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On cohomology of modular Lie superalgebras

ZHENG Li-sun
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Abstract: A result on vanishing cohomology for finite-dimensional modular Lie superalge-
bras was obtained, with aid of the approach provided by Dzhumadil’daev for modular Lie

algebras. Some examples are given as demonstration of the vanishing result, as well as its

applications.
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1 Main results

In this paper, all algebras and modules are finite dimensional over a given algebraically
closed field k of characteristic p > 0. Let g be a Lie superalgebra, U(g) the universal enveloping

algebra and Z(g) the center of U(g).
Definition 1.12 A Lie superalgebra g = g5 @ g1 is called a restricted Lie superalgebra,

if the following conditions are satisfied.

(a) gg is a restricted Lie algebra with p-mapping [p]: g5 — g5 in the sense of [3, Chap 4].

(b) o1

is a restricted gg-module via the adjoint action, i.e. ad(XP)(X;) = ad(X)P(X}), for

X €gp, X1 €91.
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A polynomial of the form f(t) = > NtP € k[t] is called a p-polynomial. With every
i>0
element [ € g5 we can associate a p-polynomial z(t) such that replacing ¢t by [ gives a central

element z(l) € Z(g). Thus we obtain a map z : gg — Z(g). Let M be a g-module and
[ — (l)Mal €g, (l)M € End Ma

its associated representation. The main result can be stated as follows.
Theorem 1.2 Let g be a Lie superalgebra over k, an algebraically closed field of prime
characteristic p, and M an arbitrary g-module. Suppose for some [ € gg, the endomorphism
z(l)pr is not degenerate, with z(l) as above. Then the cohomology H*(g, M) is zero.

A direct corollary can be obtained:
Corollary 1.3 Assume g is a restricted Lie superalgebra, M is an irreducible g-module, but
not restricted. Then H*(g, M) is zero.

2 Cohomology of modular Lie superalgebras with coeffi-

cients in a nontrivial module

At first, let us recall the definition of Lie superalgebra cohomology (for more details, the
reader is referred to ([4,5]). Let g be a Lie superalgebra and M a g-module. The Z-graded
superspace C*(g, M) is defined as

C*(g. M) = P C(g. M) with C(g, M) = Hom(/\"(9), M),

920
where A\%(g) = Y iz, AJ(g) is the superspace of Zs-graded g-alternating tensors on g, with
q
Al (g) the k-span of all elements z1 Ao A -+ A zg, (x; € g) satisfying > z; =i (denote by Z;

Jj=1
the Zg degree of z;), i = 0,1, and

Lﬂl/\"'l'j/\.Tj+1/\"'/\.’£q:7(71)i7ij+1$1/\"‘x]‘+1/\,I'j/\"'/\xq.

We also set C°(g, M) = M and C9(g, M) =0, if ¢ < 0.
The coboundary operator is an even linear operator of Z-degree +1 on C*(g, M) given by
do = ¢' + ¢" where ¢, ¢" € C9T1(g, M) are the cochains corresponding to ¢ € C4(g, M) and

determined by the formulas

¢/(xla"'?xq+l> = Z(_l)ai)j(mhm’xq*—l)(ﬁ([m%xj]a'r17'"7/x\i7"'aaj\ja"wxq-‘rl),
i<j
¢ (21,0 mg1) = D (1)@ iz B L Tgg), (1)
i
where x1,...,244+1 and ¢ are taken to be homogeneous and

0i (@1, .., xq) =i+ +T(T1+ ...+ Tim1) +Tj(T1 + ...+ T + T),
Vi@t gy ®) =i+ 1+ T(Ty + ... + Tim1 + B).
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We write d9) for the restriction of d to C%(g, M). It is indeed a cochain complex since
d?>=0,ie. d9tD od@ =0 for all ¢ in Z. By BY(g, M) we denote the space of g-coboundaries,
by Z9(g, M) the space of g-cocycles and by H%(g, M) the space of cohomology classes. By
definition, H%(g, M) is the g-th cohomology of g with coefficients in M.

