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Estimate of bounds for the eigenvalue of Hadamard product of

an M-matrix and its inverse
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(Department of Mathematics, East China Normal University, Shanghai 200062, China)

Abstract: Let A be a strictly block diagonally dominant matrix, the norms for blocks of

its inverse were estimated. Furthermore, if A is an M -matrix, we gave a new bounds of

the minimum eigenvalue of A ◦ A−1, and proved that the bounds are less than 2
n
.
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^ Cn×n L« n �EÝ
8, N = {1, 2, · · · , n}. � A = (aij) ∈ Cn×n ©¬Xe

A =


A11 A12 · · · A1k

A21 A22 · · · A2k

· · · · · · · · · · · ·
Ak1 Ak2 · · · Akk

 , (1)

Ù¥ Aii (i = 1, · · · , k) � ni ��
, �
k∑

j=1

ni = n. w,� k = n, Aij = aij . �©¥, ‖.‖ L«

�þ�êp��Ý
�ê, =

‖Aij‖ = sup
x6=0

‖Aijx‖
‖x‖

.
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5¿�XJ Aii �ÛÉ, k

‖A−1
ii ‖−1 = inf

x6=0

‖Aiix‖
‖x‖

.

Ïd, XJ Aii (1 6 i 6 k) �ÛÉ, P T (A) = (tij)k×k, Ù¥

tij =

{
−‖Aij‖, i 6= j ,

‖A−1
ii ‖−1, i = j .

éu?¿ A ∈ Cn×n, µ(A) = (µij) L« A �'�Ý
, Ù¥

µij =

{
−|aij |, i 6= j ,

|aii|, i = j .

XJ A ��Û M -
, @o q(A) = [ρ(A−1)]−1 � A ���A��, ùp ρ(A−1) L«�K

A−1 > 0 ���A��.

½Â [1] XJ A = (aij) ∈ Cn×n /X (1) �©¬, � Aii (1 6 i 6 k) �ÛÉ, ÷v

‖A−1
ii ‖−1 >

∑
j 6=i

‖Aij‖, 1 6 i 6 k,

K¡ A �î�¬é�Ó`
.

5¿�, � A �î�¬é�Ó`
�,∑
j 6=t

‖A−1
tt Atj‖ 6

∑
j 6=t

‖A−1
tt ‖‖Atj‖ < 1.

�©Äk�Ñ
¬é�Ó`
 A �_
 A−1 �¬���ê�O, ?e A ��Û
É M -
, |^Ý
 A ���, ��
 A ◦ A−1 ��A��#�Ø�u 2

n �e., ù�Ñ

Fiedler Ú Markham �ß� q(A ◦ A−1) > 2

n ���#y².

1 _
����O

Ún 1 XJ/X (1)ª �©¬
 A = (Aij) ∈ Cn×n �î�¬é�Ó`
, � A−1 =
(Cij) äk A �A©¬, K

‖Cji‖ 6 ‖Cii‖, ∀ i 6= j.

y² b�éu, r Ú t 6= r k ‖Crr‖ 6 ‖Ctr‖, K�b½éu¤k q, ‖Cqr‖ 6 ‖Ctr‖.
Ï � AttCtr +

∑
j 6=t

AtjCjr = 0,  Att � � Û É, � Ctr = −
∑
j 6=t

A−1
tt AtjCjr. 5 ¿ �∑

j 6=t

‖A−1
tt Atj‖ < 1, k

‖Ctr‖ 6
∑
j 6=t

‖A−1
tt AtjCjr‖

6
∑
j 6=t

‖A−1
tt Atj‖‖Ctr‖

< ‖Ctr‖.
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��gñ, l(Ø¤á.
Ún 2 �/X(1)ª�©¬
 A = (Aij) ∈ Cn×n �î�¬é�Ó`
, K

T−1
i u 6

{
max
t6=i

‖Ati‖
‖A−1

tt ‖−1 −
∑

j 6=t,i

‖Atj‖

}
e < e, 1 6 i 6 k,

Ù¥ T−1
i = [T (Ai)]−1, � Ai � A = (Aij) �K1 i 1¬!1 i �¬¤��f
;

u = (‖A1i‖, · · · , ‖Ai−1,i‖, ‖Ai+1,i‖, · · · , ‖Aki‖)T

9 e = (1, · · · , 1)T.
y² - y = T−1

i u = (y1, · · · , yk−1)T, K yt = max
16r6k−1

yr. Ïd Tiy = u. dd��

‖Ati‖ = ‖A−1
tt ‖−1yt −

∑
j 6=t,i

‖Atj‖yj

> (‖A−1
tt ‖−1 −

∑
j 6=t,i

‖Atj‖)yt.

