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Existence of three solutions for some second-order four-point

boundary value problems

HUANG Yu-mei'?, GAO De-zhi', QIN Wei' , DONG Xin'
(1. Department of Applied Mathematics, Shandong University of Science and Technology, Qingdao 266510, Shandong, China;
2. Department of Mathematics, Taishan College, Taian 271018, Shandong, China)

Abstract: The second-order four-point boundary value problem — x” () = f(t,x(t),2"(¢)), t€I=[0,1];2(0) = ax(&),
x(1) = ba( 7]) was studied, where 0< <7< 1,0<a,b<l1, and f: [0,1]%x[0, 0 ][0, %] are non-negative continuous
functions. Some degree theory arguments were used to get the multiplicity result.
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TESCHRL L IH BP9 T PSRBT &7 (¢) + f(e, 2 (1), 2" (1)) =0, t€[0,1]52(0) =0=x(1) BDAEFE=A
fifeo SCHRO L] 1) FZRBZAATEPIN N # o), an FIPIA EfF By, B TR oy <ay, B < B H £ 12 Nagumo
Mo ARSCHEAFAETA EARFIAS T AR Z50F T WF 98 a0 T DU 52 i 1) i

- (1) = f(t,0(t), 2’ (1)), t€I=[0,1], x(0) = ax (&), x(1) = bx(ﬁ)o (0.1)
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SRR S EE R R BT e B
EX 1 #a()€C(D,HRE
—a" (1)< f(t,a(t),a’ (1)), 0<t <1, (1.1)
a(0)<aa(é), a(1)<ba(y), (1.2)
AR o SEDERBI0. DB R, FEEL, 24 () € C (DR T AR, FR B o fE R (0. 1)
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EX 2 W&o M B AiEdERIE 0. D —A TR — L, HZE[0,1] B2 o <B,FF o F1 B 1 2
Nagumo Z51F, WARAFAERREL ¢ € C ([0, 0),(0, + @) 13X TRAM (1, x,y)€[0,1] x[a(),8(t) ] xRA
L F(t,x, y)|<¢(|y|) (1.3)

i J Siyds = (1.4)
B SCHRL2 ] FIE R — 27(¢) = 0, 0 < ¢t < 132(0) = ax(&),x(1) = bx () BIAEIRRECH
s €10,6]:6G,(t,s),
G(t,s) = {S € [&,9]:6,(1,s),
s € [9,1]:65(1,5),
Ho 1 =10,11,6:1xI—>RH

g[(l—brj)+(b—l)t}, s < t,
G (t,s) = ‘
i[(1—1)77)+(b—1)s]+<6_1+1§7)<5_1), t< 83
5[(1—b77)+(b—1)t:|(a5—as+s), s<t,
G,(t,s) = |
5[(1—b77)+(b—1)s:|(a&'—at+t), I < s;
1_‘[t—at+a$:|+(s—t), s<t,
G3(t,8) =
%(t+aé—at), I < so

A0< G6(t,s) < 8,,\'13p_max{€771—81—77}

X uan»cuwumm=hamwum,
FC' (D) — (D) H () (1) = fe,9(0), ¢ (1)),

M x (0.1) BIES HAY « € (1) 2 - L)« = 0%, B2 Lf RS &, Hod 1f: c(1) — ¢ (1) &2
— AN

2 FEHZE

EIE 1 Bk

(AD) ay,a, € C*(1) F1 B, B, € CP(1) X HIEE IR (0. 1) WA AR _Eff, HAE[0,1] b
Ba <o <o <fi<Bh Ma £ B

(A2) f:[0,1] x [0, ] — [0, o ] JE—IEZREL;

(A3) fAEI(t,x):a,(t) < v < Bo(2),t € (0,1)f i /& Nagumo 75145

(A4) ay, B AIE(0.1) HIfiF;
WA RE0.1) ZE ZAE %, 20,05, 76 T EUHRE

ay < x < B, < %< B, x5 By %3 F azo (2.1)

ER WA = maxfa la(E) 1,al B(E) 1,b1aly)1,b1B(y) Itofifi/E Nagumo 551, XA » €

[ming, (1) ,maxp, (¢) ], fF7E Nagumo PREL w:[0, %) — (0, + o) FIFIRT o,B,0 MHEN > AL
| f(tyx,0") I< w(la' 1), Hf(e,x) € T x [mina, (¢),maxB, (¢)],

H ﬂvﬁds > max(1) - mina(1). (2.2)
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WC>max{N, o[, 51,38 L:q(y) = maxi— C,minty, CI{, 0] q(y) W20 - C, ClFIH
ay M By #3E F (1,0, 2" ) A5 B —A~ 155 i [ 5[] figt 087 0 200 {1 1m) A
We>02—"EEEXLFHN:

X —= ,Bz(l>

f(t’BZ(t)’Blz(t>>+l+|x—ﬁz(t)|’ x?ﬁz(t)'l'e,
FC, B () q(a)) + [fC, B (), B2 () +
F(t,0,0") = f(t,x,q(x")), a, (1) < x < B(1),
FCya (), q(x")) + [fCr a0 (0),a (1)) +
1+‘|’1(ff()z>‘fx a0 )] T ) s e < v <o,
Pt (0,00 (1)) + o=t v<a( -,