Let 0 be a representation of g in C*(g, M) of the form

OD) (@1, 7g) = Dard(1,. .. wg) + ()T EOFATOHOG (1 ] 3y wy).

This extends to a representation of the universal enveloping algebra U(g). Every element [ € g
determines an endomorphism of degree -1 (adjoint endomorphism) i(l) of the cochain complex
C*(g, M), if we put

(i(l)¢)($1,...7l'q,1) = (_1)Z d)(laxla"'vmqfl)a ¢€ Cq(gvM) (2)
Lemma 2.1 Maintain the notations as above, then
do(l) = 0(l)d, leg, (3)

di(l) +i()d = 0(1), leg. (4)

Proof Let ¢ € CY(g,M),q > 0, we verify that

0)¢ (x1,- - Tg11)
q+1 S _ o

= (Z)qul(xlv s 775(1-&-1) + Z(_1)1+Zi(ml+m+mi_l)(_1)l¢¢/<[laxi}v e 7/x\i; e a‘rq-i-l)
i=1

q+1 o B N
= (Omd (@1, - wgp1) + Y (1) TEOFATAHD G (g L], i)
=1
q+1 o B B
=Dum Z(_l)am‘(m ..... rq)qﬁ([xi’ Tilyeo oy Ty ey Ty, Tgg1) + Z(_1)1+l(11+...+m71+l¢)
i<j i=1

S () @ e D [ 2] By B )

O0)) (w1, Tg41)
= (1)t TG G [, ), By B Tga1)

7<s

= (O Y _(=1)70 @0 (o ], By By )

J<s
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> (1)t () (1)@ ([L [, 2] By B T
Jj<s
j—1

+) (— 1) EE AT AR AT D (L gy, (24, 2], Tgr1)
1

i=
s—1
+ Z (71)i71+1+@-(@+fs+fl+‘.,+ii71+ij)¢([17 i), [T, 23], Tgs1)
i=j+1
q+1

4 Z (—1)i 72T @ATATL AT T AT ([ ], [, ], -+ 5 Tgr1)),
i=s+1

according to the relations of i, j, s, and together with the Jacobi identity(super version), it’s
not difficult to obtain the equation (5).

g(l)(b//(.’th N ,{Eq+1)
q+1 S _ -
= (Omd" (1, 2g1) + Y (1) THEOT AT (O[], By Tgg)
1=1

q+1 - L
= Oar () D By ge)) Y (1)
i=1

i

S (=t lbridema D g gy (L), T )
J
(e(l)qb)/l(xla R 7xq+1)
=3 (=1 0O g (1)) (a1, . . By - - Tgr)

= (—1) e m 0D g (D) (1, ., By Tg 1)

i—1
+(71)l¢ 2(71)84’55(§1+~.+5571)¢([l7 xS]a e a‘/r\sa e 75:\i7 e 717(1"!‘1)
s=1

—— q+1 o _ —
(1) ST () TR E AT T ([ g ] B B Tgt1).
s=i+1

Similarly, according to the relations of s,i, (6) can be obtained. Therefore,

(di())p) (1, . .., xq) + (((1)do) (21, . .., zq)
= (=1)70 T (D)) ([, 25, By By Tg)

i<j

+ 3 (1) 0D g (i) (1, By ag) + (= 1) PdG(1 3, ).
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Computing each term applying the equations (1) and (2), the above equation reduces to

<dz‘<Z>¢><x1,.. xq> <'<>d¢><x1,...7 )
= ”Z T @D (L], T )

+(=1)" (—1)71(“"’11""’“"‘1’@(l)Md)(xl,...,xq).

On the other hand,

O()p(x1, ..., zq)
= (md(ar,. .., 24 +Z DA @t AT ) (L) O[], By ).

