomaly with Gaussian radial depend-
ence and geostrophically compatible currents in the
upper and lower oceans is situated in the 1000 km
square box and allowed to evolve. As we shall see
below, the resulting motions can exhibit very dif-
ferent characteristics depending upon the initial

4

YU = (u? + v)Y2. U,/BI? is to be taken as a succinct form of
(maxU,)/BI2.

conditions, and some of these flow configurations
are quite startling. In particular, four basic classes
of motion have been observed thus far; and these
could be identified as dispersing eddies, barotropic
or nearly barotropic eddies (which presumably
evolve to upper ocean eddies), upper ocean eddies,
and. an eastward-propagating eddy. A description
of an experiment on each type is listed below.

a. Dispersing eddies

The analytical calculations of Flierl (1977) and
Firing and Beardsley (1976) clearly show that when
vortices are governed by linear dynamics, they dis-
perse, their energy being radiated away from the
initial eddy by the constituent Rossby waves. It fol-
lows that the present nonlinear model would exhibit
similar behavior if the current magnitudes were
small, so that the ratio of nonlinear to linear terms
would be insignificant. This is observed to be the
case. In experiment 13, the upper and lower depth-
averaged velocities are 2.0 and 1.5 cm s™!. The re-
sults of this experiment (hereafter referred to as
EXP 13, or a 2/1.5 eddy) are shown in Fig. 3 for the
first 50 days. There is little difference between the
sequence for the upper pressure (proportional to
the streamfunction for small Rossby numbers) shown
in Fig. 3a and the lower pressure field in Fig. 3b.
The dispersion is qualitatively similar to that ob-
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TABLE 1. Synopsis of the experiments and approximate relation of work of Bretherton and Karweit (1975) and Firing and Be_ar(!sley
(1976) to present paper (see Appendix A). Cyclonic currents are positive, anticyclonic negative. Blanks for parameter values indicate

no change from previous case.

U, U, Ay
Experiment (cm s™) (cm s™Y) U,/Bl* (cm?s™!) Comments
3 20 4 2.88 2.5 x 108 Upper ocean eddy
4 30 6 4.32 Upper ocean eddy
5 20 20 2.88 Pure barotropic
6 100 85 14.41 Evolves to upper ocean eddy (?)
7 Tests influence of wall proximity
8 Tests influence of wall proximity
9 Tests influence of wall proximity
10 0 Upper ocean eddy
11 50 7.21 Upper ocean eddy
12 100 -25 14.41 Propagates eastward (after McWilliams and Flierl, 1979)
13 2 1.5 0.29 Dispersing eddy
14 100 60 14.41 Evolves to upper ocean eddy (?)
15 100 20 Upper ocean eddy
16 50 50 7.21 Pure barotropic
17 100 100 14.41 Pure barotropic
18 120 Evolves to upper ocean eddy (?)
19 . 60 5 x 10° Tests influence of viscosity
20 2.5 x 108 Tests influence of viscosity
BK 17.7 0.58 3.77 — Bretherton and Karweit (1975)
FB4a U, =, 1.70 — Firing and Beardsley (1976) their Fig. 4a
FB4a U, =U, 3.03 -— Firing and Beardsley (1976) their Fig. 4b

served by Flierl (1977) and Firing and Beardsley
(1976), and this is not surprising because U,/BI?
= (.29, a small value in relation to that of the other
experiments. There is thus evidently insufficient
nonlinearity to render the eddy a coherent structure,
and the radiated baroclinic and rapidly propagating
barotropic waves show wall interference as early as
day 10. We note that the eddy, which was not ini-
tially centered in the box, exhibits considerable
asymmetry and wall influence by day 50. The impor-
tant point, however, is that the energy in the eddy
has dispersed instead of remaining fairly localized.
This type of behavior occurs in the region of the
parameter space labeled A (Fig. 2).

A more quantitative measure of the dispersive
process can be made by comparing the time record
of the extremum in the baroclinic pressure with that
obtained from the linearized quasi-geostrophic
calculation (Appendix A). A comparison between
these two results is shown in Fig. 4 for 25 days.
We note that the two curves agree rather well, with
the result of EXP 13 falling below that of the theory.
We attribute the somewhat more rapid roll-off of
Pgc in EXP 13 to the viscosity Ay, which is quite
large.

-b. Barotropic and nearly barotropic eddies

There are a limited number of analytical simula-
tions of the evolution of vortices on a beta plane
which suggest that the eddy must be sufficiently
nonlinear, i.e., U;/BI* > 1, to persist and propagate

as a recognizable entity. The stationary, barotropic
modons? of Stern (1975), for example, arise from a
balance between the advection of fluid particles up
or down the planetary vorticity gradient (8y.,) and
and advection of relative vorticity [8(y, V2)/d(x,y)].
Larichev and Reznik (1976) and Firing and Beardsley
(1976) similarly show that the motion must be con-
sidered as intrinsically nonlinear; otherwise, a
propagating eddy cannot exist.

In our model, this is accomplished by increasing
maxU,, because B8 and !/ are given fixed representa-
tive values. A barotropic eddy is initiated by putting
maxU, = maxU, and setting g’ = 0. Such an ex-
periment has been performed on a 20/20 eddy
(U,/BI* = 2.88) in EXP 5 and the contours of con-
stant pressure are shown for the first 50 days in Fig. 5.

As the eddy begins to evolve and propagate, we
see evidence of some of the dispersive features
present in the linear case described above. The
eddy becomes elongated on its western side and an
anticyclonic feature is formed to the east of the
original vortex. The westward propagation of these
features is a consequence of B8, while the rate of
northward propagation of a cyclonic vortex is deter-
mined by the strength of the currents (Bretherton,
1975). In this experiment involving only moderate

% Stern uses modon to denote a pair of barotropic vortices
with the counterclockwise vortex to the north of the clockwise
one. Their strengths and shapes are adjusted so that their mutual
advection toward the east exactly balances their westward g-
tendency.
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FiaG. 3a. Contours of upper ocean pressure ( P,) for EXP 13 at day 0 and every
10 days thereafter. Contour level = 1.8 X 1072 m? s~2. Contour code (—) for

nonlinearity, the northward propagation is clearly
evident. From Fig. 2, we see that EXP 5 is para-
metrically similar to Firing and Beardsley’s (1976)
Fig. 4b. For comparison, the streamlines of their
experiment at 33.6 days (see Appendix A) are shown
in our Fig. 6. The similarity of the streamlines in
Fig. 6 and the constant-pressure contours of EXP 5§
at day 30 (Fig. 5) is striking. Because all the radiated
waves are rapidly traveling barotropic ones, we are
not surprised that the influence of the wall on the
waves dispersing from the initial configuration is
evident in only 10 days. The significant point to be

P,>0,(---)for P, = 0 and (-----) for P, < 0.

made, however, is that the larger value of U,/BI°
results in a coherently propagating eddy, which is
readily identifiable after 50 days.

