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Abstract: The method of boundary function was used to construct uniformly valid

asymptotic solutions of the Robin problem of a class of semilinear singularly perturbed

equations, which are often used as models for chemical reactions. At the same time the

existence and uniqueness of the solution and the estimation of the remainder for the

problem were given.
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Û�Ä>�¯K´Cc5ISþ'5���9�¯K, éu��5>�¯K�ïÄ®
kéõó�[1−3], �õêïÄ�´Xþ¯K[1,2], �kïÄ�´Drichlet¯K[3], æ^�õ´�
©Ø�ª�{, ¤\�^����. 8�Ä©z[4]JÑ�Xe��5XÚ�Robin¯Kµ

ε2 d2y

dt2
= h(y, t), 0 < ε ¿ 1, (1)

P y(0, ε) − εy′(0, ε) = A, Qy(1, ε) + εy′(1, ε) = B, (2)
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Ù¥ y,A,B þ� n ��þ, h´½Â3 Rn× [0, 1] þ� n ��þ¼ê, P,Q� n ��
. ª(1),
(2)�L�´kA��AÔ�zÆ�A�., Ù¥�z��Ü©?1ù���«�A, §É�
�©þ�K�¿��K���©þ, Ù¥y = (y1, · · · , yn)T ´Ãþj��þßÝ, h´�þ�
¼ê, �L
��5ÄåÆ,  t ´Ãþjål. �©^>.¼ê{3�f�^�eéTa
XÚ)��3��5ÚìC5�?1
?Ø, ¿��
)���k��O.

Ú?C�µ-z = ε
dy

dt
, K�¯Kz¤�d� Tihknov XÚ�Robin¯Kµ

ε
dy

dt
= z,

ε
dz

dt
= h(y, t),

(3)

P y(0, ε) − z(0, ε) = A, Qy(1, ε) + z(1, ε) = B. (4)

�
?Ø�B, ©OP(x = (yT, zT)T, F (x, t) = F (y, z, t) = (zT, hT(y, t)))T.

1 �
7��^�Úb�

H1 b� h(y, t) éu y, t 3Rn × [0, 1]þkv
gê�ëY��5. ((��1w5
^��¡�Ñ.)

H2 b� h(y, t) = 0 3Rn × [0, 1]þk��)µ y = ϕ(t) .
u´XÚ(3)éA�òz�§ (=- ε =0)

z̄(t) = 0, h(ȳ(t), t) = 0, (5)

k) ȳ(t) = ϕ(t), z̄(t) = 0
H3 b� n ��
h̄y(t) = hy(ȳ(t), t) �A��þØ�uK¢êÚ".
P

F̄x(t) = F̄x(ȳ(t), z̄(t), t) =

(
0 In

h̄y(t) 0

)
,

Ù¥ 0 � n �"�
, In� n �ü 
, h̄y(t)� n ��
. du

det(F̄x(t) − λI2n) = det

[
0 − λIn In

h̄y(t) 0 − λIn

]
= det

[
0 In

h̄y(t) − λ2In −λIn

]
= 0,

=
det(h̄y(t) − λ2In) = 0,

Ïdlb�H3��F̄x(t)äk n��¢ÜÚ n �K¢Ü�A��, �â©z[5]�(J,=��
3�F̄x(t)k�Ó1w5��_Ý
B(t), ¦�

B−1(t)

(
0 In

h̄y(t) 0

)
B(t) =

(
C−(t) 0

0 C+(t)

)
,

Ù¥C−(t),C+(t)þ�n × n�
, C−(t)�A��þäkK¢Ü, C+(t)�A��þäk�¢
Ü. d©z[6]��, Robin¯K(3),(4)áu^�½�/, 3 t = 0, 1 ?þ�3>.�.
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2 /ªìC)��E

d>.¼ê{�Eª(3)�/ª). �

x(t, ε) = x̄(t, ε) + Πx(τ0, ε) + Rx(τ1, ε), (6)

Ù¥
x̄(t, ε) = x̄0(t) + εx̄1(t) + · · · (7)

´�K�?ê¶
Πx(τ0, ε) = Π0x(τ0) + εΠ1x(τ0) + · · · (8)

´3 t = 0 NC�>.�?ê, 

Rx(τ1, ε) = R0x(τ1) + εR1x(τ1) + · · · (9)

´3 t = 1 NC�>.�?ê. d	, τ0 =
t

ε
> 0, τ1 =

t − 1
ε

6 0.