Comparing the indexes of each term in the two equations, (4) is immediately obtained.

Lemma 2.2 Let f(t) be a p-polynomial in k[tJand [ an element in gg. Then

Proof We may restrict ourselves to the case f(t) = tP". Then it suffices to prove that

O ¢=00"")p, ¢ecCi(g,M),q>0.
We consider the map 6; : g — EndC?(g, M), 0< i< g, given by

Oo(l) = (D,
0:(D)@) (21, . .., 2q) = (=) (=1)HT @t AT) (1 2], 21, . .., By, ).

First, 6; is a representation of g on C?(g, M).

0:(1)0:(l)p(1, . . ., 7
= (—1)= (—1) T @ AT 0, (1) ([l ), w1, -, B )
= (=) L@ AT (1) b, [l @], - 2g)
= (—1) B G @ AT Gy [l [l @), - 2g))

Similarly,
0i(l2)0:(l1) (w1, .., mq) = (—1)(ZlHz)($+(il+”'+ii*1))¢($1, ol [l ], ).
Then

(O:(1)0:(12) — (=1)"20,(12)0; (1)) b1, - .., )
= (=) B GH@ AT [y [l [l i), - 2g)
_(_1)1172(;5(%1’ ceey [127 [llv‘riﬂv cee vmq)]
= ei([llv l2])¢(xlv s ’xq)v

that is to say, 01([117 ZQD = [Gl(ll), GZ(ZQ)]
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For 0 < i < j < g, we also can get the following equations:

0,()0; (D)p(1, ..., 20) = (—1)'0;(0)0: (D (1, ..., 2,).
So 0;(1),0;(1) are supercommutative.
Clearly, (1) = éai(Z). Then (6(1))P" = i(az«(Z))p‘“, for I € gp.

=0

Corollary 2.3 Let;(l) be a central element associated with an element [ € gg. Then

Lemma 2.4 Suppose the endomorphism z(1) s, 1 € gg be invertible and denote the inverse by
I. Then
Id = dl.

Proof Let ¢ € C(g, M). It suffices to verify (I¢)’ = I(¢)’, (I)" = I($)".

[(QS)/(M, C Tgg1)
= i( Z(—1)01”(xl""’qurl)(b([Ii, Z‘j], ey &,‘\i, . ,L/E\j, . ,J)q+1))

1<J
= (lg),
l € gy, for any = € g, z()x = x2(1), then (z(1))m(z)p = (@) ar(2(1)) s, therefore, Z(x)M =
(.Z’)]\/ji.
(iqb)//(xl? e 7$q+1)
=Y (e men O () (1) (21, . By Tgg)

= Z(_l)mﬁi(fl+@71+z¢)[($i)M¢(mh Ty Tgs)

= Z¢Il(xla~-~>xq+1)'

With the above Lemmas, we complete the proof of Theorem 1.2 now.
Proof of Theorem 1.2
Multiplying both sides of (4) by an element of the form 6(1)? on the right and considering
(3) gives that
di(D)O()? +i(1)A(1)d = (1)7.

Passing to linear combinations of such relations , we derive that for any p-polynomial f(t) € k[t]

there exists an endomorphism of degree -1 such that

dip () +ip (1)d = f(O(D)),
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where f,(t) =t~1f(t). In particular, for z(I), making use of corollary 2.3, we find that
di’&z/(l) + ZZZ/ (l)d == ld]\/[

Thus the theorem is proved.
Corollary 2.5 Let M be an irreducible g-module. The cohomology is nonzero only if all the
endomorphisms of the form (2(1))ys are zero.
Proof By Schur Lemma for Lie superalgebra, Endg(M) is spanned by idys if M is absolutely
irreducible, or by {idas, o} if dimMy = dimM;, where o is a non-singular operator in g per-
muting My and M;. That is & = 1. Since z(I) € g5, the endomorphism (z(1)) s is invertible if
and only if it is nonzero.