Closely related to these pure bardtropic eddies
are those in which max U, and max U, are sufficiently
close at the outset so that the resulting slowly
evolving structure bears a resemblance to pure
barotropic eddies. The resemblance is only super-
ficial, however, because an evolution to a barotropic
state is not observed. Although the experiments are
of insufficient duration to determine the ultimate fate
of the eddy, we can see from EXP 7 (Fig. 7) that the
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central eddy pressure in the deep ocean decays more
rapidly than that in the upper ocean. Our conjecture
that an evolution to barotropy does not occur
appears to disagree with trends observed by Rhines
(1976). The mechanics of Rhines’ barotropic cascade
are most readily seen from the quasi-geostrophic

RICHARD P. MIED AND GLORIA J. LINDEMANN
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Fig. 3b. Contours of lower ocean pressure (P,) for EXP 13 at day 0 and
every 10 days thereafter. Contour level = 1.5 x 1072 m?® s™*. See Fig. 3a for con-

tour code.

equations (see Appendix A).

d
ol v/
dt ¥

d
— V%
a v

I

7Ly - -
Fldt(lp2 4’1) Bax’

4 o — ) - g2
FZ&?(!‘{II ll’z) Bax’

fo dh

~ ) =‘t——

H; dt

where
Fi = f02 .
g'H,
To this approximation (Holland, 1978),
d
F,—
o (Y
so that
V4 __fo dh
dt H, dt
dViy, fo dh

dt H, dt

-
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An upper ocean cyclonic vortex (V&p, > 0) is ac-
companied by an elevation in the thermocline
(h > 0) provided y, > ;. As it propagates north-
ward and westward the vortex stretching effect of
the upper ocean on the lower ocean at the forward
edge of the eddy should act as a source of vorticity
[(fo/H,)(dh/dt) > 0] so that deep ocean fluid par-
ticles should begin to rotate cyclonically (d/dtV*,
> (). One would thus expect that a tendency to
establish barotropy would occur for the nearly
barotropic eddies in region B of Fig. 2. This is not

Fi1G6. 4. Comparison between the barotropic pressure (Pgp)
(see Appendix A) for EXP 13 and the linearized quasi-geostrophic
result for a dispersing eddy.

e

FiG. 5. Contours of constant pressure for the barotropic eddy (20/20) of EXP 5;
contour level = 0.2 m? s~2. The influence of the boundaries is felt as early as day
10, but the eddy is clearly discernable at day 50.
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necessarily seen to be the case for an individual
eddy, however. In fact, the pressure records for the
eddies indicate that an experiment of greater dura-
tion would show that the deep ocean flow bears no
resemblance to that of the upper ocean. This is
evident in the very early time history of the eddies
in region C and we shall discuss their behavior and
the barrier to the expected barotropic cascade below.

c. Upper ocean eddies

It can happen that for some regions of the param-
eter space in Fig. 2, the upper ocean can sustain
an eddying motion and related interface displace-
ment which propagate stably, while no similar vor-
tex is ever present for any length of time in the deep
ocean. This tendency can be better understood by
examining the quasi-geostrophic equations. When
these are nondimensionalized in the manner indi-
cated in Appendix A, they may be written

+ _B(%J[J"’ vy, + ;"III e — Jm] -0,
%[V% + é{ ; (B - sz)} + %‘ff
+ 73%1[&;2, V2, + g{‘,’;l; Wy — &2)] = 0.

In the limit H,/H, < 1, the vortex stretching effect
in the deep ocean can then be seen to be very much
smaller than when H, = H,. This shallow thermo-

FiG. 6. The streamlines of Firing and Beardsley’s (1976)
experiment shown in their Fig. 4b. This picture is equivalent
to an elapsed time of 33.6 days and U,/B/? = 3.03 in the
present work (see Appendix A).

RICHARD P. MIED AND GLORIA J.

LINDEMANN 1191

PRESSURE V5. TIME EXP7

&d_\w

o~
A LEGEND

a - LUPPER PRESSURE
o< LOKER PRESSURE

T
0.0 S.0 10.0 15.0 20.0 25.0

F16. 7. The upper ocean pressure P,() and deep-ocean
pressure P,(t) for EXP 7.

cline limit then provides a situation in which the
lower ocean is decoupled from the upper ocean and
thus behaves essentially like a barotropic fluid. If
in addition, U,/BI? is not large, then there may be
insufficient nonlinearity to sustain this barotropic-
like eddy in the deep ocean, and the lower part of
the initial ring can disperse. In the absence of strong
coupling between the layers, it will probably not
reform. McWilliams and Flierl (1979) discuss this
effect in a more quantitative fashion by appropri-
ately scaling s, and §, and pursuing an asymptotic
expansion of the equations in powers of (H,/H,)"2.

A particularly interesting experiment which illus-
trates this phenomenon is EXP 3 (a 20/4 ring). In
Fig. 8, the interface displacement is shown for 150
days, and we can see that despite serious wall in-
fluence after 70 days, the eddy is quite persistent.
A time series of the upper ocean pressure contours
P, (Fig. 9) over the same time interval reveals a
similar pattern which, as expected, is equally per-
sistent. The deep ocean pressure field P, (Fig. 10),
however, exhibits the very rapid barotropic-like
dispersion of the initial ring configuration, with some
of the radiating Rossby waves reaching the wall
within the first 10 days. We note that during the en-
tire five months of the experiment, no vortex was
generated in the lower ocean which appeared con-
nected with that in the upper ocean. The time his-

.tories of the central pressures P, and P, underscore

this fact. In Fig. 11, we see the minimum P,(¢) and
P,(t) associated with the eddy for 150 days. Al-
though the walls of the box severely contaminate
the signals in the upper and deep ocean after about
25 days, the persistence of the slowly decaying upper
ocean vortex is evident. In contrast to this, the deep
ocean pressure directly beneath the upper ocean
vortex falls off rapidly and then appears to fluctuate
about a zero value.
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Fic. 8. Interface displacement evolution 2(x,y,t) in EXP 3 for 150 days, shown at t = 0 and every.‘l()' days thereafter. Contour
fevel = 10 m. Contour code (-----) for A < 0; (-~ -) for 2~ = 0 and (——) for A > 0.