òª(6)-(9)�\ª(3), (4), ¿ò¤���§|��müàUgCþ t, τ0, τ1 ©¤n|�
§, ,�éz|�§üàU ε Ðm¤�?ê, ��'�ü> ε Óg��Xê, =����X
���ª, ��â>.¼ê{k(Πix(+∞) = 0, Rix(−∞) = 0, i = 0, 1, 2, · · · ).

d ε �"g��Xê��

z̄0 = 0, h(ȳ0, t) = 0; (10)

dΠ0y

dτ0
= Π0z,

dΠ0z

dτ0
= h(ȳ0(0) + Π0y, 0),

P (ȳ0(0) + Π0y(0)) − (z̄0(0) + Π0z(0)) = A,

Π0y(+∞) = 0,Π0z(+∞) = 0.

(11)



dR0y

dτ1
= R0z,

dR0z

dτ1
= h(ȳ0(1) + R0y, 1),

Q(ȳ0(1) + R0y(0)) + (z̄0(1) + R0z(0)) = B,

R0y(−∞) = 0, R0z(−∞) = 0.

(12)

w ,, � § |(10)� ) = � ò z � § |(5)� ) µȳ0(t) = ϕ(t), z̄0(t) = 0. d © z[6]�,
XJÝ
B11(0),B22(1)�_, ùpBij(i, j = 1, 2)´Ý
B(t) ��A©¬Ý
, 3��
m(Π0y, Π0z)� : � � � � 3 L(Π0y, Π0z) = (0, 0) �n� Ø C  ½ 6 /S−, Ø � b �
�Π0z = Φ(Π0y). òd6/÷ª(11)¥�§|�;�?1òÿ, ¿-Ù½Â��G− ⊂ Rn, b
�Π0y(0) ∈ G−, Kª(11)�3���� τ0 → +∞ ��êªªu"�)(Π0y(τ0),Π0z(τ0)).

Ó�, éuª(12),3��m(R0y,R0z)�:����3L(R0y,R0z) = (0, 0) � n �Ø
½6/S+, Ø�b��R0y = Ψ(R0z), òd6/÷ª(12)¥�§|�;�?1òÿ, ¿-Ù
½Â��G+ ⊂ Rn, b�R0z(0) ∈ G+, KXÚ(12)�3���� τ1 → −∞ ��êªªu"
�)(R0y(τ0), R0z(τ0)). �d"gCq®��(½.



72 uÀ���ÆÆ�(g,�Æ�) 2009 c

�
�¡?ØI�, 2�?�Úb�µ
H4 b�'uΠ0y(0)��§|PΠ0y(0) − Φ(Π0y(0)) + Pϕ(0) − A = 0 �'uR0z(0)��§
|QΨ(R0z(0)) + R0z(0) + Qϕ(1) − B = 0þk��)µΠ0y(0) = Π0

0y(0)�R0z(0) = R0
0z(0),

� det(P − H(0)) 6= 0,det(QH̃(0) + In) 6= 0, Ù¥PH(τ0) =
∂Φ

∂Π0y
(Π0y(τ0)), H̃(τ1) =

∂Ψ
∂R0z

(R0z(τ1)).

dε��g��Xê�� 
dȳ0(t)

dt
= z̄1,

dz̄0(t)
dt

= hy (ȳ0(t), t) ȳ1,
(13)



dΠ1y

dτ0
= Π1z,

dΠ1z

dτ0
= hy(τ0)Π1y + g1(τ0),

P (ȳ1(0) + Π1y(0)) − (z̄1(0) + Π1z(0)) = 0,

Π1y(+∞) = 0,Π1z(+∞) = 0,

(14)



dR1y

dτ1
= R1z,

dR1z

dτ1
= hy(τ1)R1y + g̃1(τ1),

Q(ȳ1(1) + R1y(0)) + (z̄1(1) + R1z(0)) = 0,

R1y(−∞) = 0, R1z(−∞) = 0,

(15)