As a special case, Corollary 1.3 follows from the implication of the above corollary.
Example 2.6 Let g = osp(1]2). It contains three bosonic generators ET, E~, H which form

the Lie algebra sl(2) and two ferminic generators F'*, F~.

1 0 0 010 0 0 0
H = |0 -1 0|, EtY=]0 0 0], E =10 0],
0 0 0 0 00 0 0 0
0 01 00 O
Ft = 0 00, F=]00 -1
010 1 0 O

The non-vanishing commutation relation in the generators read as

[H,E*] =42E* [E*,E-|=H  [H,F*] =+F*%,
[F+ F-]=H [E*,FF] = —F* [F* F*)=42E%.

It has p-restricted structure. Furthermore, (E*)P! =0, and HP! = H. According to Corollary
2.5, the cohomology H*(g, M) of the Lie superalgebra osp(1]|2) with coefficients in an irreducible

module M is nontrivial only in the case where

(BT =0, (E7)P)m =0, (H")y = (H)u-

3 Cohomology of W (n) with trivial coefficient

In the following, we consider the cohomology of Cartan type Lie superalgebra W(n) with
trivial coefficient in k.

We recall that W (n) = Der A(n) is the derivation superalgebra of the Grassmann super-
algebra A(n) (cf. [6]). Any derivation D € W (n) is written as

D=3 P,

where P; € A(n), 0; is the derivation defined by 0;(§;) = d;;.
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Letting deg&; = 1,4 = 1,--- ,n, we obtain a consistent Z-grading of A(n), which induces

n—1
the grading of W(n) = @ W(n);, where
I==1

W(n), ={XP;0; | deg P, =1+ 1}.
In particular, [W(n);,, W(n);,;] € W(n)i,4,-
W (n) is a restriced Lie superalgebra (cf. [7]). Furthermore, (£0;)?) = ¢,0;, (¢0;)lP) =
0,i # j, and D! =0,D € W(n);,1 #0.
Let g = W(n). Denote by the complex C*(g) := C*(g, k), where for each ¢ > 0, C4(g) :=
Ci(g,k)= €@ Hom(A%(g5)® S"(g7),k). Then the coboundary operator defined in (1) is

ap+a,=a
simplified, i.e.

d¢(91, 92, ~--gq+1) = Z(*l)ai’j(glw.’gq%b([gia gj]a gi,--- 7/9\1'7 oo 7§j7 oo agq+1)~
i<j
q
Define O[ql](g) = {QS € Cq(g) ‘ ¢(91,92, gq) = Oagz € 9l lez = l} For (b € C[ql](g)? we have
dg € Cfi (9)-
Set C[’E—] (9) = DCJ,,1y(9), 0 <1 < p, which is a complex. So we have the cohomology:
s>0

H[’;—] (g). Here [I] is regarded to be the residue class of [ in Z/pZ.

Lemma 3.1 If ¢ > 0,l(mod p) # 0, then H[%] (g) =0.

Proof Let go = ) &0, for any &;,&;,...6,0; € gs—1. It has
i=1

[90, &1 iz ---6i. 0] = (s — 1)&, &y &3, 0
Define the map:
i (g0) : Clii(8) — Cfi ' (a),
¢ — iD(g0)(0),
where (9 (g0)(0) (g1, g2, s Gg—1) = &(90, 91,92, .., gq—1). Then for a homogenous element ¢ €
Ciy(9),91 € 91,,92 € @y -, 9q € glq,lé l; = l(mod p), we have

i(q+1) (90)(d(¢))(gla g2, .-y gq)
=d(9)(90, 91,92, -, 9q)

q
= Z(_1)01,5+1(90791’927~-vgq)¢([go,gs]’g17 s G s Gg)

s=1
+ Y ()T 90.909290) G [ gy], Go, vy Gas s Gieees Gg)
1<s<q
q
:ZZS(_l)d)(glv"'7957"'796])
s=1
+ Y (—1)Teelongze 9D (—1)(i(go) (6))([gss Gels -res Gs s G s 9a)
1<s<q

= (=1 (16 + d“Vi9(g0)(#)) (g1, ---» Gs: -1 Gq)-
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Therefore, }T(i(q+1)(go)(d(Q)) +d@=1i4(go)) = id. Thus, we construct a contracting homotopy
in the case when I(mod p) # 0,q > 0.
Example 3.2 Let n =2, g =W (2).

