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Abstract: By the way of change of measure, a closed solution of pricing formula of Euro-
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0 Introduction

Despite the success of the Black-Scholes model based on Brownian motion and normal
distribution, two empirical phenomena have received much attention recently. Firstly, stock
returns are leptokurtic: Relative to the normal distribution, there are too many observations
around the mean and too many extreme observations in the tails of the distribution. Secondly,
the volatility of stock returns changes randomly over time, and on occasions there are large,
rapid price movements resembling jumps. Moveover, numerous empirical studies show that the
interest rate risk should not be ignored. The effect of jumps have been examined by Merton[1],
Naik and Lee[2], Ahn et al[3]. The effects of stochastic volatility have been examined by Hull
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and White[4], Heston[5], Scott[6], Duffie[7], Kurse and Nögel[8]. As to the effects of interest rates,
see, for example, Biger and Hull[9], Cox etc[10]. Even though forward starting call option seems
to be quite simple exotic derivatives, depending on the underlying model, their pricing can be
demanding. For example, in Kurse and Nögel[8], it gives a pricing formula of forward starting
call option in Heston’s model on stochastic volatility. Motivatied by their papers, we consider
the problem of pricing European forward starting call option in a jump diffusion model.

This paper is structured as follows. In Section 1, we give a brief introduce about forward
starting call option and assumptions. In Section 2, we contain the derivation of a closed form
solution for forward starting call option in a double exponential jump-diffusion model. In
Section 3, we consider a problem of pricing forward call option when the log jump size has a
general distribution. Brief conclusion is in Section 4.

1 Forward starting call option

We consider a financial market with a stock and a bank account. S(t) denote the price
of stock, B(t) is the bank account satisfying B(t) = e

R t
0rsds. A forward starting call option is

an exotic option whose strike price is not fully determined until an intermediate date t∗ before
maturity T , called the determination time of the strike or starting date of the option. The
payoff structure of a forward starting call option is as follow.

ψ(T ) = (S(T ) − KS(t∗))+ , (1.1)

where K is the percentage or proportion strike.
Since the risk of jump process exists in market, the market is not complete, there are

infinitely many equivalent probability measure. However, in this paper, we make use of the
assumption in Merton[1]. According to Merton, the systematic risk can be hedged but the
unsystematic risk, being unique to the particular risky asset, cannot be hedged. Merton identi-
fied the Brownian motion component as the component the systematic risk. The compensated
jump component contributes to the unsystematic risk. Under a suitable risk-neutral measure,
the parameters of the jump component should not change. Denote (Ω,F , Q) be a probability
space with filtration (Ft)t>0 of market information and the equivalent martingale measure Q

such that the asset price is equal to

dS(t)
S(t−)

= rtdt + σtdWt − λβdt + d
N(t)∑
i=1

(Yi − 1). (1.2)

By the Itó-Doeblin formula and equation (1.2), we can have that

S(t) = exp
{∫ t

0

rsds − 1
2

∫ t

0

σ2
sds − λβt +

∫ t

0

σsdWs

} N(t)∏
i=1

Yi, (1.3)

where β = EQ[Yi−1], rt, σt are time-dependent and deterministic, which represent free interest
rate and the volatility of the stock return respectively, Wt is a standard Brownian motion
under risk neutral probability Q, Yi is a sequence of independent identically distributed (i.i.d)
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nonnegative random variables, nonnegative condition ensures that S(t) is nonnegative. f(y)
represents the probability density function of random variables lnYi. N(t) is a poisson process
with intensity λ. In the model, all sources of randomness, N(t), W (t), and Yi, are assumed to
be independent.

