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Abstract：The results of the 2+ 1 dimensional nonlinear schr6dinger equations for the wave amplitude deep wa— 

ter waves have been extended．Partially invarlant solutions of a class of 2+ 1 dimensional nonlinear SchrSdinger 

equations are explicitly obtained by using a general and systematic approach based Oil subgroup classification 

methods．More solutions can be obtained by this methed than by the classieal methed and direct method． 
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ZakharovE ]first derived the 2+ 1 dimcnsional 

nonlinear Schr6dinger equation for the wave ampli— 

tude in deep water waves，which is equivalent to the 

form 

，+“ + l“I “= 0． (1) 

As a natural extension of(1)，we consider more 

general 2+ 1 dimensional nonlinear Schr6dinger eq ua— 

tions(NLSEs) 

，+“ ：厂(1“I)“， (2) 

where“(z，f)is a complex function of reaI variables． 

andfis realfunction of l“1． 

The purp0se of the present paper is to study par— 

tially invariant solutions of(2)，the concept of par— 

tially invariant solutions of systems of partial differen— 

tial equations(PDEs)was introduced by Ovsiannikov 

some time ago咖
． A systematic study of such solu— 

tions were begun in recent articles／‘～ ．which was 

devoted to partially invariant solutions of complex 

nonlinear Klein—Gordon (e= 一 1)or Laplace(E一 + 

1)equations of the form 

“ r十 ： 厂(1“I)“，￡=士 1， (3) 

and a class of 1+ 1 dimensional nonlinear Sehr6dinger 

equatlons 

，+ “盯 一 (， + ik)“+ (G + iL)u ， (4) 

with four functions F，K．G d L 0f l“l and l“I ． 

The partially invariant solutions of(3)and (4) 

are obtained in[41 and[5]provided the functions of 

eq uations satisfy some compatibility conditions．For 

(2)．the existence of partM ty invariant solutions of 

different foITn．s also depend 0n the function厂(1“1)． 

W e shall now show that partially invariant solu— 

tions of Eqs．(2)exist for certain function，(1“I) 

and we obtain them explieitb． 

1 Symmetey groups of equations(2) 

The 2+ 1 dimensional NI SEs (2) ear be 

rewritten as a system of twG PDEs for the modulus 

P，and the phase (z，f)of“．namely 

— PP，+ P 一 P体 一 f(p)p： o， 

p，+ p + 阳  = o， (5) 

Using the general schedule[ ．we see that the 

symmetry groups of Eqs． (2)for arbitrary function 

f are time t，space z．Y，and phase translations． 

Received date：1998—11—13 

Foundation item：supported under Natural Science Foundation grant of Shaanxi(KC97204) 

BiographytHE Wen—Li(1 975一)tfemale，born in Baoji．Shaanx1．master of Northwest University．pursuing the study of 

differential equations and function theory． 

维普资讯 http://www.cqvip.com 

http://www.cqvip.com


第 6期 HE Wen—li ea thPartially invafiant,solutions of the 2+1 dimensional nonlinear Schr6dinger equations一 475一 

Po— a¨ P I— a P a a 

B I— falr十 ，B 2一 fa 砩 。 (6) 

Sube lgebras that lead to partiaUy invariant solu— 

tions are 

{P。，Pa)，{P ，P }，{P：，P。}，{Po，P ，Ps)。{P-， 

P2，P )。{Po。P2，Pa}，{P。+ aPl，P3)，{Po+ & ， 

)，{P1+aP2，P3)，{P0+&P。， ，P )，{Po+aP 。 

PI，P3)，{Pt+ 口P￡，P。，Ps)。{P。，P1， ，Bt)，{尸o， 

P ， ，B2}，{P2， ，B1)，{P1，P3，B2)，{尸1，P3，BI)。 

{Pz，P3，Bz) 

Let us now run through the individual cages． 

2 Partially invariant solutions of(2) 

1)The subalgebra{PI，P3) 

The invariants are t，Y and P，and the reduction 

formuhs are slmply 

P= p(t， )， 一 f， ， )， (7) 

where 

0 ：  
h(f) 

1+f (f)’ (8) 

P一一 (f) +d (f)， (9) 

where (̂≮)and d2(≮)axe two arbitrary functions of 

f． 

2)The subalgebra{P2，P3) 

The result in this cage can be obtained directly 

from 1)by replacing 

z Y· 

3)The subalgebra{Po，Pl， ) 

The solutiona have the form 

P— P( )，P= ，Y，f)． (10) 

Equations(5)can be rewritten as 

一一体 一，(P)， (1la) 

Pg．y+ P 0． (1lb) 

Integrating second equation with respect to 

and Y ，we obtain 

P：
生 +d

2( )， (12) 。 
0 

with two functions dt and d2 to be determined． 

The aubstitution of(12)into (1l，a)+which 

implies 

一

鲁d d + d +p(d +，(P))一0． 
(13) 