Given the ineffective coupling between the two
layers (H,/H, = 0.25) and the small nonlinearity in
the deep ocean (U,/BI* = 0.58) the rapid disintegra-
tion of the deep-ocean counterpart of the upper
ocean eddy and its inability to reestablish itself is
not too surprising. The reader will note from Fig. 2
that EXP BK (Bretherton and Karweit, 1975) falls
within this parameter range and should, in fact, be
grouped with the upper ocean eddies. This would be
consistent with their statement that ‘‘no persistent
or remarkable structure appeared below the vortex

in deep water,” although the role of the bottom
topography in their simulation is unclear.

d. Eastward propagating eddies

That an initially circular, pure baroclinic vortex
can spin up an eastward-traveling structure con-
sisting principally of a barotropic modon (Larichev
and Reznik, 1976) with an accompanying baroclinic
gyre has already been thoroughly documented by
McWilliams and Flierl (1979).
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F1G. 9. Upper ocean pressure P, for EXP 3 at 10 day intervals for 150 days. Contour level = 0.2 m? s~2. Contour
code (-----) for P, < 0; (- - -) for P, = 0; and (—) for P, > 0.

We have subsequently attempted a simulation of
this sort with our primitive equation model (EXP
12—a 100/(—25) eddy) and, indeed, the trajectories
of the upper and deep ocean gyres (Fig. 12) indicate
that propagation is toward the east, and very slightly
northward. At day 150, the contours of constant
upper ocean pressure (Fig. 13a) are nearly circular,
while those for the deep ocean (Fig. 13b) are very
much distorted; the initial sense of rotation of the
gyres is preserved, however. The barotropic and
baroclinic pressures (Figs. 13c and 13d) are at least

qualitatively similar to the patterns discussed by
McWilliams and Flierl. )

Flierl et al. (1980) have shown that the quasi-
geostrophic two-layer equations admit many types
of solutions, among them the familiar barotropic
modon? solution of Larichev and Reznik (1976) and a

3 In this context, we are referring to the work of Larichev
and Reznik who show that the two stationary vortices of Stern
(his modon) can propagate steadily toward the east when the ef-
fect of their mutual advection is sufficiently strong to over-
come the westward SB-tendency.
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FiG. 10. The deep. ocean pressure P, at 10 day intervals for 150 days. Contour level = 0.05 m? s=2, Contour code
(-----) for P, < 0; (- - =) for P, = 0; and (——) for P, > 0.

circular baroclinic vortex which they terma *‘rider.”
These solutions are obtained by requiring that the
pressure and its radial derivative be continuous at
the streamline dividing the interior and the ex-
terior flow. ,

Examination of the quantities V2Pzr and V2P for
EXP 12 indicates that these quantities too are con-
tinuous, or at least appear to be so. To examine the
influence of also imposing the restriction of the con-
tinuity of vorticity upon the dispersion relation of
the barotropic/baroclinic modon of EXP 12, we
examine the steady quasi-geostrophic equations

(Appendix A) for the baroclinic and barotropic parts
translating toward the east with speed U; their first
integrals are

2
V2ypr + B = “(:Z)WIBT +Unm), rsa,

aZ
Vipe + (_72)4’30 =u, rsa,

where R; = (F, + F,) 12 o = k — R; 2, u = constant
and v* = —p? + R,;7%. The equivalence —p? = B/U
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FiG. 11. P, and P, for EXP 3 (a 20/4 ring) shown in dimensional
units (m? s~%) for 150 days.

arises from the barotropic work of Larichev and
Reznik which is unchanged in the present context.
The baroclinic solutions of Flierl et al. (1980) are
(to within a constant)

Ype = Adoar) + pla?, r <a,
Yo = BK(yr) + pir?, r > a,

which are the propagating, two-layer equivalent of the
stationary solutions for continuous stratification
first derived by Flierl (1976). The imposition of his
constraints (that ;3 and dyp-/0r be continuous at
r = a) can be combined with our additional re-
striction that VZ%jjz- be continuous there aiso. We
thus obtain a set of three linear, homogeneous
equations for A, B, and i whose determinant must
vanish. This, along with familiar Bessel identities,
yields the dispersion relation

Ji(aa) K 1(‘Ya ) _
(aa)Jo{aa)  (ya)K(ya)

which may be combined with the usual barotropic
relation

Jx(ax) Ky(aB'?UY?)
(ak)J (ax) ap'®
(=

These two dispersion relations may be solved to-
gether to relate the speed U/BR,;? and the modon
radius a/R ;.4

= 0.

)Kl(aBHZ/Ul/z)

4 Prof. G. R. Flierl has done this and kindly provided us with a
table of the roots.

The modon has traveled about 68 km east in 50
days, so that for 8 = 2 X 1073 cm and R, = 55 km,
U/BR* = 0.260. The radius a appears to be 162 km,
so thata/R,; = 2.945. Given this value for the radius,
reference to the table of roots indicates that the
predicted value of U/BR,* = 0.32, which cor-
responds to a propagation rate of 1.94 cm s™! east.
Compared with the observed figure of 1.57 cm s71,
the lack of precise agreement seems reasonable

T

LEGEND

o - UPPER PRESSURE
Ficorer] o - LOKER PRESSURE

TRAGECTORIES EXP 12

F1G. 12. Trajectories of P, and P, for 150 days for EXP 12.
Data points occur at 10 day intervals.
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Fic. 13. Contours of constant pressures for EXP 12 at 150 days. (a) P, contour
level = 1.0 m? s~2. The only positive P, contourlevel = 0.25 m? s~2. (b) P, contour
level = 0.2 m? s=2. (c) Py contour level = 0.25 m? s72. (d) Pyc contour level
= 0.3 m? s72. Contour codes (-----) for P < @; (---) for P =0, and (—)

for P > 0.

