Vol. 35, No. 11

ACTA AUTOMATICA SINICA

November, 2009

Ls-gain Analysis and Control
Synthesis for a Class of Uncertain
Switched Nonlinear Systems

WANG Min'! ZHAO Jun'

Abstract This paper addresses the issue of L,-gain analysis
and control synthesis for a class of uncertain switched nonlin-
ear systems using the average dwell-time method incorporated
with piecewise Lyapunov functions. Sufficient conditions for a
weighted Lo-gain and the stabilization are derived. A switched
state feedback controller is designed to achieve exponential sta-
bility of the closed-loop system with the weighted Ls-gain prop-
erty.

Key words Switched nonlinear systems, average dwell-time,
exponential stability, weighted Ls-gain

A switched system consists of a continuous-time and/or
discrete-time process interacting with a logical or decision-
making process. Each continuous/discrete-time subsys-
tem is represented as a set of differential/difference equa-
tions whereas the logic/decision-making subsystem is rep-
resented as a finite automation or a more general dis-
crete event system. Due to its success in applica-
tion and importance in theory, analysis and synthe-
sis of this kind of systems have attracted much atten-
tion in recent years. Interests that focus on switched
systems are mainly as follows: stability analysis!*~4,
stabilization® =1, controllability[s], observability[g], switch-
ing optimal control™®,  H. control*~'* L, gain
analysis!*®~1"1 and others*®!. Stability is of considerable
importance in the study of switched systems, and many re-
searches were devoted to the study of this property. Among
these researches, the common Lyapunov function technique
was introduced to check the uniform stability or stabiliz-
ability of switched systems[lﬂ‘s]. But a common Lya-
punov function may not exist or is too difficult to find.
In this case, the multiple Lyapunov functions technique[ ]
the average dwell-time techmque , and the switched Lya—
punov function approach were proposed to analyze the
stability property for switched systems under some de-
signed switching laws.

On the other hand, switched systems with disturbances
are commonly found in practice. Thus, the stability and
the La-gain analysis problem or H. control problem for
disturbed switched systems become interesting issues. The
H control problem for switched systems was studied in
[11—14]. Reference [15] addressed the Lo-gain analysis
and control synthesis problem for a class of discrete-time
disturbed uncertain switched linear systems using linear
matrix inequalities. Reference [16] investigated the dis-
turbance attenuation problem for a class of disturbed au-
tonomous switched linear systems with the average dwell-
time method, and a weighted Ls-gain was achieved. The
Lo-gain analysis problem for a class of disturbed switched
delay linear systems was addressed in [17]. All the papers
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mentioned above were about switched linear systems. Few
results on the topic for switched nonlinear systems have
been available by now.

In this paper, we study the weighted Ls-gain prop-
erty and control synthesis problem for disturbed uncertain
switched nonlinear systems using the average dwell-time
method incorporated with piecewise Lyapunov functions.
The switched system under consideration is composed of
a nonlinear part and a linear part. Both the linear and
the nonlinear parts are assumed to be stabilizabled under
some average dwell-time based switching laws. Further-
more, we present sufficient conditions for the weighted Lo-
gain property and stabilization. We also design a controller
to achieve the weighted Lo-gain property and stability of
the closed-loop system.

The results obtained in this study are different from the
results obtained in previous studies. First, switched non-
linear systems were studied. Second, the average dwell-
time method was used to select up a class of switching
laws which are time-dependent, while multiple Lyapunov
function method is mainly used for designing a state-
dependent switching lawl'H 181 In addition, exponential
stability was achieved, while [11, 18] only give asymptotic
stability. Differently from the existing results handling
the same uncertainty*?, we used the average dwell-time
method, which is considered to be more feasible than other
design methods in many cases.

1 Problem statement and preliminaries

Consider the following disturbed uncertain switched non-
linear system:

T ( ) = Alg(t)ah(t) + Aga(t)xz (t) + Eg(t)ua(t)(t) +
U(t)w(t) (1)
#2(t) = fao) (@2(1))

(
y(t) = Cowyz1(t)
where 2,(t) € R"? and z2(t) € R? are the states,
Uy (1)(t) € R™ is the control input, w(t)€ L2[0,00) is the
external disturbance input, and y(t) € R? is the controlled
output. o(t) : [0,00] — In = {1,---, N} is the switching
signal, which is a piecewise constant function of time and
will be determined later. o(t) = ¢ means that the i-th sub-
system is activated. A1; = A1; + AAw, B; = Bi + ABi(t),
Ais, A2, B;, G;, and C;(i € In) are constant matrices of
appropriate dimensions. f,,;(22) are smooth vector fields
with f,,(0) = 0. AAy;(t) and AB;(t) are uncertain time-
varying matrices with the form