In terms of the fundamental theorem of asset pricing, we have that the arbitrage free price
of the forward starting call option at time t as follow

C(t, T ) = EQ

[
e−

∫T
t

rsds (S(T ) − KS(t∗))+ | Ft

]
(1.4)

2 Pricing forward starting call option under a double

exponential jump diffusion model

Merton[1] assumes that the jump component of the assets return characterizes non-
systematic risk, the log jump size ln Yi has a standard normal distribution. Kou[11] provide
another example of the jump-diffusion model, in which lnYi has a double exponential distri-
bution. In this section, we consider a problem of pricing forward call option under a double
exponential jump diffusion model. We assume interest rates and the volatility of the stock
return in (1.2) are constant r and σ for simplicity. Yi is a sequence of independent identi-
cally distributed nonnegative random such that lnY has an asymmetric double exponential
distribution with the density

f(y) = pη1e−η1yIy>0 + qη2eη2yIy<0, η1 > 1, η2 > 0, (2.1)

where p, q > 0, p + q = 1, represent the probabilities of upward and downward jumps, and the
condition η1 > 1 is imposed to ensure that the underlying asset price has finite expectation. In
other words,

lnY
d=

{
ξ+,with probability p
ξ−,with probability q

}
,

where ξ+ and ξ− are exponential random variables with means 1
η1

and 1
η2

respectively, and the

notation d= means equal in distribution. Hence, we have that β = pη1
η1−1 + qη2

η2+1 − 1.

Below, is Proposition B.1 of Kou[11], which will be used to prove Theorem 2.1.
Proposition 2.1 For every n > 1, we have the following decomposition

n∑
i=1

lnYi
d=


m∑

i=1

ξ+
i ,with probabilityPn,m, m = 1, 2, ...n

−
m∑

i=1

ξ−i ,with probabilityQn,m, m = 1, 2, ...n

 ,

where Pn,m and Qn,m are given by

Pn,m =
n−1∑
i=m

(
n − m − 1

i − m

)(
n

i

)(
η1

η1 + η2

)i−m (
η2

η1 + η2

)n−i

piqn−i, 1 6 m 6 n − 1,

Qn,m =
n−1∑
i=m

(
n − m − 1

i − m

)(
n

i

)(
η1

η1 + η2

)n−i (
η2

η1 + η2

)i−m

pn−iqi, 1 6 m 6 n − 1,



110 uÀ���ÆÆ�(g,�Æ�) 2009 c

Pn,n = pn, Qn,n = qn and

(
0
0

)
is defined to be one. Here ξ+

i and ξ−i are i,i,d. exponential

random variables with rates η1 and η2, respectively.
In this section, for pricing forward starting call option, we have to study the distribution

of the sum of the double exponential random variables and normal random variables. As in
Kou[8], we know this distribution can be obtained in closed form in terms of the Hh function.
We restate the definition of Hh function as follows.

Definition 2.1 For each m > 0, the Hh function is a nonincreasing function which
defined by as follows

Hhm(x) =
∫∞

x

Hhm−1(y)dy

=
1
m!

∫∞

x

(t − x)ne−
t2
2 dt,

Hh−1(x) = e−
x2
2 =

√
2πϕ(x), Hh0(x) =

√
2π

∫−x

−∞ ϕ(y)dy.

Moreover, a three-term recursion is also available for the Hh function:

mHhm(x) = Hhm−2(x) − xHhm−1(x), m > 1.

Hence, we can calculate all Hhm(x) using the normal density function and normal distribution
function. For the simplify of notation, we denote

Im(c;α, β, δ) =
∫∞

c

eαxHhm(βx − δ)dx, m > 0.

Theorem 2.1 Let 0 6 t < t∗ < T , The price of the forward starting call option under double
exponential jump-diffusion model at time t is equal to

C(t, T ) = e−λ̃(T−t∗)S(t)N(d1) + Υ(δ1, σ, λ̃, p̃, η̃1, η̃2, T − t∗)

− Ke−(λ+r)(T−t∗)S(t)N(d2) − Ke−r(T−t∗)Υ(δ2, σ, λ, p, η1, η2, T − t∗),

Where N(·) denotes the cumulative distribution of normal random variable, and

Υ(x, σ, λ, p, η1, η2, T − t∗)

= S(t)
∞∑

n=1

πn

n∑
m=1

Pn,m
(σ
√

T − t∗η1)me
(ση1)2(T−t∗)

2

σ
√

T − t∗
Im−1

(
x;−η1,−

1
σ
√

T − t∗
,−σ

√
T − t∗η1

)

+ S(t)
∞∑

n=1

πn

n∑
m=1

Qn,m
(σ
√

T − t∗η2)me
(ση2)2(T−t∗)