FTEI x R _FRBELM, MAEE M > OFEMFE T x R B | F(e,x,07) | < Mok M, 8 M, > max! [ o ||,
|8 |, M/ot, 2 R AE ek s i [
- x"(t) = F(e,x(t), (1)), t €1 =1[0,1],x(0) = ax(&), x(1) = bx (7)), (2.3)
EXF.C' (D)D) NF(t) = F(o,x(1),2(1)),t € I,
W] x J2(2.3) BIMES HALY » € C'(1) & Lf f(— PRS0 F RE XA C RE, A
F(tya,(t),a" (1)) = f(t,0,(1),0" (1)) == a" (1), 1 € I,
FQt,B,(0),35(0)) = f(1,8,(1),8,(1)) <- (), t €1,
FILh @y, B, #&(2.3) BY TR A# . BeAh XA (1,0) € 1 x [min a,(t),max B,(¢) ] A
| f(t,x,4") | = |f(t,x,q(x'(l)))|s wll g2’ () D =w(l 2 1),
Hfra(s) = wlq(s)),s = 0, F /& Nagumo 5514

ﬁjjd)(‘:)ds - .ffﬁds +[C Sioyds = *.h@23) A

L atots > [, aiyts > maxe(o) - minato).

Fir LA, B SCHR[3 ] A 3 (1.4.1) WEBIMZSR R, TE T B 1« (1) 1 < Co IIER(2.3) R o, (1) < 2 (1) <
Bo(t),t € THIffx W2 | 2" (1) 1< Cot € 1,IAIR0.1) ERYS#.

TUE(2.3) BIfF x Wit e, (1) < 2(1) < B(1),t € I

BAE T Fa(t) & (), M o(t) = a (1) — () FER— 1, € TIREEWRAE C A KN
v(0) < av(&),v(1) < bv(7).

ity = 0,1, v (1,) = 0,07 (t,) < 0,470 < v(ty) < e,

vV (ty) = o’ (ty) = &' (ty) =— f(to,a,(ty),a’ 1 (15)) + | f(tg,a,(ty),a’ (t5)) + m?f%m > 0,
W FJE 4 v(ty) = €, 0
v (1y) = o (ty) — &' (ty) =— f(tg,a,(ty),a" 1 (1y)) +

, v(ty) v(ty)
f(t()’al(t())?a |(t0>> + 1+ U(to)) = 1+ U(t0>> > 0,

WA 7 & o B, v (o) A IERYIRORAE

Htg = LW o(1) = 0,0 (1) = 04058 v(1) = 0, WEHAZMR (1) < bo(x) BIF () = 0,0 v(1)
A o(e) FERKREHM (1) >0, 0< b < 1, o(1) < v(9), FTEL (1) I v BIRKIAE.

ot = 0,01 v(0) =0,0"(0) < 082K v(0) = 0, W HAAFM v(0) < aw (&) Fv(E) = 0,0 v(0) A
o) MEKRMEH v(0) >0, 0< a < 1, 0(0) < v(&), 0L v(1) N2 v BFRKIE,
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B oo(t) < ORJHITE T Fa, (1) < (o) o JAVH, ATLIER 2 (1) < B, (1), t € TIATE (2.3) [ x,, «,,
X R o (1) < x,(t) < B(t), t €1, i =1,2,3,
BO=1{x€ C(D:1x(e) 1< M, | ¥()I< L, €11, RC EMAERFTFERN
LF(Q) CQ,WE deg(I - LF,0,0) = deg(1,Q,LF) = 1,
B, = {x€ Q:x(1) > ay(1),0 € (0,D1,0% = {x € Q:x(1) < B,(1), 0 € (0, FATE T L
o BMO, 20200, 0, N = 6.0 \{2, U2} s e, Uit AR, Fi
deg(1 = LF,02,0) = deg( 1 - LF, 0\ {Q., U 2%},0) + deg(1 - LF,0, ,0) + deg(I - LF, 0" ,0),

(2.4)
THEAEY deg(1 - LF, 0, ,0) = deg(] - LF, 0" ,0) = 1.

T AGIE deg(T - LI:“,Q%,O) = 1B Fy(t,x,4") WIF:

F8.00,Ba(0) 4 s B ez B0t e,
FCe,By(t),q(a’)) + LfCe, B(8), B,(8)) +

R e I TN N ORTEO)] L e N XD ISRy XS

F,(t,x,5) = f(t,x,q(x")), (1) < x < B(1),
Fltran(0),q(x)) + [ftas(1).a's (1)) +
a(t) = x (s (1), q ()] 225 o) ()

1+|a2(t)—x|_ft’a2l’qx c » plt) — e s 2 < apll),

Ftsan(0,02 () + 2= < a(n) e

FIE
-« (1) = Fy(t,x,a"), t € 1 =[0,1], x(0) = ax (&), x(1) = bx(7), (2.5)
W (2.5) FMT - LE,) = 0,5 Fo(0) = F(e,x(0),2' (1))
REE—E U, IR (2.5) AU » T v = ay, 0 € T,HI(A4) Hl 2 2 a0 € (0,1), it v € 0, ,

FALE,(Q) CO, WA deg(] - LF,,0,0) = 1. XHAE O, H F, = FUA
deg(1 - LF,,0, ,0) = deg( - LF,,0\ Q, ,0) + deg(/ - LF,,0, ,0) = deg(/ - LF,,0,0) = 1,

FHA S deg(1 - LE,0%,0) = 1,Hkk(2.4) 15
deg(1 - LF, 0\ 0, U0",0)-_1,
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