[AAL(t), ABi(t)] = Eil'(t)[Fui, Fadl, i€l (2)
where B; € R™DX By e RFX( =D and Fy; € RFX™ are
known constant matrices, which characterize the structure
of uncertainties, and F5; are of full column rank. I' is the
norm-bounded time-varying uncertainty, i.e.,

I =T(t) e{l@#):Tt)"r@) < I,0(t) € R™* and

the elements of I'(t) are Lebesgue measurable. }

®3)

Equation (2) is a standard assumption on system
uncertainties®°).

Consider the switched system

= fory (@) + g0 (@ (1) w(t)

z(t)
{ B (4)
Y(t) = hor)(2(1))
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where z(t)e R", w(t), y, and o(t) are the same as in (1),
fi(x), 9;(z), and h;(x) (i € In) are all smooth with f,(0) =
0

Definition 1. The switched system (4) with w(t) = 0 is
said to be globally exponentially stable with stability degree
A > 0 under o(t) if ||z (t)|| < e~ *¢=t0)||z(to)|| holds for all
t > to and a constant o > 0.

Definition 2. System (1) is said to be globally expo-
nentially stabilizable via switching if there exist a switch-
ing signal o(t) and an associate switched state feedback
Uo)(t) = Kywx1(t) such that the corresponding closed-
loop system (1) with w(¢) = 0 is globally exponentially
stable for all admissible uncertainties.

Definition 3. System (4) is said to have a weighted Lo-
gain v, if the following inequality holds for some switching
law o(t) and some real-valued function §(¢) with 5(0) =0

/ e My (t)y dt<'y/ w”
0

Our purpose is to establish sufficient conditions for the
switched system (1) with u,)(f) = 0 to be globally ex-
ponentially stable with a weighted L2-gain, and to design
a controller to make the closed-loop system globally expo-
nentially stable with a weighted Lo-gain.

Since the control input only appears in zi-part, it is nat-
ural and reasonable to design a controller of the form

Uor) = Ko)z1(t) (6)

if 2 can be made exponentially convergent.
The following lemma will be used in the development of
the main results.
Lemma 10,

(dt+ B(x(0)) (5)

Consider the nonlinear switched system

&(t) = f,(2(t)),

Assume for each i € I'n there exists a Lyapunov function
Vi such that for some positive constants a;, b;, and c,

iely={1,---,N}

aillz|* < Vi(z) < billel? (7)

and oV
W) 1 (@) < ~ela? (®)

Then, two positive constants p and A can be found such
that the switched nonlinear system is globally exponentially
stable for any switching signal that has the average dwell-
time property with 7, > In /.

Remark 1. It is not difficult to find that pu =
sup{bp/aq | »,q € IN}, A € [0,X0), and Ao = min{c/b; |
1 € In} in Lemma 1141,

2 L,-gain analysis

In this section, we derive sufficient conditions for the
autonomous switched system (1) to have the weighted Lo-
gain property.

Theorem 1. Given any constant v > 0, suppose that
switched system (1) satisfies the following conditions:

1) There exist constants e; > 0, Ao > 0, and u > 1, such
that the following inequalities

ALP+ PAy + ¢, °PE,E] P + v *P,GiG} P +
IR F1 +CFCi+ MoP +1<0
P’LS;U'PJa ZaJ:175N (10)

have positive definite solutions P;;

2) There exist proper, positive definite, and radially un-
bounded functions W;(z2(t)) such that

dWZ (11:2)
dxz

axl|z2||* < Wi®s) < asila:|? (12)

for some constants ; > 0, a1; > 0, and a2; > 0, ¢ =
1,---,N.

Then, the autonomous switched system (1) is globally
exponentially stable when w(t) = 0 and has the weighted
Lo-gain v under arbitrary switching laws satisfying the av-
erage dwell-time

fai(za(t)) < —Bil|lz2|? (11)

ro> 7 =8

where 1 = max{p,azi/ai; | 4,j € In}, X € [0,A0), and
Ao = min{/\o,ﬁi/agi | 1€ IN}.

Proof. For arbitrary ¢ > 0, denote to <t <ty <--- <
tr < -+ < tn, (0, as the switching instants of o(t) over
the interval (0,¢) and Ny (0,t) as the number of switchings
of o(t) in the interval (0, ).