 A �î�¬é�Ó`
, �

y 6
{

max
t6=i

‖Ati‖
‖A−1

tt ‖−1 −
∑

j 6=t,i

‖Atj‖

}
e < e.

íØ 1[2] � A = (aij) ∈ Cn×n �î�é�Ó`
, K

µ−1(Ai)ν 6
{

max
t6=i

|ati|
|att| −

∑
j 6=t,i

|atj |

}
e < e, 1 6 i 6 n,

Ù¥
ν = (|a1i|, · · · , |ai−1,i|, |ai+1,i|, · · · , |ani|)T

9 Ai � A = (aij) �K1 i 1!1 i �¤��f
, � e = (1, · · · , 1)T.
½n 1 �/X(1)ª�©¬
 A = (Aij) ∈ Cn×n �î�¬é�Ó`
, � A−1 = (Cij)

äk A �A�©¬, K
‖Cji‖ 6 (T−1

i u)j‖Cii‖, ∀ j 6= i,

Ù¥ T−1
i 9 u XÚn 2 ¤ã.

y² e A �î�¬é�Ó`
, K T (A), Ti ��ÛÉ� M -
; ?k det T (A) =
(‖A−1

ii ‖−1 − αTT−1
i u)detTi > 0 9 det Ti > 0, Ù¥

αT = (‖Ai1‖, · · · , ‖Ai,i−1‖, ‖Ai,i+1‖, · · · , ‖Aik‖).

dd��
‖A−1

ii ‖−1 − αTT−1
i u > 0.

��À�¿©���ê ε > 0, ¦�

0 < Rε
∑
j 6=i

‖Aij‖ < ‖A−1
ii ‖−1 − αTT−1

i u,
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Ù¥ R � T−1
i ���1Ú.

- u0 = u + w, Ù¥ w = (ε, · · · , ε)T > 0. �E�é�
 D = diag (djIjj), Ù¥

dj =

{
(T−1

i u0)j , j 6= i,

1, j = i.

� B = AD = (Bij), w, ∀r, j, Brj = (T−1
i u0)jArj (j 6= i) 9 Bri = Ari. e¡(½ B �î

�¬é�Ó`
.
(1) 5¿� ‖A−1

ii ‖−1 − αTT−1
i u > Rε

∑
t6=i

‖Ait‖, k

‖B−1
ii ‖−1 −

∑
t6=i

‖Bit‖ = ‖A−1
ii ‖−1 −

∑
t6=i

‖Ait‖(T−1
i u0)t

= ‖A−1
ii ‖−1 − αTT−1

i u − αTT−1
i w

> ‖A−1
ii ‖−1 − αTT−1

i u − Rε
∑
t6=i

‖Ait‖ > 0.

(2) ∀ j 6= i, 5¿� TiT
−1
i = I, k

‖B−1
jj ‖−1 −

∑
t6=j,i

‖Bjt‖ = (T−1
i u0)j‖A−1

jj ‖−1 −
∑
t6=j,i

‖Ajt‖(T−1
i u0)t

= (−‖Aj1‖, · · · ,−‖Aj,j−1‖, ‖A−1
jj ‖−1,−‖Aj,j+1‖, · · · ,−‖Ajk‖)T−1

i u0

= (0, · · · , 0, 1, 0, · · · , 0)(u + w) = ‖Aji‖ + ε > ‖Aji‖ = ‖Bji‖.

Ïd, ∀ i ∈ N, ‖B−1
ii ‖−1 >

∑
t6=i

‖Bit‖, = B �î�¬é�Ó`�. ÏddÚn 1, k

‖Cji‖
(T−1

i u0)j

6 ‖Cii‖.

� ε → 0 �, u0 → u. dëY5,k

‖Cji‖ 6 (T−1
i u)j‖Cii‖, (j 6= i).

íØ 2[2] XJ A = (aij) � n × n î�é�Ó`
, A−1 = (bij) �Ù_
, K

|bji| 6 (µ−1(Ai)ν)j |bii| 6 {max
t6=i

|ati|
|att| −

∑
j 6=t,i

|atj |
}|bii|, (∀j 6= i), (2)

Ù¥ Ai, ν XíØ 1 ¤ã. AO/, e A = (aij) ��ÛÉ M -
� A−1 �V�Å
, @o

bji 6 aii − 1
aii

bii 9 bii > 1
n − (n − 1) 1

aii

.