]—100KH<‘
UPPER PRESSURE TRAJECTORIES

Fi1G. 14. Trajectories of the point of maximum upper ocean
pressure for EXP 3 (20/4) for 150 days, EXP 4 (30/6) for 150
days and EXP 15 (100/20) for 50 days. Data points are placed
along the paths every 10 days, and the starting position of
EXP 15 has been moved 100 km to the North for purposes of
comparison (see Appendix B).

a=EXP 1S

when one considers that the barotropic and baro-
clinic pressures may not yet have evolved to their
appropriate modon values, as the direction of travel
is slightly northward.

4. Experimental resulits
a. Trajectories and propagation velocities

In Section 3, it was noted that the tendency of all
eddies of types A, B and C (in the absence of a mean
current) is to propagate toward the west, while the
rate of northward propagation of cyclonic rings is
determined. by their current strength. In this sec-
tion, we quantify these arguments by presenting
northward and westward propagation speeds, and
showing the dependence of some of these on non-
linearity (U,/BI%) and the barotropic ratio (maxU,/
maxU,).

As U,/BI? is increased for constant barotropic
ratio, planetary vorticity is advected from north
and south of the eddy to ecither side at a greater rate
than would be the case for a smaller nonlinearity.
This results in a faster translation to the west and
to the north. These tendencies may be seen in Fig.
14, which contains the trajectories of the point of
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minimum upper ocean pressure (minP,) for EXP 3
(a 20/4 ring), EXP 4 (30/6) and EXP 15 (100/20).
These vortices are upper ocean eddies with max U,/
maxU, = 0.2, and the behavior of the northward
and westward propagation rates with increasing non-
linearity is evident. Data points are placed every
10 days and we can clearly see that both northward
and westward propagation velocities increase with
increasing U,/BI%. Moreover, as the eddy weakens,
its rate of northward progress lessens, and propaga-
tion is directed more toward the west; this tendency
is very noticeable in EXP 3 and EXP 4.

Although the tendency for an eddy to propagate
more rapidly westward as U,/B/% is increased is also
evident for maxU,/maxU,; = 0.0 (Fig. 15), the
results for barotropic propagation (maxU,/maxU,
= 1.0) do not exhibit this trend. We conjecture that
the reason for this may be found by examining the
pressure contours for EXP 5 (Fig. 5) which indicate
that so much of the eddy energy has been lost by day
50 that the trailing anticyclonic vortex has a larger
absolute value of the central pressure and may in
fact significantly alter the propagation velocity of
the cyclonic eddy. Thus, these barotropic propaga-
tion velocities may be vitiated by motions external
to the eddy of principal interest.

Although the Firing and Beardsley (1976) eddies
have zonal propagation velocities which are too
small (1.06 km day~'—see Appendix A) to appear
on Fig. 15, we are encouraged by the fact that the
westward speed of the Bretherton and Karweit
(1975) upper ocean ring is very consistent with the
present data. The barotropic ratio is 0.03 and cor-
responds to a speed which lies very slightly below
the curve of maxU,/maxU, = 0.2. This data point
and most of the other results thus appear consistent

3.0

2.5

(km/DAY)

U,/pL?

FiG. 15. The westward propagation velocities as a function
of nonlinearity (U,/8{%) for constant barotropic ratios (maxU,/
maxU,; = 0.0, 0.2, and 1.0). The numbers beside each data
point refer to a 26-day speed average for that experiment, and
BK denotes the Bretherton and Karweit (1975) ring (see
Appendix A).
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Fic. 16. The northward propagation velocities as a function
of nonlinearity (U,/8/%) for constant barotropic ratios (maxU,/
maxU, = 0.0, 0.2, and 1.0). The experiment number is given
beside each data point and represents a 26-day average of
the speed data; BK is the Bretherton and Karweit (1975)
eddy and FB4a and FB4b are Firing and Beardsley’s (1976)
Figs. 4a and 4b (see Appendix A).

with the expected trend that as the barotropic ratio
is increased for a constant U,/8/%, the propagation
velocity increases. '

In the same vein, the northward propagation rates
become greater with increasing U,/B8/2 for constant
maxU,/maxU, (see Fig. 16). As the barotropic ratio
is increased, while U,/BI* is held fixed, the
meridional velocity can be seen to increase; and none
of the anomalous behavior noted in the zonal propa-
gation rates for barotropic rings is evident in these
northward propagation speeds. Moreover, both the
Bretherton and Karweit eddy and the Firing and
Beardsley vortices appear to have a northward
velocity very consistent with the data of the pres-
ent work.

For strongly nonlinear eddies (U,/8/* = 14.41)
we have performed experiments on rings in which
the barotropic ratio is increased from 0.0 (EXP 10—
a 100/0 eddy) to 1.2 (EXP 13-—a 100/120 eddy) and
the northward propagation speed is a strong function
of maxU,/maxU,, (Fig. 17). We would expect the
meridional velocity to increase as the barotropic
ratio becomes larger because, generally speaking,
the entire water column is more vigorously advect-
ing planetary vorticity from the north and south
around the periphery of the eddy, and the increase
in propagation rate is expected.

b. Evolution of the pressure extremum

Unless acted upon by external influences, the
minimum pressure within the core of a cyclonic ring
can be altered by either a decay of the energy of
the flow by subgrid-scale processes or through the
efflux of eddy energy by radiating waves. These two
phenomena can in turn be altered by changing the
strength of the nonlinearity, the barotropic ratio and
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F1G. 17. The northward propagation velocities as a function of
maxU,/maxU, for U,/BI* = 14.41. The numbers beside the data
points indicate the experiment number. The speeds are obtained
by taking an average of the first 26 days’ data.

the. kinematic viscosity. In this subsection, we
examine the behavior of the pressure extremum as
it is influenced by the parameters U,/B/?, maxU,/
max¥l, and A,. , .