Define the following piecewise Lyapunov function candi-
date

(13)

V(x) = V(,(t)(m) = mlTPa(t)ml + ]{?Wa(t)(xz) (14)

where P; are the solutions of (9) and (10), and k is a positive
scalar to be defined later.

Then, when o(t) = i, differentiating V(z) along the tra-
jectory of the autonomous switched system (1) gives rise
to

V = o (AMP +A1’L

%(:Q)hi(mz) =

(A P +A1’L

5 )21 + 22T P Asizs + 22T PiGow +
k

5 )Z1 + 2z PAALz +

) o) <

zi (AT, P + ALP + e, °PE;ES P + 62 FL i)z +
2z Py Ay + 2x1 P;Gaw — ki ||z2|)?

2x1PA21:1:2+2z1PG'w+k

It is easy to see that there exist constants l; > 0, ¢; > 0,
i € In, such that

| Aziz2|| < Liflz2]], &1 Pil| < gil|z |

Let | = max{liq; | i € In}. Then, we have
V4yly—yw'w<
zi (AL, P + ALP + ¢, °PEES P + 62 FL Fui)x +
2|z ||[|z2|| — kB: ||z || + 221 PiGiaw + zy Cf Cimy —
WQwTw <
zi (AL, P + AP, + ¢, °PE,Ef P, + vy °P,G,G] P; +
i F Fus + Cf G + 21 ||| — ksl

Let b = min{f;/az; | i € In}, from (9) and (12
obtain

), we can

V4yly—7w'w<

—Xoxi Py — kbWi(x2) + kbWi(z2) — 1 21 +

2|z ||[|z2]| — kB:||z2

— AoV + kagbl|za|” — 211 + 21|21 |||z — kB [l2|* <
—XoV — (kBi — kaib — 1?)||z2|?
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where Ao = min{\o, b} = min{Xo, Bi/az: | i € In}.
Choosing k > max{m_li;ib | i € In}, we have

V+y Ty — ywTw < -V (15)
When w(t) = 0, from the above inequality, we obtain
V< =XV (16)
According to (10), (12), and (14), it holds that
Vilt) < V(1) (7)

where i = max{u,a2/a; | 1,5 € In}.
Then, from (16) and (17), we have

V(t) S ﬂNU(O’t>675\OtV(O) _ eNU(O,t) lnﬂfjxotv(o)

where V (tx) is the value of the Lyapunov function V at the
switching instant tx, k = 0,1,2,--- , No(0,t). V(ty . t)) is
the value of the Lyapunov function V at the former instant
of the switching instant ENG 0.0
Furthermore, in view of N,(0,7) < 7/7;, for V& > 0,
(13) implies that
No(0,7)Infp < At (18)
Thus, h
V(t) <e” PNV (0) (19)
From (12), we know that there exist constants A1 > 0,
A2 >0, a1 > 0, and a2 > 0, such that
Mzl + arllzal? < V) < Xallaa | + azllzal® (20)

where A1 = min{Amin(P) | ¢ € In}, A2 = max{Amax(F;) |
i € IN}, a; = min{ali | i€ IN}, and az = max{agi | i€
In}.

Let by = min{A\1,a1} and b =

V(1) < ballea|I” + llz2]l*)  (21)

) gives

max{\2,as}. We have

bi(fles|* + [lz2]|) <
Combining (19) ~ (21

1
2 o 2
lo(0)]” < 5.

le(®)] < \/; Yz (0)] (22)

which implies global exponential stability of the au-
tonomous switched system (1) when w(t) = 0.
Integrating both sides of (15) and from (17), we obtain

e~ G0Nty gy <

B2 (= Go=2t 3 (0) 2
b1

Thus,

. . )

V() < V(tNo_(owt))e_)\o(t_tNo(O,t)) _ e Mo(t=7) o
ING(0,1)

" (My(r) — vwT (ryw(r))dr <

~ —Xo(t —t _
M[V(tN(r(ot) O

No(0,6) *Ao(tNU(O’t)*‘F) [yT(

T)Y(T) —
Neo,t)—1
~w (T)w(T)]dT]e

t <
/ ef)\o(tff)[yT
tn

& (0,t)

—j\o(i—izv‘,(o’t)) _

(My(r) = ~*w” (r)w(r)ldr

N t1 N
< ﬂN(;(o,t)e—AotV(O)_ﬂN(f(o,t)/ o~ Rot—7)
0

" (y(r) = 7w (Pw(r)dr — g OO

/t TN Y (ry(r) — " (Pw(r)dr - -

—ii’ / eI ()y(r) — yw" (Hw(n)ldr =
No(0,1)