½½½nnn 2 �/X (1)ª �©¬
 A = (Aij) ∈ Cn×n �î�¬é�Ó`
, � A−1 =
(Cij) äk A �A�©¬, K

‖Cji‖ 6 Rj‖A−1
jj ‖‖Cii‖, ∀ j 6= i,
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Ù¥ Rj =
j−1∑

t=1,t6=i

Rt‖Ajt‖‖A−1
tt ‖ +

k∑
t=j+1,t6=i

‖Ajt‖ + ‖Aji‖.

y² 48½Â Rj (j = 1, · · · , k) Xe,

Rj =
j−1∑

t=1,t6=i

Rt‖Ajt‖‖A−1
tt ‖ +

k∑
t=j+1,t6=i

‖Ajt‖ + ‖Aji‖.

5¿� A �î�¬é�Ó`
, Ïd Rj‖A−1
jj ‖ < 1 (j = 1, · · · , k). �E�é�
 D =

diag(djIjj), Ù¥

dj =

{
Rj‖A−1

jj ‖, j 6= i,

1, j = i.

- B = AD = (Bij), w, ∀r, j, Brj = djCrj (j 6= i) 9 Bri = Ari. e¡(½ B �î�¬é
�Ó`
.

(1) Ï Rt‖A−1
tt ‖ < 1 (t 6= i) 9 A �î�¬é�Ó`
, K

‖B−1
ii ‖−1 −

∑
t6=i

‖Bit‖ = ‖A−1
ii ‖−1 −

∑
t6=i

Rt‖A−1
tt ‖‖Ait‖

> ‖A−1
ii ‖−1 −

∑
t6=i

‖Ait‖ > 0.

(2) ∀ j 6= i, k

‖B−1
jj ‖−1 −

∑
t6=j,i

‖Bjt‖ − ‖Bji‖ = Rj‖A−1
jj ‖‖A−1

jj ‖−1 −
∑
t6=j,i

Rt‖Ajt‖‖A−1
tt ‖ − ‖Aji‖

=
j−1∑

t=1,t6=i

Rt‖Ajt‖‖A−1
tt ‖ +

k∑
t=j+1,t6=i

‖Ajt‖ + ‖Aji‖

−
∑
t6=j,i

Rt‖Ajt‖‖A−1
tt ‖ − ‖Aji‖ > 0 .

Ïd, ∀ i ∈ N, ‖B−1
ii ‖−1 >

∑
t6=i

‖Bit‖, = B E�î�¬é�Ó`�. �âÚn 1 k

‖Cji‖ 6 Rj‖A−1
jj ‖‖Cii‖, ∀ j 6= i.

5 ½n 1 �½n 2 �Ñ
ü�pØ�¹�þ..
íØ 3 e A = (aij) ��ÛÉ M -
� A−1 = (bij) �V�Å
,@o

bji 6
R′

j

ajj
bii 9 bii > (1 +

∑
j 6=i

R′
j

ajj
)−1. (3)

Ù¥ R′
j =

j−1∑
t=1,t6=i

R′
t

att
|ajt| +

k∑
t=j+1,t6=i

|ajt| + |aji|.

y² d½n 2, (3) ªw,¤á. d A−1 �V�Å
, k

1 = bii +
∑
j 6=i

bji 6 bii +
∑
j 6=i

R′
j

ajj
bii.
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Ïd bii > (1 +
∑
j 6=i

R′
j

ajj
)−1.

2 q(A ◦ A−1) ��O

ù�!Ì��Ä A ��Û M -
. Ø���5, �â©z [3] ¥½n 3, �±b� A−1 �
V�Å
�Ø��. XJ A−1 �V�Å
, K Ae = e 9 eTA = eT, Ïd A �î�é�Ó`
� M -
.

Ún 3 � A = (aij) ∈ Cn×n 9 x1, · · · , xn � n ��¢ê, K A �¤kA�� u
n∪

i=1

{|λ − aii| 6 xi

∑
j 6=i

1
xj

|aji|}.

½n 3 � A = (aij) ∈ Cn×n ��Û M -
, A−1 = (bij) �Ø��V�Å
, K

q(A ◦ A−1) > min
16i6n

si + (1 − si)aii

n − (n − 1) 1
aii

.