Ù¥hy(τ0)�hy3(ȳ0(0) + Π0y(τ0), 0)?���Ý
, hy(τ1) �hy3(ȳ0(1) + R0y(τ1), 1)?��
�Ý
, g1(τ0) = hy(ȳ0(0)+Π0y, 0)(ȳ′

0(0)τ0+ȳ1(0))+ht(ȳ0(0)+Π0y, 0)τ0−hy(ȳ0(0), 0)(ȳ′
0(0)τ0+

ȳ1(0))−ht(ȳ0(0, 0)τ0,´yg1(τ0)÷v�êªP~��O, =�τ0 > 0�, �3�~êC, σ0,¦�

||g1(τ0)|| 6 C exp(−σ0τ0), (16)

g̃1(τ1)kaqug1(τ0)�L�ª, ¿��÷v�êªP~��O.

dH3��ª(13)�3��)µȳ1(t) = 0, z̄1(t) = ϕ′(t). u´kXeÚn.

ÚÚÚ nnn 1 �τ0 → +∞�, H(τ0)4�Ý
�A��þ�K�.

yyy ²²² dª(11)¥��§|�
dΠ0y

dτ0
= Π0z,

dΠ0z

dτ0
= hy(ȳ0(0), 0)Π0y + G(Π0y),

(17)

Ù¥G(Π0y) = h(ȳ0(0) + Π0y, 0) − hy(ȳ0(0), 0)Π0y, §k5�µG(0) = 0,
∂G

∂Π0y
(0) = 0. ò

ª(17)�¤Ý
/ªµ

d
dτ0

(
Π0y

Π0z

)
=

(
0 In

h̄y(0) 0

)(
Π0y

Π0z

)
+

(
0

G(Π0y)

)
. (18)
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Ph̄y(0) = hy(ȳ0(0), 0),�dÝ
©ÛÚH3��(�©z[7]), �3���ÙA�����¢Ü

� n ��

√

h̄y(0)¦�
(√

h̄y(0)
)2

= h̄y(0); éª(18)�CþO�

(
Π0y

Π0z

)
=

 In In

−
√

h̄y(0)
√

h̄y(0)

 (
η

ζ

)
, (19)

�N´�y

 In In

−
√

h̄y(0)
√

h̄y(0)

−1

=
1
2

 In −
(√

h̄y(0)
)−1

In

(√
h̄y(0)

)−1

 ,

u´�§|(18)z�

d
dτ0

(
η

ζ

)
=

 In In

−
√

h̄y(0)
√

h̄y(0)

−1 (
0 In

h̄y(0) 0

) In In

−
√

h̄y(0)
√

h̄y(0)


(

η

ζ

)
+

1
2

 −
(√

h̄y(0)
)−1

G(η + ζ)(√
h̄y(0)

)−1

G(η + ζ)

 .

(20)

�±y²Ù¤k� τ0 → +∞ ��êªªu"�)�e¡È©�§|�)�d
η(τ0) = exp

(
−

√
h̄y(0)τ0

)
η0 − 1

2

∫ τ0

0

exp(
(
−

√
h̄y(0)

)
(τ0 − s))

(√
h̄y(0)

)−1

G(η(s) + ζ(s))ds,

ζ(τ0) =
1
2

∫ τ0

+∞
exp

(√
h̄y(0)(τ0 − s)

)(√
h̄y(0)

)−1

G(η(s) + ζ(s))ds,

(21)

Ù¥η(0) = η0, ζ(0) = ζ(0, η0) =
1
2

∫0

+∞
exp(−

√
h̄y(0)s)

(√
h̄y(0)