. . t .
e—xot+Na(o,t>1an(O)_/ o0l Ng (r) In s o
0

" (My(r) — 7" (Nw(r)ldr

Multiplying both sides of the above inequality by
e NeO A and considering (18) leads to

t <
[ ey <
o . (23)
e 'V (0) + 42 / e DT (Tyw(r)dr
0

Integrating both sides of the foregoing inequality from
t = 0 to oo and rearranging the double-integral area, we
obtain

| o < v 07 [ uT s

(24)
From Definition 3, we know that the autonomous
switched system (1) has the weighted Lo-gain 7. d

Remark 2. Applying Schur complement formula, the
matrix inequality (9) can be easily transformed into the

LMIs form. The second inequality of condition 1) is trivial,

1 Amax (P;)
as long as p = sup, ;7 322055

Remark 3. When z»(t) = 0, it is easy to verify that the
z1-part of the autonomous system (1) is exponentially sta-
ble with a weighted L2-gain under arbitrary switching laws
satisfying the average dwell-time 71 > 747 = (lnu1)/A1,
A1 € [0, o), and p1 equals to g in (10). From Lemma 1,
we know that the xz-part of the autonomous system (1)
is exponentially stable under arbitrary switching laws sat-
isfying the average dwell-time 72 > 75 = (Inu2)/As,
H2 = max{agi/alj ‘ i,j € IN}, Ao € [0,)\0), and \g =
min{fB;/az; | i € In}. From (13), we know that the average
dwell-time for the whole cascade switched system satisfies
Ta > Tq > max{Ts1,Taz}-

3 Control synthesis

In this section, we design a state feedback controller to
make the corresponding closed-loop system (1) globally ex-
ponentially stable with a weighted La-gain. By Theorem 1,
this problem reduces to finding %,y = K1 such that

&1(t) = (Aro () + Bo() Ko())T1(t) + Aso(n@2(t) +
G(,mw(t)
E2(t) = foo( (@2(t))
y(t) = Cowyza(2)
(25)
is globally exponentially stable with a weighted La-gain.
Theorem 2. Given any constant v > 0, suppose that

switched system (1) satisfies the following conditions:
1) There exist constants €; > 0, Ao > 0, and p > 1, such
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that the following inequalities

AL P + PiAy + e, 2PE;E} Py + v 2 PiG,G Py +
EFLFL 4+ CFCi4+ NP+ I — (si P,B; +
£ZFEF21)(FQT;FQZ)71(5;1PZBl + £iFEF2i)T <0 (26)

have positive definite solutions P;;
2) There exist proper, positive definite, and radially un-
bounded functions W;(z2(t)) such that

dW;(z2
L) fos(wa(0)) < ol (28)
avilza]|® < Wi(2) < asil|zs|? (29)

for some constants §; > 0, a1; > 0, and a2; > 0, ¢ =
1,---,N.

Then, switched system (1) is globally exponentially sta-
ble when w(t) = 0 and has a weighted La-gain v with the
switched state feedback:

wi = —(F5; Fo;) M (e °BY Py + Fa: Fyy)z) () (30)

under arbitrary switching laws satisfying the average dwell-
time
* 1 7
Ta > Tq = A (31)
A
where i = max{y,as/ai; | i,j € In}, A € [0, ), Ao =
min{)\o,ﬁi/agi | S [N}.
Proof. Similar to the proof of Theorem 1, we define the
Lyapunov function

V(@) = Vo) (&) = 21 Po(y@1 + kW 1) (x2) (32)

where P; are the solutions of (26) and (27), and k is a
positive scalar to be defined later.

Then, when the i-th switched subsystem is activated,
based on (30), we can get

V =z} (AL P + APz + 221 P,AAx +
2z P;Byu; + 2x1 P;ABiu; + 2z P; As;zs +
dW dW;(z2)
dxo
zi (AT, P + ALP + ¢, °PEES Pz, + €3 (Frz, +
F2¢’U:z‘) (Friz1 + Foiug) + 2x1 P;Biu; — kﬁz||-’132||
221 P Asia + 221 PsGiw <
mlT{Ah-Pi + AuP + e 2PEEN P, + 2 FLFy —

fai(x2) + 221 P,Gaw <

[(5;1PiBi + €¢F$F2i)(F21;F2¢)71(6;1P¢B¢ +
8iF1T¢F2i)T] }Zl + 2] P Agio — fﬁﬁzHiI&HQ +
2$?PZG1M