ùp sj = max
i 6=j

{(
j−1∑

t=1,t6=i

R′
t

att
|ajt| +

k∑
t=j+1,t6=i

|ajt| + |aji|)/ajj} (j = 1, · · · , n), Ù¥ R′
t XíØ 3

¤«.

y² - sj = max
i 6=j

{(
j−1∑

t=1,t6=i

R′
t

att
|ajt| +

k∑
t=j+1,t6=i

|ajt| + |aji|)/ajj} (j = 1, · · · , n). 5¿�

bji 6 R′
j

ajj
bii 9 R′

j

ajj
6 sj . dÚn 3, �3 i ¦�

q(A ◦ A−1) > aiibii − si

∑
j 6=i

1
sj

|aji||bji|

> aiibii − si

∑
j 6=i

R′
j

ajj

1
sj

|aji|bii

> (aii −
∑
j 6=i

|aji|si)bii.

qÏ� bii > 1
n−(n−1) 1

aii

9 Ae = e, K

q(A ◦ A−1) > (aii −
∑
j 6=i

|aji|si)(n − (n − 1)
1
aii

)−1

=
si + (1 − si)aii

n − (n − 1) 1
aii

.

d½n 3, N´kXe(Ø.
íØ 4[2] � A = (aij) ∈ Cn×n ��Û M -
,A−1 �Ø��V�Å
, K

q(A ◦ A−1) > 2
n

.

½n 4 � A = (aij) ∈ Cn×n ��ÛÉ M -
, � A−1 = (bij) �Ø��V�Å
, K

q(A ◦ A−1) > min
16i6n

{(aii −
∑
j 6=i

R′
j

ajj
|aij |)(1 +

∑
j 6=i

R′
j

ajj
)−1}, (4)
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Ù¥ R′
j XíØ 3 ¤«.

y² - β = q(A ◦ A−1), w, β > 0, ��3�KA��þ x = (x1, · · · , xn)T, ¦�
(A ◦ A−1)x = βx, Ù¥ |xr| = 1 9 |xj | 6 1(j 6= r); ?k

βxr = arrbrrxr +
∑
j 6=r

arjbrjxj .

Ïd

β > arrbrr −
∑
j 6=r

|arj ||brj |.

díØ 3, k

β > (arr −
∑
j 6=r

|arj |
R′

j

ajj
)brr

> (arr −
∑
j 6=r

|arj |
R′

j

ajj
)(1 +

∑
j 6=r

R′
j

|ajj |
)−1.

½n 5 � A = (aij) ∈ Cn×n ��Û M -
, A−1 �Ø��V�Å
. e ADe = Ke, Ù
¥ D = diag{ 1

a11
, · · · , 1

ann
} 9 K �~ê, K

q(A ◦ A−1) > min
16i6n

2 − 1
(n−1)(trA−aii)

n − 1
trA−aii

> 2
n

.

y² 5¿�

R′
j

ajj
6

∑
i 6=j

|aji|

ajj
.

d (4) ª, k

q(A ◦ A−1) > min
16i6n


aii −

∑
j 6=i

|aij |

∑
i 6=j

|aji|

ajj


1 +

∑
j 6=i

∑
i 6=j

|aji|

ajj


−1

= min
16i6n

aii −
∑
j 6=i

|aij |ajj−1
ajj

1 +
∑
j 6=i

ajj−1
ajj

= min
16i6n

aii −
∑
j 6=i

|aij | +
∑
j 6=i

|aij | 1
ajj

1 +
∑
j 6=i

(1 − 1
ajj

)
.

d Ae = e 9 eTA = eT k

aii −
∑
j 6=i

|aij | = 1 9 ajj −
∑
i 6=j

|aij | = 1.
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 ADe = Ke, = ∀ i,
∑
j 6=i

|aij | 1
ajj

�~ê. 5¿� n > 2, k

q(A ◦ A−1) = min
16i6n

1 + 1
n−1

∑
j 6=i

∑
i 6=j

|aij | 1
ajj

n −
∑
j 6=i

1
ajj

= min
16i6n

1 + 1
n−1

∑
j 6=i

ajj−1
ajj

n −
∑
j 6=i

1
ajj

= min
16i6n

2 − 1
n−1

∑
j 6=i

1
ajj

n −
∑
j 6=i

1
ajj

= min
16i6n

2 − 1
(n−1)(trA−aii)

n − 1
trA−aii

> 2
n

.

5¿� Ae = e 9 eTA = eT. e a11 = · · · = ann = k, K ADe = 1
ke. Ïdk±e(Ø.

íØ 5 � A = (aij) ∈ Cn×n ��Û M -
, A−1 �Ø��V�Å
. e a11 = · · · = ann,
K

q(A ◦ A−1) >
2 − 1

(n−1)2a11

n − 1
(n−1)a11

> 2
n

.
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