)−1

G(η(s) + ζ(s))ds. dC

þO�(19)ª�  Π0y(τ0) = η(τ0) + ζ(τ0),

Π0z(τ0) =
√

h̄y(0)(ζ(τ0) − η(τ0)).

dG(Π0y)5��Ñ� τ0 → +∞�, η(τ0) → 0, ζ(τ0) → 0, G(η(τ0) + ζ(τ0)) → 0. Ïd(21)ª¥
�È©�é�, �τ0¿©����Cqª

Π0y(τ0) ≈ exp
(
−

√
h̄y(0)τ0

)
η0,

Π0z(τ0) ≈ −
√

h̄y(0) exp
(
−

√
h̄y(0)τ0

)
η0.

l��
Π0z(τ0) ≈ −

√
h̄y(0)Π0y(τ0). (22)
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u´dH(τ0)½Â��
H(τ0) ≈ −

√
h̄y(0), (23)

dd=�ÙA��¢Üþ�K�. Úny..
e¡¦ Π1y, Π1z, ¿éÙ�Ñ�êªP~�O. �dk�EÑ>�¯K(14)�).
�CþO�µΠ1y = δ1,Π1z = H(τ0)δ1 + δ2, ØJy² n ��
H(τ0)÷vRiccati�

§hy(τ0) − H ′(τ0) − H2(τ0) = 0. u´(14)¥��§|z�

dδ1

dτ0
= H(τ0)δ1 + δ2, (24)

dδ2

dτ0
= −H(τ0)δ2 + g1(τ0). (25)

dÚn1�, H(τ0)4�Ý
�A��¢ÜþK, −H(τ0)4�Ý
�A��¢Üþ�, Ï
dePª(24),(25)éAàg�§|�Ä)Ý
©O�Γ1(τ0),Γ2(τ0), K7k

||Γ1(τ0)Γ−1
1 (s)|| 6 C exp(−σ0(τ0 − s)), 0 6 s 6 τ0, (26)

||Γ2(τ0)Γ−1
2 (s)|| 6 C exp(−σ0(s − τ0)), 0 6 τ0 6 s. (27)

��5`, ùp�ü�~êCÚc¡�C¿Ø��, ��
{üå�, �½ù«Ø�6uε,Ù
����þØå�^��q~ê±�o^��ÎÒC5L«.

du�τ0 → +∞�kδ2(τ0) → 0,����§|(25)���A)

δ0
2(τ0) =

∫ τ0

+∞
Γ2(τ0)Γ−1

2 (s)g1(s)ds.

dª(16),(27)�Ñ
||δ0

2(τ0)|| 6 C exp(−σ0τ0). (28)

r δ0
2(τ0) �\ª(24),��Ù÷v δ1(0) = 0 �A)�

δ0
1(τ0) =

∫ τ0

0

Γ1(τ0)Γ−1
1 (s)δ0

2(s)ds.

dª(26),(28)=�
||δ0

1(τ0)|| 6 C exp(−σ0τ0). (29)

u´��Ñª(14)¥��§|���A)�

Π0
1y(τ0) =

∫ τ0

0

Γ1(τ0)Γ−1
1 (s)

[∫s

+∞
Γ2(s)Γ−1

2 (t)g1(t)dt

]
ds, (30)

Π0
1z(τ0) = H(τ0)

∫ τ0

0

Γ1(τ0)Γ−1
1 (s)

[∫s

+∞
Γ2(s)Γ−1

2 (t)g1(t)dt

]
ds +

∫ τ0

+∞
Γ2(τ0)Γ−1

2 (s)g1(s)ds.