It is easy to know that there exist constants m; > 0,
n; > 0, i € I, such that

21 Pl < millza]], [Aiz]| < niflz:||

Let p = max{m;n; | i € In}. Taking (26) into consider-
ation gives rise to

V+ yTy - 72wTw <

931T{A1T2'Pi + AP+ E;QPiEiE;'rPi + i Fis Fui +
7 PPGIG P+ O Ci —
(F3iFoi) (e " PiBi + e iy Fai) ) by — illma | +

[(E,L_leBl + 51F5F22) X

2plla[[[la=]] <
—)\omrl[‘Pi.’El — ]ACbWZ(.’EQ) + I;bWZ($2) — l‘?.’t1 +4
2pjz [|[l2] — killz2]|* <
AoV + kazibl2||” — zi @1 + 2pla|[||z2]| —
kBillz2)* <
oV = (kB — kazib — p?)|||®
where b = min{B;/az2; | @ € In}, Ao = min{Xo,b} =
mln{)\o,ﬁz/azz | S IN}
Letkz>max{ﬁ —5 | i€ In}. We have

V4+y (ny -y w (rw < -V (33)

The remainder of the proof is the similar to that of The-
orem 1. |

4 Example
Consider the switched system (1) with Iy = {1,2}, n =

4, d =2, and
1 0 0.5
[an=]5 0] 2= %]

W~
= o

1

0

1 0 05 0 5 0

CQ:[O 2}’E2:[ 0 0.3} F”_[o 3}

_ 2

Fm_{oﬂ,czz{g } fm—[ 2:1c3_(i:—x4)]

sint 0

F(t):[ 0 cost}

Let v =1 and €1 = g2 = 1. Solving (26) gives

P - [ 2.6179 0.3342 }

p, [ 29598 01577
0.3342 2.3329 2=

0.1577  2.0921

It is easy to verify that P; and P, are positive definite
matrices, which indicate that condition 1) in Theorem 2 is
satisfied. Choose

Wi = 1.523 + 0.8zsz4 + 1.523, Wa = x5 + 2273

We have a11 = 1.1, a21 = 1.9, a12 = 1, a2 = 2, W1 <
—1.6(x3 4+ x3), and Wa < —4(a? + x3). This implies that
condition 2) in Theorem 2 is satisfied. Using Theorem 2,
we now find the average dwell-time and design the switched
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state feedback. Let = 1.4, A\g = 0.8, and A = 0.7. We get
i = 1.9 and 75 = 0.9. Design the switched state feedback
as follows:

Uy = —1.6$1 — 3.51‘2, U = —21.8121 — 0.6112 (34)

A simple calculation shows that the average dwell-time
for the linear switched part of the system is 751 > 75, =
(Inp)/X = 0.5, and the average dwell-time for the nonlin-
ear switched part is 742 > 7)o = 0.7. Thus, 7, > 75 >
max{741, Tqo} iS obvious.

Figs.1 ~ 4 give the state responses and the switching
signals for the linear part and the nonlinear part of the
switched system. Figs.5 and 6 are the state response and
the switching signal of the whole switched system, respec-
tively.

2 T T T T
1 -
X
8
s Of
7
X
r
2
0 1 2 3 4
t/s
Fig.1 The state responses of the linear part
3
=)
i
zaf
4
2
o
o
=
2
z
S 1
o
<
=
0 . . . .
0 1 2 3 4

t/s
Fig.2 The switching signal for the linear part

5 Conclusions

In this paper, we have studied the La-gain property and
control synthesis problem for a class of uncertain switched
nonlinear cascade systems with external disturbances. Suf-
ficient conditions for exponential stability and the weighted
Lo-gain property are proposed. The switched state feed-
back controller is designed to achieve global exponential
stability with the weighted Lo-gain property. Moreover,
the average dwell-time and the state decay have been cal-
culated explicitly.

Due to the difficulty of coping with the duel design of
continuous controllers and switching laws, the matching
condition is adopted to simplify the analysis and design.
How to remove the matching condition is a challenging is-
sue that deserves further study for switched systems.

3

States

0 1 2 3 4 5 6
t/s
Fig.3 The state responses of the nonlinear part

3 T T T T T T

The i-th switched subsystem

tls
Fig.4 The switching signal for the nonlinear part

X3

x

States

2 3 4 5 6
tls
Fig.5 The state responses of the switched system

0 1
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The i-th switched subsystem

10

11

12

13

14

15

N

0 A A A . )
0 1 2 3 4 5 6

t/s
Fig.6 The switching signals for the switched system
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