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Pricing forward starting call option in
a jump diffusion model
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Abstract: By the way of change of measure, a closed solution of pricing formula of Euro-
pean forward starting call option was given in a double exponential jump diffusion model.
Moreover, a problem of pricing forward call option when the log jump size has a general
distribution was also considered.
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0 Introduction

Despite the success of the Black-Scholes model based on Brownian motion and normal
distribution, two empirical phenomena have received much attention recently. Firstly, stock
returns are leptokurtic: Relative to the normal distribution, there are too many observations
around the mean and too many extreme observations in the tails of the distribution. Secondly,
the volatility of stock returns changes randomly over time, and on occasions there are large,
rapid price movements resembling jumps. Moveover, numerous empirical studies show that the
interest rate risk should not be ignored. The effect of jumps have been examined by Merton!!],
Naik and Leel?!, Ahn et all®l. The effects of stochastic volatility have been examined by Hull
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and White!*, Heston[!, Scott!®!, Duffiel”), Kurse and Nogell®l. As to the effects of interest rates,
see, for example, Biger and Hulll¥!, Cox etcl!?l. Even though forward starting call option seems
to be quite simple exotic derivatives, depending on the underlying model, their pricing can be

demanding. For example, in Kurse and Nogell®!

, it gives a pricing formula of forward starting
call option in Heston’s model on stochastic volatility. Motivatied by their papers, we consider
the problem of pricing European forward starting call option in a jump diffusion model.

This paper is structured as follows. In Section 1, we give a brief introduce about forward
starting call option and assumptions. In Section 2, we contain the derivation of a closed form
solution for forward starting call option in a double exponential jump-diffusion model. In
Section 3, we consider a problem of pricing forward call option when the log jump size has a

general distribution. Brief conclusion is in Section 4.

1 Forward starting call option

We consider a financial market with a stock and a bank account. S(t) denote the price
of stock, B(t) is the bank account satisfying B(t) = e/ om=ds_ A forward starting call option is
an exotic option whose strike price is not fully determined until an intermediate date t* before
maturity T, called the determination time of the strike or starting date of the option. The

payoff structure of a forward starting call option is as follow.
W(T) = (S(T) = KS(t) ", (L.1)

where K is the percentage or proportion strike.

Since the risk of jump process exists in market, the market is not complete, there are
infinitely many equivalent probability measure. However, in this paper, we make use of the
assumption in Merton™. According to Merton, the systematic risk can be hedged but the
unsystematic risk, being unique to the particular risky asset, cannot be hedged. Merton identi-
fied the Brownian motion component as the component the systematic risk. The compensated
jump component contributes to the unsystematic risk. Under a suitable risk-neutral measure,
the parameters of the jump component should not change. Denote (2, F, Q) be a probability
space with filtration (F;);>¢ of market information and the equivalent martingale measure @

such that the asset price is equal to

ds(t) sy
o] = redt + o, dWy — ABdE+d Y (Vi — 1). (1.2)
i=1

By the It6-Doeblin formula and equation (1.2), we can have that

t

" 1 N(t)
S(t) = exp {J ’]“SdS — §J' O'gdS - )\ﬁt + J Udes} H Y;7 (13)
i=1

0 0 0

where 3 = Eq[Y; —1], 4, 0, are time-dependent and deterministic, which represent free interest
rate and the volatility of the stock return respectively, W; is a standard Brownian motion

under risk neutral probability @, Y; is a sequence of independent identically distributed (i.i.d)
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nonnegative random variables, nonnegative condition ensures that S(t) is nonnegative. f(y)
represents the probability density function of random variables InY;. N(t) is a poisson process
with intensity A. In the model, all sources of randomness, N (t), W (t), and Y;, are assumed to
be independent.