I'0 obtain the utions o{ (13)，we consider two 

aubeages： 

∽专(告)= 
W e immediately obtain 

告= ，d2 一 + ，d +，(P)一。．f14) 
Solving(14)。we have 

P= (y— ) ， 

d2 (tz + r2)y + “ + ， (1 5) 

，(P)=鲁P + ． 
So dI satisfies 

dl 一  ̂dh + ( + r2)dk = 0， (16) 

which can be solved by the characteristic method． 

Thus we have obtained the solutions of(1 1) 

P一 (7- )～ ， 

警竽+( + n 
where 7， ，d，p，u and 1 are arbitrary constants． 

( 告≠。．Fr0m(13)，we ha 
dlf一 0，dldh — C1，d 一 0．d — C2． (18) 

It is easyto seethat 

dI= (2C1 + C3)÷．d2一 C2t+ CA． (19) 

and P is given by a quadrature 

』 C一昔C． ㈤ J P3(，(P)+。)一 ’ ⋯ 
where CI，C2，C3 and C‘are arbitary constants． 

4)The subelgebra{P0，P2，P3} 

Considerations for this case are cornpletely analo- 

gousto 3)． 

5)The subalgebra{PI，P2，P3} 

The reduction formulas are 

P= P(f)，P一 9(t，x， )， (21) 

where 

=  ， 

P一击  +等 一 (22) 
，c ， 

with arbitrary constants Po⋯t and互 

6){Po+& ，P2，P3) 

The solutions take the fornl 

P= P(f)，P= 9(y， )，f= 一 “， f23) 
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which can be ohtained directly from 3)by replacing 

Y一 f，P一 P— ay， 一 Y． 

7)The suhalgehra{P0+aP2，P1，Pa 

Replacing in 6)． 一  ．)，． 

8)The suhalgehra{P0，P1，P3，B1 

The solutions take the form 

P= (．)，)， 一 ≠+ ( ． )． (24) 

The substitution of(24)into(5)，we obtain 

P=号， 一一．詈 +孚 P)一c 25) 
。r P = 一 导， 一手，厂一0． (26) 

9)The subalgehra{Po，P2．P3．B2) 

Replacing 一 in 8)． 

10)The subalgebra{P2，P3，B】) 

The solutions take the form 

P= 户(￡， )， = — y_ + (．)，
，￡)． (27) 

The substitution of(27)into(5)，we have 

f以+ yG =一 f(p)t， 

+ (P ) + tp 一 0． t28) 

The solutions are 

= 半，P一[ + +1) ]一Ti．f 0．(29) 

11)The subalgebra{P】，P3，B】) 

The Solutions take the form 

References： 

P= p(t，．)，)，P一 + ( ，￡)． 

The substitution of(30)into (5)gives 

P= [ +y23÷， 一 了Y，厂一 0 

or 

P=(￡ )÷一≯=-孚．，一。． 
12)The subalgebra{P P B } 

Replacing · 一— Y ln 11)． 

3 Conclusions 

(3O) 

(31) 

(32) 

In this paper-we discuss the existence af par- 

tially invafiant solutions of a class of 2+ 1 dimension— 

al nonlinear Schr6dinger equations which arise in the 

propagation of 2+ 1 dimer,sional surface waves in 

deep water．It is shown that partially invariant solu— 

tions are much nlore than仆ose of 1+1 dimensionaI 

case．Some are easily obtained explicitly，some are 

not．The constraint o11 f(p)must be imposed in 

terms of the subgroup of the symmetry group． 

It is instructive to compare the partially invariant 

solutions with solutions ob怔ined by the nonclassical 

meth0d of Bluman and Cole：z]and the direct method 

of Clarkson and Kruskalt ． 
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(3)管道内固液混合物运动的基本方程可作为 

推导固液混台物管道阻力损失计算公式及离心泵输 

送固液混合物时扬程等计算公式的基本公式。 

(4)由推导过程及结果可知，管道内单相流体 

运动的计算公式可作为固液混合物运动计算公式的 

特例。 

5 附 录 

5 1 物理量说明 

面积；S一研究对象的外表表面；c一浓度 
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面处的量；m 固液混合物的量；2—2断面处的量； 

户一压力作用的量。 
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Abstract：By theoretical analysis，it is proved that① the equation of solid and liquid state admixture movement 

inside the pipeline has three forms：continuous equation，momentum equation and the mechanical energetic equa． 

tion．② The equation can deduce a formula to calculate the loss of resistance，the lift of centrifugal pump in ear- 

rying the admixture．It is concluded that the movement of one·way clean water is a special example of the move 

ment of the solidly liquid admixture． 
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2+1维非线性 Schr6dinger方程的偏不变解 

何文丽 刘若 张顺利，翟江涛 
— _ _  _ ‘ 。 。 _ _ 一 ’  
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(西北大学数学系，陕西 西安 710069) 

摘 要 推广了描述深水波波幅的 2+1堆非线性 Schr6dinger方程的结果。利用基于子群分类方法上的一 

般 系统化途径，得到一类 2+1雏非线性 Schr6dinger方程的偏不变解。 
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