When an initially circular ring is placed in the box
at the start of the experiment, evolution toward a
preferred configuration begins immediately because
only the crude assumption of geostrophy on an
f-plane has been made. This rapid correctional
readjustment, together with the expected subsequent
evolution of the eddy, radiates barotropic and
baroclinic Rossby waves, as well as some internal
wave energy. When the most rapidly traveling of
these waves reach the walls of the box, they are
reflected and may propagate into their region of
generation in the vicinity of the eddy, contaminat-
ing the time record of the pressure in the center of
the ring. The effects of this process have been
examined in somewhat greater detail (Appendix B)
and we have concluded that the experiments may
be considered unaltered by what we term wall ef-
fect for the first 25 days or so.

Because the deep and upper ocean pressures are
related through VP, = VP, + ¢'Vh, and the in-
fluence of the reduced gravity is relatively small,
the deep ocean pressure extremum as a function of
time bears a qualitatively similar appearance to
that for the upper ocean in general. Moreover, in
the case of upper ocean eddies, the only meanirig-
ful pressure in either of the two layers is that in
the upper ocean; for these reasons, we will almost
always discuss a ring in terms of P,, nondimen-
sionalized by its value at r = 0. Focusing on only
P, represents a unifying thread of another sort.
For eddies which are barotropic—or nearly so—
and those which are upper ocean rings from the start,
the behaviors of the P,(¢) time records are quite
similar. In Fig. 18a, the results of EXP 14 are shown
for 50 days. Although wall influence becomes im-
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portant after 25 days, the record possesses two
features whose presence is only slightly modified
by this effect. Specifically, there is a general decline
of the minimum P,(¢), and there exists a plateau and
slight increase in P; between days 20 and 35. The
decay of the pressure can be attributed partly to the
strength of the nonlinearity and partly to the in-
fluence of viscosity. We shall investigate the relative
influences of A, maxU,/maxU, and U,/BI* below,
but the odd behavior of the pressure between days
20 and 35 merits our attention first. In Figs. 18b and
18c, we see a record of Pyp and Py, also for the
first 50 days, and we note that this feature is present
only in the barotropic pressure. The effect which
raises the pressure in the center of the eddy is thus
present throughout the water column and exists in
all experiments at about the same time, for the same
time interval, but to varying degrees. In Figs. 18d
and 18e, we see the contours of constant barotropic
and baroclinic pressure at 25 days; and, we note
that the trailing anticyclonic vortex behind the main
cyclonic feature is a largely barotropic phenomenon.
We thus attribute this temporary Py increase to the
presence of the southwestward propagation of the
elongated trailing anticyclonic motion, the closest
approach of which to the main cyclonic eddy occurs
during the time interval 20—35 days. Bearing this in
mind, we will now briefly discuss the effects of
changes in the nonlinearity, barotropic ratio and
eddy viscosity on the propagation.’

1) THE ROLE OF NONLINEARITY

The effect of very weak ring currents is to allow
the initially circular eddy to rapidly disperse (EXP
13, Fig. 4), so that we might intuitively expect that an
increase in the nonlinearity U,/B{* would result in a
less rapid decrease in the eddy pressure for constant
barotropic ratio maxU,/maxU,. This is because the
eddy would be expected to propagate relatively
unchanged, radiating less of its energy away as
waves. This is, in fact, observed to be the case. In
Fig. 19a P,(¢t) is shown for EXPs 3,4 and 15 (maxU,/
maxU, = 0.2); and, Fig. 19b gives P,(¢) for EXPs 10
and 11 (maxU,/maxU; = 0.0). In each figure, a
family of curves appears in which only U,/BI? is
changed. Although the central pressure in the most
nonlinear rings can change immediately after
initialization for reasons discussed above, we can
clearly see that the pressure decay of the stronger
rings after the period of initial readjustment is more
gradual; thus, an increase in the strength of the
current results in a vortex which is longer lived than
the weaker ones. In particular, the most nonlinear of
the three in Fig. 19a (EXP 15) has the largest central
pressure at day 25, while Fig. 19b indicates that
despite a fairly rapid initial decline in the pressure in
EXP 10, this more strongly nonlinear case experi-
ences such a gradual pressure decay, that the
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F1G. 18d—-e. Contours of constant pressure at day 25 for EXP
14. Contour code: (----) for P< 0; (---) for P = 0; and
(——) for P >0. (d) Barotropic pressure Ppr. Contour
level = 0.5 m? s~2. (e) Baroclinic pressure Pg.. Contour level
= (.14 m?s~2. The only positive Py contour level = 0.07 m?s~2,

weaker, more rapidly decaying EXP 11 pressure has
declined to the point where they are both equal by
day 25. From Figs. 19a and 19b, however, we can see
that the pressure is not a strong function of the
nonlinearity, whenever U,/BI? is large.

2) THE EFFECT OF THE RELATIVE STRENGTH OF
THE BAROTROPIC FLOW

A relatively large number of the experiments per-
formed (Fig. 2) are for constant nonlinearity (U,/
BI* = 14.41) and different initial barotropic ratios
(maxU,/maxU,). This change in the value of maxU,
for fixed maxU, allows us to effectively alter the
relative strength of the barotropic component of the
flow. For EXPs 10, 15, 14, 7 and 17, the values of
maxU,/maxU, are 0.0, 0.2, 0.6, 0.85 and 1.0,
respectively. As the value of the barotropic ratio is
increased from zero to unity, the barotropic com-

F1G. 18a—c. Fifty-day records of the central pressure extremum
for EXP 14, nondimensionalized by their value att = 0(a). Upper
ocean pressure Py (). (b) Barotropic pressure Pg{1). (c)
Baroclinic pressure Ppc(f). The small-scale fluctuations are
presumed to be due to the presence of internal waves.
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Fi1G. 19. Effect of changing U,/8/* on nondimensionalized
minimum pressure P,(#) in upper ocean. (a) P,(t) for EXP 3, 4, 15
with maxUy/maxU,; = 0.2. (b) P,(¢) for EXP 11 and 10 with
maxU,/maxU, = 0.0.

ponent of the current is a concomitantly larger
portion of the initial flow in the ring. Because these
rings are weakly dispersive, and barotropic waves
propagate so much more rapidly than the baroclinic
ones, we can see (Fig. 20) that a systematic increase
in maxU,/maxU, results in a progressively more
rapid decrease of the upper ocean pressure.