(31)
ù´�|÷vÐ©^�

Π0
1y(0) = 0,Π0

1z(0) =
∫0

+∞
Γ−1

2 (s)g1(s)ds,



1 4 Ï ÖOu: �aÛ�Ä��5�§|�Robin¯K 75

��τ0 → +∞��êªªu"�).
,��¡, �Π̃1z(τ0), Π̃1y(τ0)�(14)¥�§|éAàg�§|�), Kd©z[6]¥�

Ún4.3-4.4=�, � τ0 → +∞�, Π̃1y(τ0), Π̃1z(τ0)�êªªu"�¿�^�´Π̃1z(0) =

H(0)Π̃1y(0), ùpH(0) =
∂Φ

∂Π0y
(Π0

0y(0)). u´� Π̃1y(0) = [P − H(0)]−1(ϕ′(0) + Π0
1z(0)), K

k Π̃1z(0) = H(0)[P − H(0)]−1(ϕ′(0) + Π0
1z(0)); �) Π̃1y(τ0), Π̃1z(τ0) ÷v

||Π̃1y(τ0)|| 6 C exp(−σ0τ0), (32)

||Π̃1z(τ0)|| 6 C exp(−σ0τ0). (33)

ddØJ�y(14)¥�§|�)

Π1y(τ0) = Π̃1y(τ0) + Π0
1y(τ0), Π1z(τ0) = Π̃1z(τ0) + Π0

1z(τ0),

÷vª(14)¥�Ð©^�. ¢Sþ, P [Π1y(0) + ȳ1(0)] − [z̄1(0) + Π1z(0)] = P Π̃1y(0) − ϕ′(0) −
Π0

1z(0) − Π̃1z(0) = [P − H(0)]Π̃1y(0) − ϕ′(0) − Π0
1z(0) = 0. ¿dª(28)−(33)���

||Π1y(τ0)|| 6 C exp(−σ0τ0), ||Π1z(τ0)|| 6 C exp(−σ0τ0).

ÏdΠ1y(τ0),Π1z(τ0)Ò´>�¯K(14)���).
dug̃1(τ1)�L�ª�g1(τ0)é�q, Ó��÷v�êªP~��O, Ïd^Ó���{

���ª(15)�3��)R1y(τ1), R1z(τ1),��τ1 6 0�, k

||R1y(τ1)|| 6 C exp(σ0τ1), ||R1z(τ1)|| 6 C exp(σ0τ1).

�d�gCq®��(½.
éuk > 1,dε�kg��Xê��e��§|9Ù½)^�.

dȳk−1(t)
dt

= z̄k,

dz̄k−1(t)
dt

= hy(ȳ0(t), t)ȳk + fk(t),
(34)



dΠky

dτ0
= Πkz,

dΠkz

dτ0
= hy(τ0)Πky + gk(τ0),

P (ȳk(0) + Πky(0)) − (z̄k(0) + Πkz(0)) = 0,

Πky(+∞) = 0,Πkz(+∞) = 0,

(35)



dRky

dτ1
= Rkz,

dRkz

dτ1
= hy(τ1)Rky + g̃k(τ1),

Q(ȳk(1) + Rky(0)) + (z̄k(1) + Rkz(0)) = 0,

Rky(−∞) = 0, Rkz(−∞) = 0,

(36)

Ù¥fk(t), gk(τ0), g̃k(τ1)þ�U(½�{L«�¼ê, �´��6ueIÒè�uk�®�
¼ê, �gk(τ0), g̃k(τ1)Ó�k�Oª

||gk(τ0)|| 6 C exp(−σ0τ0), ||g̃k(τ1)|| 6 C exp(σ0τ1).
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ª(37)´ȳk, z̄k��ê�§, Ù)´¦, >�¯K(35),(36)�>�¯K(14),(15)/ªþaq,
5�þ����, ¤±^Ó���{�¦)ÑΠky, Πkz,Rky,RkZ, �

�τ0 > 0�, k ||Πky(τ0)|| 6 C exp(−σ0τ0), ||Πkz(τ0)|| 6 C exp(−σ0τ0);

�τ1 6 0�, k ||Rky(τ1)|| 6 C exp(σ0τ1), ||Rkz(τ1)|| 6 C exp(σ0τ1).