In terms of the fundamental theorem of asset pricing, we have that the arbitrage free price

of the forward starting call option at time t as follow

C(t,T) = Bq [ 79 (S(T) - KS(t)™ | 7] (1.4)

2  Pricing forward starting call option under a double
exponential jump diffusion model

Merton!] assumes that the jump component of the assets return characterizes non-
systematic risk, the log jump size InY; has a standard normal distribution. Kou™*) provide
another example of the jump-diffusion model, in which InY; has a double exponential distri-
bution. In this section, we consider a problem of pricing forward call option under a double
exponential jump diffusion model. We assume interest rates and the volatility of the stock
return in (1.2) are constant r and o for simplicity. Y; is a sequence of independent identi-
cally distributed nonnegative random such that InY has an asymmetric double exponential
distribution with the density

f(y) = pme " L>0 + qnae™Iyco, m >1, 02 >0, (2.1)
where p,q > 0,p + q¢ = 1, represent the probabilities of upward and downward jumps, and the
condition n; > 1 is imposed to ensure that the underlying asset price has finite expectation. In
other words,

4 | &€T,with probability p
InY=
¢, with probability q

where £t and £~ are exponential random variables with means n% and 77% respectively, and the
notation % means equal in distribution. Hence, we have that 8 = % + % —1.
Below, is Proposition B.1 of Koul*!l, which will be used to prove Theorem 2.1.

Proposition 2.1 For every n > 1, we have the following decomposition

m
n . Z &, with probability P, ,,, m =1,2,..n
InY;= =1 ,
i=1 — > & ,with probabilityQ, m», m=1,2,..n
i=1

where P, ,, and Q) are given by

n—1 1—m n—i
n—m—1 n m > ( M2 ) S
P, § gt 1<m<n—1,
’ - < i —1m ><i><771+772 m + n2 P

n—1 n—m—1 n n—i i—m o
Qn,m = . . ( ! ) < 2 ) pn_zqz, 1 < m < n — 17
: i—m i m + 12 m+n2

3
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0
Pun=0" Qnn=q" and ( 0 ) is defined to be one. Here §Z-+ and ¢ are i,i,d. exponential

random variables with rates n; and 79, respectively.

In this section, for pricing forward starting call option, we have to study the distribution
of the sum of the double exponential random variables and normal random variables. As in
Koul®, we know this distribution can be obtained in closed form in terms of the Hh function.
We restate the definition of Hh function as follows.

Definition 2.1 For each m > 0, the Hh function is a nonincreasing function which

defined by as follows

Hhm (33) = J thL—I (y)dy

x

1 [ 2
— J (t—x)"e” 7 dt,

m!

Hh_i(2) = % = VIrp(e), Hho(z) = var [ -7,

Moreover, a three-term recursion is albo avallable for the Hh function:
mHhy, (x) = Hhp—o(x) — cHhyp—1 (z), m > 1.

Hence, we can calculate all Hh,,(x) using the normal density function and normal distribution
function. For the simplify of notation, we denote

o0

I.(ca,3,0) = J e**Hhp,(Bx —6)dz, m =0.

c

Theorem 2.1 Let 0 <t < t* < T, The price of the forward starting call option under double

exponential jump-diffusion model at time ¢ is equal to

C(t7T) = e_X(T_t*)S(t)N(dl)+T(615075\5ﬁ7ﬁ15ﬁ2aT_t*)
Kei(/\Jrr)(Tit*)S(t)N(dQ) - Keir(Tit*)T((SQa a, Aap7 n, 12, T— t*)a

Where N(+) denotes the cumulative distribution of normal random variable, and
T(CL’, g, Avpa m, "2, T - t*)

o0 n (on)2(T—t*)
(o/T —t*m)™e 2 < 1 )
= St Tn P, I 1|z —m,———, —ovT —t*
®) Z 7nz:1 ’ oI —t* ! n oVT —t* n

