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Fault Detection Observer Design

in Low Frequency Domain for
Linear Time-delay Systems

LI Xiao-Jian»?  YANG Guang-Hong!

Abstract This paper deals with the robust fault detection
(FD) problem in low frequency domain for linear time-delay
systems. The H., norm and H_ index are used to measure
the robustness to unknown inputs and the sensitivity to faults,
respectively. The main results include derivation of a sufficient
condition for the existence of a robust FD observer and its con-
struction based on the linear matrix inequality (LMI) solution
parameters. Finally, numerical simulations show the effective-
ness of the presented methodology.
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The research and application of robust fault detection
(FD) in automated processes have received considerable
attention during last decades and a great number of re-
sults have been achieved ~#. The main challenge in ro-
bust FD is to distinguish faults from other disturbances.
There have been a number of results using robust control
theory to solve this problem, e.g., the Hoo / Hoo approach[4],
multi-objective Ho approach[s], H filter approach[G], ro-
bust fault estimation schemeswfg]7 and recently developed
H_/Ho approach!10—14,

However, most of those works considered the whole fre-
quency spectrum. In practice, however, faults usually
emerge in the low frequency domain, e.g., for an incipi-
ent signal, the fault information is contained within a low
frequency band as the fault development is slow[l], and the
actuator stuck failures that occur in the flight control sys-
tems just belong to the low frequency domain!®. This
motivated the FD observer design for linear time-invariant
(LTI) systems in low frequency!*®—17.

On the other hand, time delays are frequently encoun-
tered in industry and are often the source of performance
degradation of a system. So, this paper focuses on the FD
observer design problem in the low frequency domain for
linear time-delay systems with unknown inputs.

The proposed design methodology of this paper is based
on the following idea: by combining the new results in [18]
and H_/H. observer approach, the FD problem is con-
verted into a detection observer design problem in the low
frequency domain, and LMI-based design conditions are
then derived.

The following notations are used throughout this pa-
per. For a matrix A, A® denotes its complex conjugate
transpose. The Hermitian part of a square matrix A is
denoted by He(A) = A+ A*. The symbol H, stands
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for the set of n x n Hermitian matrices. [ denotes the
identity matrix with an appropriate dimension. For ma-
trices ® and P, ® ® P means the Kronecker product.
For matrices G € C™ ™ and Il € H,tm, a function
o:C""™ x Hyim — Hpy, is defined by

a(G,H):{ ¢ } n{ ¢

I, I, (1

1 Problem formulation and preliminaries

1.1 Problem formulation

Definition 1", The H_ index of a transfer function
matrix G(s) is defined as

IG()12 = jnf o[G(jw)] (2)

where o denotes the minimum singular value, €2 is a subset
of real numbers as shown in Table I in [17].

Faults considered in this paper are assumed to be in the
low frequency domain, i.e., w € Q = [—w, w], where w is a
positive scalar.

In this paper, we consider the following linear time-delay
systems:

&(t) = Az(t) + Agz(t — 7) + By f(t) + Bad(t)
y(t) = Cx(t) + Dy f(t) + Dad(t) ®3)

where z(t) € R"™ is the state space vector, y(t) € R"¥
denotes the measurement output vector, d(t) € R™ is the
unknown input vector satisfying d(t) € Lo, f(t) € R"f
denotes the fault to be detected. A, Aq4, By, Ba C, Dy,
and Dg are known matrices with appropriate dimensions
and 7 is a known constant time-delay. Without loss of
generality, we assume (A, C') to be observable and omit the
control input.
We propose to use the following FD observer:

t
t

r(t)=y—9 (4)

where Z(t) € R™ and g(t) € R" represent the state and
output estimation vectors, respectively. r(¢) € R™" is the
so-called residual signal. The design parameter is observer
gain matrix H.

Remark 1. The disturbances considered in this paper
are assumed to be in the same frequency range as that
of faults because disturbances that belong to the high fre-
quency domain can be decoupled by designing a low-pass
filter after the residual outputs.

Denoting e(t) = z(t) — Z(t) and augmenting the model
of system (3) to include the states of FD observer (4), we
obtain the following augmented system:

é(t) = Ae(t) + Age(t — 1) + Bad(t) + By f(t)

r(t) = Ce(t) + Dad(t) + Dsf(t) (5)
where A = A—HQBd = Bd—HDd7andBf = By — HDy.