3 Ì�(J

�
y²þ¡�E�/ª)´Robin¯K(3),(4)30 6 t 6 1���k�ìC), I?1
{��O, e¡Ò|^©z[8]¥�(J5?1y².
H5 b� Uδ ⊂ R2n+1 �(y, z, t)�m¥�L = L1 ∪ L2 ∪ L3�δ��, Ù¥δ > 0,

L1 = {(y, z, t)|y = ȳ0(0) + Π0z(τ0), z = Π0z(τ0), τ0 > 0, t = 0},

L2 = {(y, z, t)|y = ȳ0(t), z = 0, 0 6 t 6 1},

L3 = {(y, z, t)|y = ȳ0(1) + R0z(τ1), z = R0z(τ1), τ1 6 0, t = 1}.

�¼êh(y, t)3Uδþn + 2gëY��"
½½½ nnn �÷v^�H1 − H5, K�3ε0 > 0, δ0 ∈ (0, δ), c > 0, ¦��0 < ε 6 ε0�,

3L�δ��¥, ¯K(3),(4)�3��)x(t, ε), �k�Oª

||x(t, ε) − xn(t, ε)|| 6 Cεn+1, (37)

Ù¥ xn(t, ε) =
n∑

k=0

εk[x̄k(t) + Πkx(
t

ε
) + Rkx(

t − 1
ε

)].

yyy ²²² �â©z[6]�½n4.2, �Ä�§|(3)3½)^�

y(0, ε) = y∗
0 , z(1, ε) = z∗0 (38)

e�¯K, ¿Pù�¯K�)�x(t, x∗
0, ε), ùp

x∗
0 =

(
y∗
0

z∗0

)
. (39)

ò^�(4)P�

R(x(0, x∗
0, ε), x(1, x∗

0, ε)) =

(
Py(0, x∗

0, ε) − z(0, x∗
0, ε) − A

Qy(1, x∗
0, ε) + z(1, x∗

0, ε) − B

)

=

(
Py∗

0 − z̄(0, x∗
0, ε) − Πz(0, x∗

0, ε) − A

Qȳ(1, x∗
0, x

∗
0, ε) + QRy(0, x∗

0, ε) + z∗0 − B

)
= 0.

(40)

òRéε?1Ðm�
R = R0 + εR1 + · · · , (41)

Ù¥

R0 =

(
P (y∗

0) − (z̄0(0) + Π0z(0)) − A

Q(ȳ0(1) + R0y(0)) + z∗0 − B

)

=

(
Py∗

0 − Φ(y∗
0 − ϕ(0)) − A

Q(ϕ(1) + Ψ(z∗0)) + z∗0 − B

)
.

(42)
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dª(40),(41)=�Ri = 0, i = 0, 1, · · · .AOéuR0 = 0, �âH4, k��)y∗
0 = ϕ(0) +

Π0
0y(0), z∗0 = R0

0Z(0), �k±e'Xª¤á.

D(R)
D(x∗

0)
=

D(R0)
D(x∗

0)
+ O(ε). (43)

äNy²�©z[8,9]. d	dª(42)k

D(R0)
D(x∗

0)
= det

[
P − H(0) 0

0 QH̃(0) + In

]
= det(P − H(0)) det((QH̃(0) + In)),

(44)

P

x0
0 =

(
ϕ(0) + Π0

0y(0)
R0

0z(0)

)
. (45)

dH4��D(R0)
D(x∗

0)
(x0

0) 6= 0. ùÒ�y
©z[8]¥½n�^�∆0
0 6= 0. �uT½n�,	Ê�

^�, ���lH1− H5íÑ. Ïd�©�½nÒl©z[8]�½n��. ½ny..
((( ØØØ XJ÷v^�H1 − H5, K¯K(1),(2)3�L�δ ��¥�3��)x(t, ε),

� ε → 0�, ét ∈ [0, 1]��/k

x(t, ε) =
n∑

i=1

εk[x̄k(t) + Πkx(
t

ε
) + Rk(

t − 1
ε

)] + O(εn+1). (46)

^Ó���{�±é[�5¯K ε
d2y

dt2
= A(y, t)

dy

dt
+ B(y, t), y ∈ Rn ?1?Ø.
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