2

σ
√

T − t∗
Im−1

(
x; η2,

1
σ
√

T − t∗
,−σ

√
T − t∗η2

)
,

δ1 = ln K − r(T − t∗) − 1
2σ2(T − t∗) + λβ(T − t∗), δ2 = δ1 + σ2(T − t∗),

d1 =
(r + 1

2σ2 − λβ)(T − t∗) − lnK

σ
√

T − t∗
, d2 = d1 − σ

√
T − t∗,

πn = e−λ(T−t∗) (λ(T − t∗))n

n!
, p̃ =

pη1

(1 + β)(η1 − 1)
, λ̃ = λ(β + 1),
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η̃1 = η1 − 1, η̃2 = η2 + 1, β =
pη1

η1 − 1
+

qη2

η2 + 1
− 1.

Before prove Theorem 2.1, we prepare the following two lemmas. Denote

Z(T ) =
dQS

dQ

∣∣∣
FT

=
S(T )

B(T )S(0)
. (2.2)

It obvious that the measure QS is a probability measure.

Lemma 2.1 Under the probability measure QS , then
N(t)∑
j=1

lnYj is a compound Poisson

process with intensity λ̃ = λ(β + 1). Furthermore, the lnYj in compound Poisson process
N(t)∑
j=1

lnYj are independent and identically distributed with density function f̃ (y) =
eyf(y)
β + 1

.

Proof We need to show that, under the probability measure QS has the characteristic
function corresponding to a compound Poisson process with intensity λ̃ and density f̃ (y). Since
under the probability measure Q the characteristic function for the compound Poisson process
N(t)∑
j=1

lnYj is

EQ[exp(iu
N(t)∑
j=1

lnYj)] = eλt(ϕln Y (u)−1),

Where ϕln Y (u) = EQ

[
eiu ln Yj

]
=

∫∞
−∞ eiuyf(y)dy.

Thus, we must show that

EQS
[exp(iu

N(t)∑
j=1

lnYj)] = eλ̃t(ϕ̃ln Y (u)−1),

Where ϕ̃ln Y (u) =
∫∞
−∞ eiuy f̃(y)dy =

∫∞
−∞ eiuy eyf(y)

β+1 dy.

Note that (2.2), we have

EQS

exp(iu
N(t)∑
j=1

lnYj)

 = EQ

exp(iu
N(t)∑
j=1

lnYj)Z(T )

 ,

Since N(t), W (t), and Yj , are assumed to be independent, imply

EQS
[exp(iu

N(t)∑
j=1

lnYj)] = EQ

exp(iu
N(t)∑
j=1

lnYj − λβt)
N(t)∏
j=1

Yj


× EQ

e−λβ(T−t)

N(T )∏
j=N(t)+1

Yj

 .



112 uÀ���ÆÆ�(g,�Æ�) 2009 c

Because when N(t) = 0, it means the jump is not occurrence,
N(t)∏
j=1

Yj = 1, thus we have that

EQ

exp(iu
N(t)∑
j=1

lnYj − λβt)
N(t)∏
j=1

Yj


= Q(N(t) = 0)e−λβt +

∞∑
k=1

e−λt−λβt (λt)k

k!
(
EQ

[
eiu ln Yj Yj

])k

= e−λ(β+1)t +
∞∑

k=1

e−λ(β+1)t (λt)k

k!

(
EQ

[
e(iu+1) ln Yj

])k

= e−λ(β+1)t

( ∞∑
k=0

(λt)k

k!

(
EQ

[
e(iu+1) ln Yj

])k
)

= e−λ(β+1)t

( ∞∑
k=0

(λt(β + 1))k

k!

(
EQ

[
e(iu+1) ln Yj

β + 1

])k
)

= e−λ(β+1)teλ(β+1)tϕ̃ln Y (y)

= eλ(β+1)t(ϕ̃ln Y (y)−1).

By the same way, we can obtain that EQ

[
e−λβ(T−t)

N(T )∏
j=N(t)+1

Yj

]
= 1, Hence, we have

EQS
[exp(iu

N(t)∑
j=1

lnYj)] = eλ̃t(ϕ̃Y (u)−1),

Where λ̃ = λ(β + 1), f̃(y) = eyf(y)
β+1 .

Hence, we complete the proof.