Then, the FD observer design problem can now be for-

mulated as follows:
1) System (5) is asymptotically stable;
2) || Grs(iw) |57 > By;
3) || Graliw) 15 < B, where

G’Tf(s) ZC(SI—A—e_dSAd)_IBf—‘er (6)
Gra(s) =C(sI —A—e ¥ Ay) "' By+ Dy (7)



1466

ACTA AUTOMATICA SINICA

Vol. 35

and (1, (B2 are two given positive scalars.
1.2 Preliminaries

In this subsection, some useful lemmas are given.
We introduce the main results of [18]. Given a linear
time-delay system

#(t) = Az(t) + Agz(t — ) + Bd(t)
y(t) = Cz(t) + Dd(t) (8)

where z(t) € R" is the state space vector, y(t) € R™
denotes the measurement output vector, and d(t) € R"=
is the disturbance input vector. A, A4, B, C, and D are
known matrices with appropriate dimensions, and 7 is a
constant time-delay. The transfer function matrix G(\)
from d to y is denoted by

G(s)=C(sI—A—e ™Ay 'B+D (9)

Given a Hermitian matrix II, the specification can be de-
scribed by

(G\),IT) <0, VYA€ A(D, W) (10)

where
A(®,T) ={A € Clo(\,®) =0,0(\, V) >0} (11)

and A = A if A is bounded, A = A (J{oo} if is unbounded.

Lemma 108, Let matrices A € C"*", A4 € C**",
BeCme CeCw " DeCw* " II € Hn,in,, and
®, ¥ € H, be given and define A by (11). Suppose A rep-
resents curves on the complex plane. Then o(G(X),II) < 0
holds for all A € A(®, ¥) if there exist P = P*, Q = Q* > 0,
and X = X" > 0 such that

A B As 1" A B A
[I 0 J}(‘I’@PJF\P@Q){I 0 0‘1}+
¢ Dl [¢ D X 0
{0 I}H{O I}—F[O 0} O | <o
0 _
(12)

Remark 2. In the rest of this paper we choose
P = { (1) (1) } and ¥ = { 01 ;j)g },then)\ef\(é,\ll)is
equivalent to w € [—w, w], where A = jw.

Furthermore, for the later development, the following
Lemmas are required.

Lemma 2 (Finsler’s Lemma). Let £ € C", P € C™"*"
and H € C™ ™. Let H- be any matrix such that
HH = 0. The following statements are equivalent:

1) £*PE <0, VH'E =0, £ # 0;

2) HEPHY <0;

3)IpeR:P— pHH" <0

4)IX e R™ " P+HX+X"H <0

Lemma 3 (Elimination Lemma). Let I', A, and © = ©*
be given matrices. There exists a matrix F' to solve the
matrix inequality

TFA+ (TFA)"+0 <0

if and only if the following conditions are satisfied

rtert” <o, and A**OA* <0

2 Main result

2.1  Fault sensitivity condition

In this section, the fault sensitivity condition is consid-
ered. Let d(t) =0 in (5), we have

e(t) = Ae(t) + Aqe(t — 1) + By f(t)
r(t) = Ce(t) + Dsf(t) (13)

-1

If we choose Il = and ¢, ¥ as given in

g1
Remark 2, then for system (13), the performance (10) be-
comes

| Gy i) 577 > 81, Vo € [, ]
where G,¢(s) = C(sI — A —e % Ay)"'Bs + Dy.
Theorem 1. For system (13), let a symmetric matrix
I = { - 2y | € RUVHMIXOUAN) and @, W, B >
1

0 are given, then there is an FD observer satisfying
|| Gry(jw) H[:w’w] > [1, if there exist P, = Py, Q1 =
Q1 >0, and X; = X7 > 0, W, Vj1, Vya, and K such that
the following inequality

PRPI+YRQ1 O 0 0

T 0 0o x, o |T<
0 0 0 -X
WR,
Vi
He Vi (14)

—A"WRy +C*KR1 — Vf1 — C*sz—
Bf*WR1+ DyKR1 — D3 Via—
AW Ry

holds with the assumption that Ry € Crxntngtne) gap

isfies

PP +YRQ 0 0 0
0 1I; 0 0

YT 0 0 X, T'Y*—
0 0 0 -X
mYRIRY" <0

(15)
A*—C*H* I C* 1 0 0
| Bi-DiH* 0 D; 0 I 0

Y= A 0 0 00 I (16)
I 0 0 000

where p1 > 0 is a real scalar and 7' is the permutation
matrix such that

[M1, Ma, M3, My, Ms, Mg|T = [M1, M2, Ms, M5, My, Ms]
(17)

for arbitrary matrices My, Ma, Ms, M4, M5, and Mg with
column dimensions n,n,n,,n,ny and n, respectively. The
observer gain matrix is given by

K=HW (18)