3) THE INFLUENCE OF VISCOSITY

It is interesting to assess the effect of changing

the lateral viscosity A, because we are ever aware
of the elementary fashion in which it parameterizes
the energy dissipation by subgrid-scale processes.
In Fig. 21, the results of EXP 14 (Ay = 2.5 X 10°
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FiG. 20. Upper, ocean pressure P,(t) for increasing maxU,/
maxU,: EXP 10 (100/0), EXP 15 (100/20), EXP 14 (100/60), EXP 7
(100/85), and EXP 17 (100/100). U,/B!* = 14.41 in all cases.

cm? s7Y), EXP 19 (A4 = 5 X 10° cm? 57') and EXP
20 (A = 2.5 X 10° cm? s~') aré presented. By
day 25, the nondimensionalized minimum pressure
in EXP 20 lies wéll below that of EXP 19, which
in turn lies below that of EXP 14. These is thus a
strong dependence of the upper ocean preéssure upon
viscosity. This is really somewhat surprising be-
cause we would intuitively expect nonlinearity to
be moré important in niaintaining the central pres-
sure. EXP 20 represents a factor of 10 increase in
Ay over that of EXP 14, while EXP 15 represents
a factor of § increase in U,/BI* over that of EXP 3.
In the first case there is a significant difference in
the rate of P, decay; in the second, hardly any.
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F1G. 21. Effect of increasing eddy viscosity upon ocean pres-
sure. EXP 14, A, = 2.5-10°cm?s™; EXP 19, A, = 5-105cm?s™;
EXP 20, Ay = 2.5:10° cm? s,
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These results indicate that the rate of energy loss
in the ring can be extremely sensitive to the value of
the eddy viscosity used, but fairly insensitive to the
magnitude of the nonlinearity present, as long as
U,/B? is sufficiently large to maintain the eddy
against rapid linear dispersion. A consequence of
this observation is also that considerable attention
should be paid to the manner in which subgrid-scale
processes are treated in ring propagation studies.

c. Departure from geostrophy

One of the largest benefits in using a primitive
equation model is that no a priori order-of-magni-
tude assumptions are made regarding Coriolis and
pressure gradient forces, as in the case of a quasi-
geostrophic formulation. While we do not know
which portions of the velocity and pressure field are
geostrophic and ageostrophic, we can nevertheless
obtain an excellent overall qualitative impression
of the extent to which the direction of the current
is related to the gradient of the pressure fields in the
upper and deep oceans. In Figs. 22a and 22b the
contours of constant P, and P, for EXP 7 at day 25
are shown, over which are superimposed arrows
indicating velocity fields. The center of the arrow
gives the position of the particle whose speed is
designated by that arrow. Except for the very limited
portion of the flow which is between the main eddy
and the trailing anticyclonic high, Fig. 22 indicates
that tangents to the lines of constant pressure are
remarkably close to being parallel to the local cur-
rent direction. We thus suspect that the assumption
of quasi-geostrophy for this type of flow may be
quite good. A definitive answer, however, must
await the outcome of a more quantitative inter-
comparison between current magnitudes calculated
by both the primitive equation and the quasi-
geostrophic models.

5. Conclusion

This paper has sought to examine some aspects
of the propagation and evolution of cold-core Gulf
Stream rings through the use of a two-layer primitive
equation beta-plane model in a 1000 km square box.
The central pressure of the evolving eddy is shown to
be independent of the influence of the wall for the
first 25 days of the experiments. Eighteen of these
experiments have been performed for simulated
time intervals of 50 and 150 days, and information
has been obtained on the zonal and meridional
propagation rates, and the behavior of the central
eddy pressure for differing horizontal viscosities
(Ap), nonlinearities (U,/8/?) and barotropic ratios
(maxU,y/maxU,).

The rings presented in this work are found to be-
long to four classes: dispersing, barotropic and
nearly barotropic, upper ocean and eastward-
propagating eddies. Dispersing vortices possess
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FIG. 22. Lines of constant pressure for EXP 7 at day 25 super-
imposed on the velocity field; arrows are deleted whenever
u® + v < 10 cm? s72. (a) The upper ocean, contour level = 0.7
m? s72; (b) the deep ocean, Contour level = 0.6 m? s~2.

insufficient nonlinearity to propagate intact; EXP
13 is such a structure and the baroclinic pressure
as a function of time agrees well with the linear
quasi-geostrophic (Fig. 4) result of Flierl (1977).

If the velocities in the upper and deep ocean are
different initially, one might expect that the mech-
anism of vortex stretching would eventually effect a
state of barotropy. For small H,/H,, however, the
effect of the vortex stretching is insufficient to
effectively couple the bottom fluid to the upper
ocean. Aripid barotropic-like dispersion of the deep-
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ocean gyre ensues and—in the case of nearly baro-
tropic eddies —the central pressure P, is observed to
decay much more rapidly than P,. The upper ocean
eddies, on the other hand, possess insufficient deep-
ocean nonlinearity to maintain the lower gyre for any
length of time at all; and there is never any real
vortex present in the deep ocean.

Although the experiments were necessarily valid
for only a fairly short duration, we conjecture
that the relatively rapid decay of P, (vis-a-vis P,)
for nearly barotropic rings indicates that these
vortices ultimately evolve to upper ocean eddies.
The results of this paper would thus seem to indicate
that the upper-ocean eddy may be a state to which
Gulf Stream rings in a shallow thermocline ocean
(H,/H, < 1) with no external shear might evolve,
given sufficient time.

An elementary extension of the work of Flierl
et al. (1980) to restrict the vorticity to be con-
tinuous everywhere appears to yield results for
propagation speed and modon radius which are in
tolerably good agreement with the results of EXP 12.
The small deviation from eastward propagation is
tentatively ascribed to the fact that the cyclonic
barotropic vortex is somewhat more intense than the
associated anticyclonic one and is assumed to result
in the observed slow drift to the north.

Upper ocean eddies and barotropic (or nearly
barotropic) eddies possess a westward phase speed
which increases with increasing nonlinearity and
increasing barotropic ratio (Fig. 15) and possess a
northward phase speed which also increases with
increasing nonlinearity (Fig. 16) for constant baro-
tropic ratio. For large nonlinearity, the northward
propagation rate increases with increasing baro-
tropic ratio (Fig. 17).