Lemma 2.2 Under the probability measure QS , the process

W̃t = Wt −
∫ t

0

σsds (2.3)

is a standard Brownian motion, the processes W̃t and
N(t)∑
j=1

lnYj are independent.

Proof See Theorem 11.6.9 in Shreve[13], we can prove in the same way.

Proof of Theorem 2.1 In terms of the fundamental theorem of asset pricing, we have
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that the arbitrage free price of the forward starting call option at time t as follow.

C(t, T ) = EQ

[
e−r(T−t) (S(T ) − KS(t∗))+

∣∣∣∣Ft

]
= S(t)EQS

[
(S(T ) − KS(t∗))+

S(T )

∣∣∣∣Ft

]

= S(t)EQS

[
EQS

[
(S(T ) − KS(t∗))+

S(T )

∣∣∣∣Ft∗

] ∣∣∣∣Ft

]

= S(t)EQS

[
EQS

[
I
[

S(T )
S(t∗) >K]

∣∣∣∣Ft∗

] ∣∣∣∣Ft

]
− KS(t)e−r(T−t∗)EQS

[
EQ

[
I
[

S(T )
S(t∗) >K]

∣∣∣∣Ft∗

] ∣∣∣∣Ft

]
, (2.4)

Note (1.3), S(T )
S(t∗) is independent Ft∗ . Hence, the Eqn. (2.4) can be rewritten as follow

S(t)QS

(
(r +

1
2
σ2 − λβ)(T − t∗) + σ(W̃ (T ) − W̃ (t∗)) +

N(T )∑
j=N(t∗)+1

lnYj > lnK

)

− KS(t)e−r(T−t∗)Q

(
(r − 1

2
σ2 − λβ)(T − t∗) + σ(W (T ) − W (t∗)) +

N(T )∑
j=N(t∗)+1

lnYj > lnK

)
= Π1 − Π2. (2.5)

By Lemma 2.1 and (2.3), Π1 can be rewritten as follows.

S(t)
∞∑

n=0

π̃nQS

(
(r +

1
2
σ2 − λβ)(T − t∗) + σ(W̃ (T ) − W̃ (t∗)) +

n∑
j=1

lnYj > lnK

)
, (2.6)

where π̃n = QS(N(T ) − N(t∗) = n) = e−λ̃(T−t∗) (λ̃(T−t∗))n

n! .

By Proposition 2.1, Equation (2.6) is equal to

S(t)π̃0QS

(
σ(W̃ (T ) − W̃ (t∗)) > lnK − (r +

1
2
σ2 − λβ)(T − t∗)

)
+S(t)

∞∑
n=1

π̃n

n∑
m=1

Pn,mQS

(
σ(W̃ (T ) − W̃ (t∗)) +

m∑
j=1

ξ+
j > lnK

−(r +
1
2
σ2 − λβ)(T − t∗)

)

+S(t)
∞∑

n=1

π̃n

n∑
m=1

Qn,mQS

(
σ(W̃ (T ) − W̃ (t∗)) −

m∑
j=1

ξ−j > lnK

−(
1
2
σ2 + r − λβ)(T − t∗)

)
,

The distribution of the sum of exponential random variables and normal random variables
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provided by Kou[11] can be acquired in closed-form of the Hh functions. Hence, we have that

QS

(
σ(W̃ (T ) − W̃ (t∗)) +

m∑
j=1

ξ+
j > lnK − (

1
2
σ2 + r − λβ)(T − t∗)

)

=
(σ
√

T − t∗η̃1)me
(ση̃1)2(T−t∗)

2

σ
√

T − t∗

∫∞

δ1

e−xη̃1Hhm−1

(
−x

σ
√

T − t∗
+ σ

√
T − t∗η̃1

)
dx, (2.7)

and

QS

(
σ(W̃ (T ) − W̃ (t∗)) −

m∑
j=1

ξ−j > lnK − (
1
2
σ2 + r − λβ)(T − t∗)

)

=
(σ
√

T − t∗η̃2)me
(ση̃2)2(T−t∗)

2

σ
√

T − t∗

∫∞

δ1

exη̃2Hhm−1

(
x

σ
√

T − t∗
+ σ

√
T − t∗η̃2

)
dx, (2.8)

where δ1 = ln K − (r + 1
2σ2 − λβ)(T − t∗). Since

Im(c;α, β, δ) =
∫∞

c

eαxHhm(βx − δ)dx, m > 0

and Definition 2.1, we have that equations (2.7) and (2.8) can be written as follow