1
We have g = € gi, where go = k-span{&;0;,i,j = 1,2}, g_, = k-span{0;,i = 1,2},

i=—1

g1 = k-span{&:£10;,i = 1,2}. And it’s clear that g = go and g7 = g1 + g1.
When g < p,
q
C(g) = P ¢ (0)-
l=—q
The cochain complex is the following:
(0) (1) (2)
0 — C°(g) “— C'(g) “— C*(g) “— C*(g) — - --

Since d© (k)(z) = z - k = 0, for any = € g, so Kerd® =k, then H%(g) = k.
To compute the H9(g), for 0 < ¢ < p. We only need to consider the subcomplex C[’B} (9)
by Lemma 3.1.

Ch@= @ Hom(A®(go) ® " (g-1) ® S (1), k). (7)

qo0+q1+492=q
q1=q2

In particular, if ¢ = 2m,
Cly(9) = @ Hom (A% (go) @ $™ " (g-1) ® 5™ (g1), k).

Ifg=2m+1,

1

C,(8) = @) Hom(A% 1) (go © 5™ (g-1) © 5™ (g1), k).
=0

Now let us begin to compute the dimensions of lower components of complex and coho-

mology. The main computing result is that
dimH(g) = 1 = dimH?3(g), dimH'(g) =0 = dimH?(g).
First, by (7) one has
dimCiy (g) = 4, dimCfy(g) = 10, dimCfy (g) = 20, dimCg(g) = 34.

When ¢ =1,
Ker diy) = ¢ € Cliy(9) | 6([g1,92]) = 0 =0,
since [g_1,91] = go. Therefore H'(g) = 0, and dim Im d&) = dimCf(g) = 4.
When ¢ = 2, choose the bases of A\?(go) and S(g_1) ® S(g1) respectively,
X1 =801 N2, Xo =601 AN&201, X3 =8§101 N0, Xy = §102 N &0,
X5 = £102 N &202, Xo = &201 N &2, X7 = 01 @ £2£101,
Xs =01 ® 8102, Xog =02 ® £8101, X1o = 02 ® £610s.
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For ¢ € Ker dfg]), ie.

A 6(g1,92,95) = Y (=1)73(0929)5([g;. ;). g1)
ik
= (=1)%[8(lg1.92], 93) — (=1)"%6([g1, g5], g2) + (=1)"76([g2. g5, 91)]
= 0.
10
Assume ¢ = > a;p;,a; € k. where {¢;}12, is the dual basis of C[QO] (g) such that ¢;(X;) =

i=1
0ij,1,5 = 1,2,...,10. It can be computed that

¢ = a1¢1 + azpz + (ag + ag)ps + a1¢5 + azgs + azdr + agps + agpg + a1¢1o.

So dim Ker dfy) =4 = dim Im dfj/, and dim H?(g) = 0.

20
When ¢ = 3, let ¢ € C’[%](g),QS = > bidi, {00 =1,2,...,20} is the basis of C[%](g) b; € k.
i=1

For ¢ € Ker dfg}), we have

d(3)¢(91,92,93,g4) = Z (71)01',]'(91792,93,94)(725([91_’gj},gl, "',94) =0.

1<i< <4
By similar computation and discussion, we have

(3)

dim Ker d[o] =

7, and dim H?(g) =1,

since dim Im dfg]) = dim C’[zo] (9) — dim Ker dfg]) = 6.
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