Proof. By Lemma 1, the performance
| Grp(Gw) |5 > B is satisfied if the following
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inequality
[E T]TAT"[E I]"<0 (19)
A*—C*H* T C*
E=| Bj-DjH* 0 Dj
Aj 0 0
PP+ ®Q1 O 0 0
_ 0 I 0 0
A= 0 0 X 0 (20)
0 0 0 —-Xi
holds, where T is defined by (17).
We let P = TAT*, H* = [E I]", and H =

I: } . Then, condition (19) is equivalent to 2) of Lemma

2 and the following inequality
PP +Y®Q1 O 0 0

0 ImI; 0 0 *
T 0 0 X, T <
0 0 0 —-Xi

ol 2]

is equivalent to 4) of Lemma 2, where X is a multiplier.
So, by Lemma 2, condition (19) is equivalent to condition
(21).

However, in Lemma 2, we should notice the equivalence
between 4) and other items needs that the structure of X in
4) has no constraint; once we add an additional constraint
to X, 4) will be a sufficient condition for other items.

To make the problem tractable, similar to that of [19],
we restrict the class of multiplier X to be

I 0 0
X=|0|WRi+|1 0]|W (22)
0 0 I

where W € C™*", det(W) # 0, Vy € Clrnr)xtntnstnr)
and Ry € C™*<Un+ns+nr) g o multiplier to be chosen.
Then, (21) will be held if

PRPI+Y®Q1 O 0 0
0 I, 0 .
T 0 o x, o |[TF<
0 0 0 —-X
I 0 0 7
0 I 0
0 0o I W R,
Aell _avorm -1 —c { vy ] (23)
“Bi+DiH* 0 —Dj
A o 0 |

Vi
L Vi2
matrix manipulations, we have that (23) is equivalent to
(14), so we can conclude that (14) provides a sufficient

holds. Defining X = H*W and V; =

} , with some

condition for performance index || Grf(jw) ||E=% > Bi.
]

Remark 3. As pointed out in [18 — 19], we can choose
R to satisfy (15) with YV defined by (16). If R; is given,

condition (14) is an LMI in Pi, Q1, X1, W, Vy1, Via, and
K.
Remark 4. By the condition (17), we can get

L 0 0 0O 0 O
0 I 0 O 0 O
p_| 0 0 L 0 0 0
- 0O 0 0 0 Is O
0 0 0O I. 0 O
0 0 0 0 0 I
where I,(n =1,2,---,6) denote identity matrices with ap-

propriate dimensions.
2.2 Robustness condition
Here, we study the robustness requirement of system (5).
Let f(¢t) = 0 in (5), we have
é(t) = Ae(t) + Aqe(t — 7) + Bad(t)
r(t) = Ce(t) + Dqd(t) (24)
To attenuate the disturbance influence, we give the fol-

lowing theorem.

Theorem 2. For system (24), let a symmetric

matrix Il = |:I 52]] e Rrtna)x(nrtna) 4149
M2

®, U, By > 0 are given, then there is an FD observer sat-
istying || Gra(jw) ||l < fo, if there exist P, = Py,
Q2 =Q3 >0, and Xo = X35 > 0, W, Va1, Va2, and K such
that the following inequality

PP, +T®Q 0 0 0
0 M 0 0 )
T 0 0 X, o |I<
0 0 0 —X»
W Ro
Va
He Vaz

—A*WRy+ C*KR2 — Vg1 — C* Vo (25)

—By*WRy + D;’CRQ — D;Vdg
_AZWRs

holds with the assumption that Rs € Crx@ntngtne) oqp
isfies

PRIPR+UT®Q2 0 0 0

0 M, 0 0 ‘o
YT 0 o X, U
0 0 0 -X,
pY R5RoY™ <0
(26)
A*—C*H* I C* I 0 0
| B;—D3H* 0 D; 0 I 0
Y= A 0 0 0 0 I (27)
I 0 0 00 0

where ps > 0 is a real scalar and 7T is defined by (17). And
the observer gain matrix is given by
K=HW (28)

Proof. The proof is similar to Theorem 1, so it is omit-
ted.
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2.3 Stability condition

Conditions (14) and (25) do not ensure a stable observer,
so we wish to add an additional constraint to guarantee the
stability of system (5).

Lemma 4. System (5) is asymptotically stable if there
exist matrices W, KC, P3 = P; > 0, and X3 = X3 > 0 such
that

*

I 0 I 0 0 O
0 I|@eP)| 0 I| +]0 X5 0 |<
0 0 0 0 0 0 —X3
w
He —AW+C*K | [ —¢I pI 0]
e

(29)

where r = [p* ¢*] € C? is an arbitrary fixed vector satis-
fying r®r* < 0.