(σ
√

T − t∗η̃1)me
(ση̃1)2(T−t∗)

2

σ
√

T − t∗
Im−1

(
δ1;−η̃1,−

1
σ
√

T − t∗
,−σ

√
T − t∗η̃1

)
,

and

(σ
√

T − t∗η̃2)me
(ση̃2)2(T−t∗)

2

σ
√

T − t∗
Im−1

(
δ1; η̃1,

1
σ
√

T − t∗
,−σ

√
T − t∗η̃2

)
.

Denote

Υ(δ1, σ, λ̃, p̃, η̃1, η̃2, T − t∗)

= S(t)
∞∑

n=1

π̃n

n∑
m=1

Pn,m
(σ
√

T − t∗η̃1)me
(ση̃1)2(T−t∗)

2

σ
√

T − t∗
Im−1

(
δ1;−η̃1,−

1
σ
√

T − t∗
,−σ

√
T − t∗η̃1

)

+ S(t)
∞∑

n=1

π̃n

n∑
m=1

Qn,m
(σ
√

T − t∗η̃2)me
(ση̃2)2(T−t∗)

2

σ
√

T − t∗
Im−1

(
δ1; η̃2,

1
σ
√

T − t∗
,−σ

√
T − t∗η̃2

)
.

Moreover, we can easily obtain that

S(t)π̃0QS

(
σ(W̃ (T ) − W̃ (t∗)) > lnK − (r +

1
2
σ2 − λβ)(T − t∗)

)
= S(t)e−λ̃(T−t∗)N(d1).

Hence, we have that

Π1 = S(t)e−λ̃(T−t∗)N(d1) + Υ(δ1, σ, λ̃, p̃, η̃1, η̃2, T − t∗). (2.9)

By the same way, we can obtain that as follow.

Π2 = Ke−(λ+r)(T−t∗)S(t)N(d2) + Ke−r(T−t∗)Υ(δ2, σ, λ, p, η1, η2, T − t∗). (2.10)
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Note that β = EQ[Yi − 1] and (2.1), we can obtain that β = pη1
η1−1 + qη2

η2+1 − 1.

By lemma 2.1 , we have that

p̃ =
pη1

(1 + β)(η1 − 1)
η̃1 = η1 − 1, η̃2 = η2 + 1.

The proof of this result is simple and it was listed in the Theorem 2 of Kou[11].

From (2.5), (2.9) and (2.10), we complete the proof.

3 On the valuation of forward starting call option when

the log jump size has a general distribution

In this section, we assume the log jump size ln Yi has a general distribution, its density
function is f(y), the stock price satisfy (1.3).

Theorem 3.1 Let 0 6 t < t∗ < T , The price of the forward starting call option at time
t is equal to

C(t, T ) = S(t)e−λ̃(T−t∗)

 ∞∑
m=1

[
λ̃(T − t∗)

]m

m!

∫∞

−∞
N (d1(t∗, T, y)) f̃m(y)dy + N (d1(t∗, T, 0))


−KS(t)e−

∫T
t∗ rsds−λ(T−t∗)

( ∞∑
m=1

[λ(T − t∗)]m

m!

∫∞

−∞
N (d2(t∗, T, y)) fm(y)dy + N (d2(t∗, T, 0))

)
,

where N(·) denotes the cumulative distribution of normal random variable, and

d1(t∗, T, y) =

∫T

t∗
rsds − λβ(T − t∗) + 1

2

∫T

t∗
σ2

sds − lnK + y√∫T

t∗
σ2

sds
, (3.1)

d2(t∗, T, y) = d1(t∗, T, y) −

√∫T

t∗
σ2

sds. (3.2)

f̃m(y) denotes the m-fold convolution of density function f̃(y) of lnYi under the probability
measure QS . fm(y) denotes the m-fold convolution of density function f(y) of ln Yi under the
probability measure Q.