(on2)2(T—1%)
i o VT =Fp)re ™=
nzl n —~ nm U\/ﬁt* m—1 ) 27Um7

1=K —r(T—t)— 30*(T —t*) + AB(T — t*), 62 =251 +0*(T —t*),

+
M8
3

—oVT — t*m) ,

(r+10% = AB)(T —t*) —In K

dy = , do=dy —oVvT —t*,
1 oIT — 1+ 2 1—0
_ —/\(T—t*)()‘(T_t*))n - P =\
ﬂ—n - e b - b - +1 b
i P= T A m -1 BF+1)
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8= VLU q1)2
m-—1 mn+1

m=m-—1 n2=n+1, - L

Before prove Theorem 2.1, we prepare the following two lemmas. Denote

d@s S(T)
Z(T) = = . 2.2
=730 |r. = BT)SO) 22
It obvious that the measure Qg is a probability measure.
N(t)
Lemma 2.1 Under the probability measure Qg, then )" InY; is a compound Poisson
j=1
process with intensity A = A(8 + 1). Furthermore, the InY; in compound Poisson process
N(t) _ Yy
>~ InY; are independent and identically distributed with density function f () = ¢ 5{7-(?!1)
j=1

Proof We need to show that, under the probability measure Qs has the characteristic
function corresponding to a compound Poisson process with intensity X and density f (y). Since

under the probability measure () the characteristic function for the compound Poisson process
N(t)

> InYjis
j=1
N(#)
Egexp(iu Z InY;)] = eMemy (@)-1)
j=1

Where gy (u) = Eq [ V7] = [ e f(y)dy.
Thus, we must show that
N(t) i
Eq[exp(iu Z InY;)] = M@y (W)-1),
j=1
Where @iy (u) = [*_ ™ f(y)dy = [*_eive Wy,
Note that (2.2), we have

N(t) N(t)
Eqg, |exp(iu Z InY;)| = Eq |[exp(iu Z InY;)Z(T)|,
j=1 j=1

Since N(t), W(t), and Y}, are assumed to be independent, imply

N(t) [ N(t) N(1)
Eq,[exp(iu Z InY;)] = Egqg |exp(iu Z InY; — A\Gt) H Y;
j=1 | j=1 j=1
[ N(T)
x Eq e~ AB(T—t) H Y;
L J=N(t)+1
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N(t)
Because when N(t) = 0, it means the jump is not occurrence, Y; =1, thus we have that
=1

J

N(¢) N(t)
Eq |exp(iu Y InY; —Agt) [[ V)
j=1 j=1
_ VIV O YA L Y 1\ K
= Qi) =0 1 Y e O g ey
k=1

= At)F , k
e AEHE | Ze—)\(ﬁ-i-l)t( k!) (EQ [e(zuﬂ)lnij
k=1

>0 (A)* , N
— ef)\(ﬁJrl)t <;0 % (EQ |:e(zu+1)1ny]j|) )
- - ()\t(ﬁ + 1))k eliut1)InY; k
S <Zk! Cl==)

k=0
— o MBEDEABFD Py (y)

AV By (1)1

N(T)
By the same way, we can obtain that Eq le‘*ﬂ(T_t) [T Y;| =1, Hence, we have

J=N(t)+1

N(t) )
Eqslexp(iu »_ InY;)] = eM@rl=1),

j=1

Where A= A6+1), f(y) = e;{ﬁ')

Hence, we complete the proof.

Lemma 2.2 Under the probability measure g, the process

t
Wt = Wt — J (Tst (23)
0
- N(t)
is a standard Brownian motion, the processes W; and ) InYj are independent.
j=1

Proof See Theorem 11.6.9 in Shrevel'3!, we can prove in the same way.

Proof of Theorem 2.1 In terms of the fundamental theorem of asset pricing, we have
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that the arbitrage free price of the forward starting call option at time ¢ as follow.

2

Ft*]
Ft*:|

Note (1.3), % is independent F;». Hence, the Eqn. (2.4) can be rewritten as follow

Ct,T) = Eq [e—“T—t) (S(T) — KS(t*)*

::S@E%(ﬂﬂ—KﬂmfF%

S(T)

(S(T) — KS(t)*
S(T)

Ft*:|
(T) >K]

— KS(t)e_T(T_t*)EQS l:EQ |:I[s
5(e%)

= S(t)Eqs |Eqs

g

]Ft] , (2.4)

= S(t)EQS _]EQS |:I[ S((T) >K]

S(t%)

N(T)
S()Qs ((r + %02 — AT =) +o(W(T) =W () + > IY;> 1nK>
J=N(t)+1
1 N(T)
— KS@t)e"T=1Q ((r - 502 — AT =) +o(W(T)=W(t)+ > IY;> K
J=N(t7)+1
= 1II, — I, (2.5)

By Lemma 2.1 and (2.3), II; can be rewritten as follows.