For fixed barotropic ratio an increase in the non-
linearity of upper ocean eddies and nearly baro-
tropic rings results in a somewhat slower rate of
decay of the central pressure (Figs. 19a and 19b).
The longevity of the eddy, however, does not appear
to be a strong function of U,/B/? provided the value
of the nonlinearity is sufficiently large to prevent
rapid linear dispersion of the ring by its constituent
Rossby waves. In contrast to this, the central pres-
sure in the upper ocean is very sensitive to the
value of the eddy viscosity used (Fig. 21), with the
upper ocean pressure rolling off noticeably more
sharply when Ay is increased by a factor com-
parable to the above increase in nonlinearity. We
thus infer that an intensely nonlinear ring in a
hypothetical nondissipative ocean would persist for
a very long time.

And finally, one must ask the question of whether
the expense of a primitive equation model is justi-
fied over that incurred when the calculations are
performed with a quasi-geostrophic model. Figs. 22a
and 22b indicate that there exist only small regions
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of the flow in which the velocity is not tangent to
the pressure gradient. This argument, however, does
not address the matter of current magnitudes.
Whether a discrepancy between the currents calcu-
lated with the two types of models is sufficient to
alter the aggregate properties of the eddy can only
be ascertained after a direct comparison between
results of the same calculation performed with
both models.
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APPENDIX A
Connection with Other Work

1. The quasi-geostrophic model

In the absence of damping, the quasi-geostrophic
equations for a two-layer medium are written
(Pedlosky, 1964; Rhines, 1976) as

D 2 —_ _6_ =
Dr (V3 + Fi(e — )] + B o Y, =0,

. 0
I)DT (V292 + Falts = ga)) + Bt = 0,

where F, = f*(¢'H;) and D( )/DT = o( )/ot
+ ay;,( ))/8(x,y). Neglecting the nonlinear terms,
employing the coordinate system

E=x —ct,
m=Yy,
T=1,

and requiring steady motion in this moving reference
frame, we see that

B 9
2 — Y —— 1 =0,
V3, + Fi(e ¢)+C 6§'JI
Vg + Fall ~ ) + 22y = 0,

c of
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where V2?2 = 0%0¢& + 9%/0m*. If we require that,
regardless of geometry, the flows in the upper and
the lower oceans be linearly dependent (have a
modal structure), we may write i, = ais, so that the
system becomes

V2¢1 + [Fila — (F; + B/C)]lllz =0,
V2, + [aF, — (Fy + Blc)ly, = 0.

Equating the coefficients of the linear terms, we
see that
a = l? _FI/FZs

which is simply the modal structure of the barot-opic
and baroclinic motions. As one equation will now
suffice to describe the motion, we choose the latter
and write for the baroclinic flow

k* = —(F, + Blc) — F,

__—R
k2 + Rd™2

where R, = (F, + F,) "?is the deformation radius.
Consider now a polar coordinate system (r,6). The
analysis now proceeds identically to that of Flierl
(1977). An initially circularly-symmetric disturbance
is given by

or

’

o= J kdikg(R)J o KF),

0

where the nondimensional variables (*) are

(x,y) =U(X,y), c=¢pa,
(u,0) = U@,b), t=1tl(BD),
W = Uy, k= &Il

In dimensional variables, the pressure extremum
of a pure baroclinic Gaussian eddy (with Hankel
transform g(k) = ¢ %*2) moves westward at a rate

Vo = BIH{+Y% — (IY4R e ¥E (I}2Rd?)},

where

o«

E(2) =J e Yydy.

2

The pressure decay, nondimensionalized by the
value at 1 = QO is given as P = 1 — (¢/T)?, where

_ i[ 4/R 2 ]1/2
BB, +B,B, — 2B, |
B, = xe'E,(x),
B, = x(1 - By),
x = 2R 2.

When dealing with mixed-mode eddies, it is con-
venient to separate the baroclinic and barotropic
components of the pressure. Since a purely baro-
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clinic flow is one in which the ratio of the pres-
sures is +F,/F, = H,/H,, we add the constraint that
the two vertical modes, (¢,, o = barotropic, baro-
clinic, say) be orthonormal (Flierl, 1978), i.e.,

H
iJ bobpdz = 8,3, H =H, + H,.
H J
This restriction then uniquely defines the coefficient
of the barotropic pressure® (iz7) to be 1 in each layer
and those for the baroclinic flow pressures (Yrz¢)
to be (H,/H,)"? in the upper ocean and —(H,/H,)'?
in the deep ocean. We may then uniquely write the
upper and deep ocean pressures at a point as

Y = Ypr + Rifige,
1
Yo = Ypr — 7?‘ Yaes R = (Hz/H1)”2-

This decomposition is suggested by the quasi-
geostrophic model, but we will find it useful in our
primitive equation calculations as well. It also pro-
vides a basis for rational comparison between the
two models. In the present work, H, = 4000 m,
H, = 1000 m so that R = 2 always.

2. Barotropic eddy propagation

Firing and Beardsley (1976) have studied the
propagation and evolution of two cyclonic, baro-
tropic eddies on a beta plane through the use of a
linear calculation, a laboratory experiment and a
nonlinear numerical model; the flows in the labo-
ratory and numerical models show excellent agree-
ment. The parameters of their experiment are

h, mean tank depth (8.0 cm)

¢ nondimensional eddy-generating piston motion
(0.084, 0.15) [=Ah/ho]

a lid slope (related to laboratory 8) = 0.1

ry radius of eddy-generating inner piston (1.98 ¢m)
[=! in present work]

Q = f/2 =27 s7L.

The eddy is generated by the coordinated im-
pulsive motion of a downward-moving piston and an
upward moving concentric cylinder. The initial non-
dimensional azimuthal velocity is given in terms of
the nondimensional radius by

r2, 0=sr<i1
Vo= 32+ 1r, 1sp<<2U2
0, 212 <,

where the velocity and length scales are 2eQ)r, and
ry, respectively. The maximum dimensional velocity

5 When discussing quasi-geostrophic dynamics, we shall use
pressure and stream function interchangably. For the primitive
equation experiments in this paper, the pressure is decomposed
into barotropic and baroclinic constituents as is shown.
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TaBLE Al. The maximum currents in each layer, counting
from the top of the ocean to the bottom.