Proof By(2.2), we have that

EQ

[
e−

R T
t

rsds (S(T ) − KS(t∗)+ | Ft

]
= S(t)EQS

[
I[S(T )>KS(t∗)]

∣∣∣Ft

]
− Ke−

R T
t

rsdsEQ

[
S(t∗)I[S(T )>KS(t∗)] | Ft

]
. (3.3)

We first consider the first part of above formula, note that

EQS
[I[S(T )>KS(t∗)] | Ft] = EQS

[EQS
[I[S(T )>KS(t∗)] | Ft∗

∨
σ(

N(T )∏
i=N(t∗)+1

Yi)] | Ft]. (3.4)
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In this paper, we set A = {S(T ) > KS(t∗)} . Hence, by (1.3), and Lemma 2.2, we have the
event A is equal to∫T

t∗
(rs +

1
2
σ2

s − λβ)ds +
∫T

t∗
σsdW̃s +

N(T )∑
i=N(t∗)+1

lnYi > lnK. (3.5)

We note that the dependence of increment property of Brownian motion and

N(T )∑
i=N(t∗)+1

lnYi is σ(
N(T )∏

i=N(t∗)+1

Yi) − measurable. (3.6)

Thus, by direct calculation, (3.4) can be rewritten as

EQS

N

d1(t∗, T,

N(T )∑
i=N(t∗)+1

lnYi)

 ∣∣∣Ft


= EQS

N

d1(t∗, T,

N(T )∑
i=N(t∗)+1

lnYi)


=

∞∑
m=1

EQS

N

d1(t∗, T,

N(T )∑
i=N(t∗)+1

lnYi)

 ∣∣∣N(T ) − N(t∗) = m


×QS (N(T ) − N(t∗) = m) + QS (N(T ) − N(t∗) = 0) N (d1(t∗, T, 0))

= e−λ̃(T−t∗)

( ∞∑
m=1

[
λ̃(T − t∗)

]m

m!

∫∞

−∞
N (d1(t∗, T, y)) f̃m(y)dy

+N (d1(t∗, T, 0))

)
. (3.7)

Eqn.(3.7) is obtained because of Lemmas 2.1 and 2.2. Under the measure Q, the event A is
equal to ∫T

t∗
(rs −

1
2
σ2

s − λβ)ds +
∫T

t∗
σsdWs +

N(T )∑
i=N(t∗)+1

lnYi > lnK. (3.8)

Thus, we have that

EQ

[
S(t∗)I[S(T )>KS(t∗)] | Ft

]
= EQ[EQ[S(t∗)I[S(T )>KS(t∗)] | Ft∗

∨
σ(

N(T )∏
i=N(t∗)+1

Yi)] | Ft]

= EQ[S(t∗)EQ[I[S(T )>KS(t∗)] | Ft∗

∨
σ(

N(T )∏
i=N(t∗)+1

Yi)] | Ft]

= EQ

S(t∗)N

d2(t∗, T,

N(T )∑
i=N(t∗)+1

lnYi)

 ∣∣∣Ft


= S(t)EQ

S(t∗)
S(t)

N

d2(t∗, T,

N(T )∑
i=N(t∗)+1

lnYi)
∣∣∣Ft

 . (3.9)
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From (1.3), we have S(t∗)
S(t) is independent of Ft, moreover, we note that Yi is i.i.d. Hence, the

above formula can be rewritten as follow

S(t)EQ[
S(t∗)
S(t)

]EQ

N

d2(t∗, T,

N(T )∑
i=N(t∗)+1

lnYi)


= S(t)e

R t∗
t

rsds−λ(T−t∗)
∞∑

m=1

[λ(T − t∗)]m

m!

∫∞

−∞
N (d2(t∗, T, y)) fm(y)dy

+S(t)e
R t∗

t
rsdsQ (N(T ) − N(t∗) = 0) N (d2(t∗, T, 0))

= S(t)e
R t∗

t
rsds−λ(T−t∗)

( ∞∑
m=1

[λ(T − t∗)]m

m!

∫∞

−∞
N (d2(t∗, T, y)) fm(y)dy

+N (d2(t∗, T, 0))

)
. (3.10)

As a direct consequence from (3.3), (3.9), (3.10), we complete the proof.

4 Conclusion

We have considered the problem of pricing forward starting call option in jump-diffusion
model. It can be extended to the case of stochastic interest rate and stochastic volatility. These
problems are very significant.
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