S(t) i TnQs ((r + %UQ —\ONT —t*) + o(W(T) — W(t*)) + Zn: InY; > In K) . (2.6)

where 7, = Qs(N(T) — N(t*) =n) = o MT—t") AT=t)"

n!

By Proposition 2.1, Equation (2.6) is equal to

n
Nt
3
(e}
O
1)
N
2

%r

E
I
%x

() =K — (r + 30—2 —\B)(T - t*))

+5(t) i Tom Zn: PomQs (O’(W(T) — W (t*)) + Zm: & >InK

j=1

+S(t) Zﬁ—n Z Qn,mQS (U(W(T) -0 (t*)) - Zﬁ; >InK

j=1
—(%02 + 7= AB)(T — t*)),

The distribution of the sum of exponential random variables and normal random variables
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provided by Kou* can be acquired in closed-form of the Hh functions. Hence, we have that

Qs <a<W<T> ST + D8 S IE — (507 47— Aﬂ)(T—t*))

j=1

(e (T—t*)
VT —t*m)™e =2 [ .
(0' 771) (§] 2 J' €7m71Hhm—1 ( s /T_ t*'fh) dx ( )

N oVT —t* 51 oVT —t*
and
- 1
< W)=Y & >k - 202+r—)\ﬁ)(T—t*)>
j=1
— t* )me(vﬁz) 2(T*t ) oo r
= e Hhyy 1 | ————— 4 oV/T — t*ily | dz, (2.8
oJT — 1 Ll 1(0 T o 772) (2.8)

where §; =In K — (r + 302 — A\3)(T — t*). Since

o0

L.(c;a, 3,0) = J. e*Hhp,(Bx —6)dz, m =0

c

and Definition 2.1, we have that equations (2.7) and (2.8) can be written as follow

- (e 2(T—t*)
(o/T —t*m1)™e 2 _ -
I 1| 01;,—,————=,—oVT — t* ,
oVT —t* L\ T "
and
- (o7ig)%(T—t*)
oV —t*n) e 2 5 1 -
( 772) I—1 | 0157, ——, —oVT —t*72 | .
oI —t* oI —t*
Denote

T(dla g, 5\757 ’F}la ﬁQaT - t*)

o n 5 (o> (T —t%)
VT — t*ij)™ 1
= S(t)Zﬁ an(a )" - In—1 <51;—771,— —U\/T_t*m)

— z::l o1 —t* O’\/Tft*’
00 n - (o7ig)2(T—t*)
(oVT —Fip)me 5 ( 1 - )
+ L1 | 61;79, ———, —aV/T — t*7j5 | .
50 27 2 Qo T BN, "

Moreover, we can easily obtain that
S(t)70Qs <U(W(T) W) =2 InK — (r+ %OJ —\B)(T — t*)) = S(t)e Tt IN(dy).
Hence, we have that
I = S(t)e T=IN(dy) + Y (61,0, A, By v, 7o, T — £7). (2.9)
By the same way, we can obtain that as follow.

M, = Ke T G1N(dy) + Ke " T=)Y(8y, 0, A, p, 1, 1m0, T — %), (2.10)
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Note that 3 = Eq[Y; — 1] and (2.1), we can obtain that § = ;P + 12 — 1.

By lemma 2.1 , we have that
5= pm
(

———— m=m-—1 p=mn+1l
1+8)(m - 1) m=1m 2 =12

The proof of this result is simple and it was listed in the Theorem 2 of Koul'!.

From (2.5), (2.9) and (2.10), we complete the proof.

3  On the valuation of forward starting call option when

the log jump size has a general distribution

In this section, we assume the log jump size InY; has a general distribution, its density
function is f(y), the stock price satisfy (1.3).
Theorem 3.1 Let 0 <t <t" < T, The price of the forward starting call option at time

t is equal to

C(t,T) = S(t)e T~ [ 3 N (dy(t*,T,)) " (y)dy + N (da (t*, T, 0))

m!
m=1

o0 [Z\(Tft*)}m ro .