Proof. From the Lyaponov stability conditions for time-
delay systems, system (5) is stable if there exist symmetric
matrices P3 > 0 and X3 > 0 such that

*

A Aq 0 P 0 A Aq
I 0 P X3 0 I 0 <0 (30)
0 I 0 0 —-X3 0 I
- -1
Notice that A* ro is the null space of | A*
A, 0 I A%
d

According to Lemma 3, (30) will be held if the following
inequality

x X3 0 < He| A* | WR (31)
* —X3 AZ

holds, where W is chosen as that in Theorem 1 and Theo-
rem 2, and R=[ —qI pl 0 ], wherer =[p* ¢*] € c?
is an arbitrary fixed vector satisfying r®r* < 0. If £ =

H*W, then Lemma 4 is completed. a
Remark 5. If we choose & = { (1) (1) } and ¥ =
1 0

0 o |’ then we get the LMI conditions for fault de-

tection in the full frequency domain.
2.4 Detection observer design

By combining Theorems 1 and 2, and Lemma 4, condi-
tions 1)~3) given in Section 1 will be satisfied if LMIs (14),
(25), and (29) hold simultaneously.

Theorem 3. System (5) is asymptotically stable and
conditions || Gy () 7 > B, || Gra(iw) 2 < o
are satisfied if there exist symmetric matrices Py, P, P3 >
0,Q1>0,Q2>0, X1 >0, Xo >0, X3 >0, and matrices
W, Vi1, Via, Var, Vaz, K such that (14), (25) and (29) hold,
where K = H*W.

Given (2 > 0, the observer gain matrix H can be deter-
mined through the following optimization:

max [
s.t. (14), (25), (29) (32)
3 Numerical simulations

Consider a linear time-delay system of the form in (3)
with the following parameters

Vol. 35
4 | 09231 0.5422 B, | 04141
T | —0.9442 —0.6764 |° 7 T | —0.3287
4, _ [ 06264 —0.7227 B, _ [ 02003
4= 1 00117 -0.1610 |° “<¢ 7| 0.1224

C = [ 0.5432 0.4595 ] , Dy =0.7525, D4 = 0.0834
The frequency range is restricted in (—0.01,0.01). We let

q:_17p:17ﬁ2:02
Ri=[I I Rizs I Ris 0]

o], a1

Ro=[Ran Ry 0 I, 0 0]

2 0
3212322:{0 2}

and T be given in Remark 4.

Solving the optimization problem (32), we obtain the
0.6557
—0.2478 | 204 Proprow =
0.5297. The actual achieved value of 31 in the low frequency
domain is 0.6328.

In the full frequency domain, the observer gain matrix
Hyn = { (1)224813, and B1,pep = 0.3578. The actual
achieved value of (3 in the full frequency domain is 0.3744.

To show the effectiveness of our method more clearly,
some simulations are also given. The system is assumed to
be affected by stuck faults such that f(¢) =5, ¢ > 65, and
f(t) = 0 elsewhere.

As clearly seen from Fig. 1, the residual is more sensitive
to faults in the low frequency domain than in the full range.

observer gain matrix Hiow =

4
4

35¢ \\/\
3L j
250 [
T 2
15¢
il -Low frequency
““““““““ Full frequency
05t
0\4— 1 1 1 1
0 20 40 60 80 100
t/s
Fig.1 The residual outputs with the

disturbance d(t) = sin(0.05¢)

After designing the FD observer, the important task is
the evaluation of the generated residual. A threshold Jin
and residual evaluation function J,r can be determined by

Jin = sup Ir
£=0,d€Ly, we(—0.01,0.01)

Based on this, the occurrence of faults can be detected by
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the following logic rules:

Jr > Jin = with faults = alarm
Jr < Jin = no faults

Using Matlab, we can obtain Ji, = 0.1469. The residual
evaluation function J, and threshold Jin are reported in
Figs.2 and 3. From Fig.2, we can conclude that faults
can be effectively detected by using finite frequency FD
observer and Fig. 3 illustrates that the finite frequency FD
observer can receive better results than the full frequency
FD 0bs3e§ver.

1k Residual evaluation in low frequency
--—-=Threshold

t/s

Fig.2 The residual evaluation and the threshold
35

—Low frequency

- = = Full frequency

0 20 40 60 80 100
t/s

Fig.3 The residual evaluation
4 Conclusion

In this paper, we have investigated the problem of FD
for linear time-delay systems in the low frequency domain.
The Hoo norm and H_ index have been used to measure the
robustness to unknown inputs and the sensitivity to fault,
respectively. A design method has been presented in terms
of solutions to a set of LMIs and a numerical example has
been given to illustrate the effectiveness of the proposed
method.
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