Maximum Layer
Layer current thickness
no A, {cm s™Y) (km)
1 1.0 23.2 0.175
2 0.9 20.8 0.475
3 0.5 11.6 0.4
4 0.1 2.3 1.0
5 0 0 1.6
6 0 0 1.35

thus occurs at dimensional radius r, and equals
€Qdr,. A measure of the nonlinearity in our work is
U,/BI?, which is equivalent to €Qr,/Br® in their
laboratory experiment. But af,/h, = B, so that

eQ _ [1.70 (their Fig. 4a)
Br.  13.03 (their Fig. 4b).

We note that their measure of the nonlinearity is
a Rossby number Ro = ehy/ar;, which is twice that
used in the present study.

The experimental distances (Ax,Ay) through
which the two cyclonic eddies move® are (—1.2 cm,
0.6 cm) for Fig. 4a and (—1.2 cm, 1.2 cm) for
Fig. 4b which, when scaled by the ratio of length
scales (l/r;) implies displacements (—35.7 km,
+17.9 km) and (—35.7 km, +35.7 km) respectively,
in the present work. The elapsed time in their ex-
periments’ is 3.42 X h,/Qwar,) = 3.42/(Br,), which
is 3.42/(B{) = 33.6 days in the present work. Propa-
gation velocities for their two experiments are thus
1.06 km day~! west, 0.53 km day™! north for Fig. 4a
and 1.06 km day~! west, 1.06 km day™! north for
Fig. 4b.

3. Mixed (pure barotropic + pure baroclinic) eddies

Bretherton and Karweit (1975) have modeled the
evolution and propagation of a cyclonic eddy using
a six-layer quasigeostrophic model. In each layer
the initial streamfunction is given by

¢ = —A, Ul exp(—r?21%, r=1,2,...6,

so that the azimuthal velocity (dy/dr) has a max-
imum value of +A,U exp(—1/2) located at r = [.
Because there is disagreement between the cal-
culated value of the maximum layer currents and
their stated numerical values, there is uncertainty
about the actual maximum velocities used.® We will
assume that the above streamfunctions (hence our
calculated currents) are correct, as is their value
given for U. Their parameters are

$ E. Firing, personal communication.
7 See footnote 6. .
8 F. P. Bretherton, personal communication.
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U = 33 km day?,
[ =45 km,
B=2x10°km™ ' day™' =2.31 X 10" cm~1s"1,

and the maximum current speeds are shown for each
layer in Table Al.

We may compare results from this six-layer model
to our two-layer simulation by grouping together
layers 1-3 (equivalent H, = 1.05 km) and layers
4-6 (equivalent H, = 3.95 km). A depth-averaged
current can then be derived for the upper ocean
(17.7 cm s7?) and for the deep ocean (0.58 cm s™).
Calculated values appropriate to the present work,
subject to the ambiguity noted above, are thus (max
x Up)(maxU,)=0.03, U,/BI* =3.77, H,/H, = 3.76.
The stated average propagation velocities for the
200-day experiment are 2.4 km day—! westward and
1.5 km day—! northward.

APPENDIX B
Validity of Experimental Results

The accuracy of the calculations in this paper is a
matter of potential concern, and we have gone to
some length to ensure that the experimental results
do not have unacceptable errors. The basin-inte-
grated mass (represented by the sum of ~2500 grid
points) never changes by more than +0.01-0.02%,
even for the longest experiments of 150 days dura-
tion. This indicates, of course that the program is
stable, for in the linear approximation

—% = -_Hiv'uh
ot
A tendency of uw; to become unbounded would
rapidly appear as an increase in the mass of the
system.

Another point of concern is the length of time
for which the results may be considered valid before
the influence of the basin walls is felt. This question
has been approached by conducting EXPs 6,7, 8 and
9 which are (100, 85) rings started at different parts
of the box (See Fig. Bl and Table B1.) The central
pressure in the upper ocean, nondimensionalized
by its initial value, is shown plotted as a function of
time for 50 days in Fig. B2. We see that all of the
pressures are in good agreement until about day 25,
at which time the results of EXP 6 begin to differ
from the rest; EXPs 7, 8 and 9 are in agreement for
about 40 days, while EXPs 7 and 9 are close to each
other for 50 days. In view of these resuits, EXPs 7
and 10-20 were started at the point (580, 400), while
EXPs 3-6 were begun at (580, 500). We are forced
to conclude, however, that those results of quantita-
tive significance are valid only (conservatively
speaking) for a time interval of ~25 days. For ex-
ample, the northward and westward propagation

i=1,2.
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UPPER PRESSURE TRACECTCRIES

FiG. B1. The trajectories of the point of minimum upper ocean
pressure P, for 50 days for EXPs 6, 7, 8 and 9. A data point is
placed every 10 days along the paths.

velocities represent an average of the speeds of the
eddies for the first 26 days. Whenever results at
longer times are discussed, the possibility of wall
influence is frequently mentioned. '

A problem that arises in noting the maximum or
minimum eddy pressure and its position in the box
is that each of these variables is known only to the
nearest grid point, which are at 20 km intervals.
This is treated by searching the region in the vicinity
of the eddy for the grid point at which the pressure
assumes its extremum. This point then serves as
the local origin for a conic section of the form,

P =ay + ajx + apy + asx® + a;xy + aey?,

which is fitted with respect to this local origin and
the eight surrounding grid points by a least squares
technique. The extremum in P and its location are
then known. This accounts for the smooth pressure
records and trajectory curves in the paper and

TABLE Bl. The starting points [(X (km), (Y) km)] measured
from the southwest corner of the box, as well as the duration of
each experiment. A blank indicates no change from previous case.

Starting point Duration
Experiment (km) (days)

3-6 (580, 500) 150

7 (580, 400)
8 (580, 300) 50

9 (480, 400)
10-12 (580, 400) 150
13-14 50
15 150
16-20 50

RICHARD P. MIED AND GLORIA J. LINDEMANN

1205

]

LR e PRESCURE VS, TIME

i

Fic. B2. The upper ocean pressures P,(¢) for 50 days
for EXPs 6, 7, 8 and 9.

eliminates eddy paths and pressure records having a
staircase appearance which results when the loca-
tion of the maximum pressure is only coarsely
known to within one mesh length.
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