— 0o

—KS(t)e_ JE reds—X(T—t7) (i [)\(T;Ii't*)]m JOO N(dg(t*,T, y)) fm(y)dy + N(dz(t*7T, 0))) ’

where N(-) denotes the cumulative distribution of normal random variable, and

B fz; rsds—/\ﬂ(T—t*)—F%J"tT* olds—InK +y

\/ﬁ; o2ds

[ T
d2(t*’Tay) = dl(t*aTa y) - J agds (32)
1

f™(y) denotes the m-fold convolution of density function f(y) of InY; under the probability

di(t*,T,y) (3.1)

measure Qg. f™(y) denotes the m-fold convolution of density function f(y) of InY; under the
probability measure Q.
Proof By(2.2), we have that

Eq e 174" (S(T) ~ KS()* | ]

T
- S(t)EQs [I[S(T)EKS(V‘)] ft] — Ke™ ft Tst]EQ [S(t*)I[S(T)2KS(t*)] | ff:l . (33)

We first consider the first part of above formula, note that

N(T)

Eqsismysxsey | Frl = EosEosismsrsey | Fe Vo [ YOIl 7l (34)
i=N(t*)+1
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In this paper, we set A = {S(T) > KS(t*)}. Hence, by (1.3), and Lemma 2.2, we have the

event A is equal to

T
1
J (ry + —02 — )\B)ds—i—J oo dW, + Z InY; > InK. (3.5)
t 2 o i=N(t*)+1

We note that the dependence of increment property of Brownian motion and

N(T) N(T)
Z InY; is of H Y;) — measurable. (3.6)
i=N(t*)+1 i=N(t*)+1

Thus, by direct calculation, (3.4) can be rewritten as

N(T)
Eg. [N[di(, 7, Y vy ‘]—}
i=N(t*)+1
N(T)
=Eqs [N|di(t", T, Y Y
i=N(t*)+1
o N(T)
=Y Eq. [N|dit.7, Y Y ‘N(T)—N(t*):m
= =N (t*)+1
%Qs (N(T) — N(t*) = m) + Qs (N(T) = N(t") = 0) N (d(t*, T, 0))

_ AT < 3 Mjm N (di (. T, ) 7™ (4)dy

m! oo
+N (dy (t*, T, 0)) ) . (3.7)
Eqn.(3.7) is obtained because of Lemmas 2.1 and 2.2. Under the measure ), the event A is
equal to
T ) N(T)
J (rs — 50? — \3)ds —I—J osdW; + Z InY; > InK. (3.8)
t t i=N(t*)+1
Thus, we have that
Eq [S() is(ry>xs0y | Fi]
N(T)
=EqEo[S(t") istryzksey | Fi- o [ YOl I A
i=N(t*)+1
N(T)
= Eq[S(t")Eqllis(ryzrswy | Fe- o J] Yl 7]
i=N(t*)+1
N(T)
= Eq [SIN (a7, 7, 3w | |A
i=N(t*)+1

(3.9)

i=N(t*)+1

. N(T)
= S(t)Eq [‘S;(tt))N (dg(t*,T, > Yy t)
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From (1.3), we have bzg((t;) is independent of F;, moreover, we note that Y; is i.i.d. Hence, the

above formula can be rewritten as follow

S(t%) S
S(t)]EQ[W]EQ N|dy(t",T, >  InY)
i=N(t*)+1
= S(t)elt” 7oA =) 37 Wm.t”mjw N (do(t", T,y)) f7 (y)dy

FS()eld T Q (N(T) = N(t*) = 0)N (da(t*, T, 0))

_ S(t)ef;* rsds—A(T—t*) i WJOO N (d2(t*,T,y)) f™(y)dy

m=1 -

N (do(£*,T,0)) . (3.10)

As a direct consequence from (3.3), (3.9), (3.10), we complete the proof.

4

Conclusion

We have considered the problem of pricing forward starting call option in jump-diffusion

model. It can be extended to the case of stochastic interest rate and stochastic volatility. These

problems are very significant.
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