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Ýþ, 3ù�#�Ýþ�m (K, ρ) ¥, 0 < H h(K) < +∞. XJj¼ê� h(t) = ts, @o
éu?¿ 0 < s < +∞ , Ó��±�E��3Kþ�Ýþ, 3ù�#�Ýþ�m (K, ρ) ¥,

H s(K) = 1 ¿�k dimP K = dimB K = dimH K = s ¤á.
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Abstract: This paper discussed the construction of metric space on the nested geometrical

object. Given a nested geometrical object K in Rn and a continuous gauge function h(t),

a new metric ρ was constructed on K such that 0 < H h(K) < +∞ in the new metric

space (K, ρ). Particularly, if the gauge function is h(t) = ts, then for any positive finite

number s, it’s also possible to construct a new metric ρ on K such that H s(K) = 1 and

dimP K = dimB K = dimH K = s.
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3 Hausdorff ÿÝ�½Â¥, j¼ê´���©��Vg. ¡¼ê h : [0,∞) →
[0,∞) ���j¼ê, XJ§3 [0,∞) þ4O, mëY, � t > 0 �, h(t) > 0, � h(0) = 0. ^
H0 L«�Nj¼ê�8Ü. ��Í¶��35½n [1] �Ñµé?¿�½�j¼ê h ∈ H0,
�3��;�Ýþ�m (Ω, ρ) (Ω ⊆ [0, 1]), ¦� 0 < Hh(Ω) < ∞. I�rN�Ñ�´ùp�
Ýþ ρ ®Ø´Ï~�î¼Ýþ, Ù�E�j¼ê h(x) 9�m Ω �'. 'u3���j¼êe
Hausdorff ÿÝ Hh �½Â�e¡� (2) ª½ë�©z [1], � h(x) = xs, s ∈ [0,∞) �, Hh A
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O/P� Hs, =�Ï~¤`� s � Hausdorff ÿÝ. �©ò�Ä�����'�¯Kµ�
K ⊆ Rn ���½�8Ü, é?¿j¼ê, UÄ3 K þ�E��Ýþ ρ ¦� K 3ù�j¼
êe� Hausdorff ÿÝ´���k�êº� K �äki@(��AÛé��, ·��Ñ
�
½�£�. ?�Ú/, (K, ρ)£ùpò ρ IÑ´�
rN¤¦^�Ýþ� ρ¤� Hausdorff �
ê!W¿�ê9Ý�êþ��A/(½. ¯¢þ, Ýþ ρ �±�·�/À�,¦� K �AÛ
A�E��±, ~X, � K �n© Cantor 8£K ��g�q8), Ké?¿ 0 < s < ∞�±�
EÝþ ρ,¦� (K, ρ) E�g�q8,¿� 0 < Hs(K) < ∞ £�½n 4¤.

3ÄåXÚ¥§���~���K´ÏéÄåXÚ���| �m�©/�ê�'
X"��ó§ù´��(J�§�´§k��±ÏLUC| �m�Ýþ½ö`�EÐ
�Ýþ��8�§ë�©z [4]. �©�N�ÑkÃ�é«.

e¡Äk0��eäki@(��AÛé�.
J ⊆ Rn �SÜ���k.48, {Nk : k = 1, 2, · · · } �����êS�£eÃAO`

²,ob½ Nk > 2¤,
é n ∈ N, P Σn = {σ = (σ(1), σ(2), · · · , σ(n)) : 1 6 σ(j) 6 Nj , 1 6 j 6 n}, = Σn ��

Ý� n �c��N. Σ0 =�¹�c ∅, - Σ =
∞∪

n=0
Σn, ΣN = {σ = (σ(1), σ(2), · · · ), σ(k) ∈

{1, 2, · · · , Nk}}. é σ ∈ Σn , ^ |σ| L« σ ��Ý. ~X, e σ = (σ(1), σ(2), · · · , σ(n)), K
|σ| = n. d	, é σ ∈ ΣN, k ∈ N, P σ|k = (σ(1)σ(2) · · ·σ(k)).

Rn �f8x F = {Jσ : σ ∈ Σ} ÷v
(1) J1, J2, · · · , JN1 � J �4f8�é?¿ i 6= j, int(Ji)

∩
int(Jj) = φ; é?¿ k > 1 9

?¿ σ ∈ Σk, Jσ∗1, · · · , Jσ∗Nk+1 � Jσ �f8, �é?¿� i 6= j, int(Jσ∗i)
∩

int(Jσ∗j) = φ. ù
p σ ∗ j := (σ(1), · · · , σ(k), j) (e σ = (σ(1), · · · , σ(k))) � σ � j �ë�;

(2) lim
k→∞

max
σ∈Σk

|Jσ| = 0, Ù¥ | · | L«8Ü��».

� k > 1 �, - Ek =
∪

σ∈Σk,

Jσ , 9 K = (
∞∩

k=1

Ek)
∩

J , K K ���k.48.

K = K(J, {Nk}, F) ¡�÷v (J, {Nk}, F)�4�8, P M = M(J, {Nk}, F) �÷v
(J, {Nk}, F) �4�8�8Üa. � K ∈ M , AO/, e K é?¿ i 6= j , ?¿ σ ∈ Σ, k
Jσ∗i

∩
Jσ∗j

∩
K = φ , K·�¡ K äki@(�. 'X~��÷vr©l^��g�q8,

#K8Òäki@(�. 'u#K8�½Â, �'5�9Ù(J§Öö�ë�©z [2] ±9
Ù¥¤�Þ�ë�©z"

e©eØAÏ`², K Ò´äki@(��AÛé�.
é σ ∈ Σ, P Kσ = Jσ

∩
K ¿¡ Kσ �1 |σ| ��¤8Ü, ¿�Ö¿½Â K �1 0 ��

¤8Ü. u´�3 ΣN � K þ���g,N� Π , Ù½Â� σ →
∞∩

m=1
Jσ|m. é x ∈ K, ¡÷v

Π(σ) = x � σ ∈ ΣN � x ∈ K ��� �è. w, Π ´��N�, � K �z����k�=
k�� �è. � x, y � K �ü�ØÓ��, σ, τ ©O�§�� (��)  �è, -

n(x, y) = min{k : σ(k) 6= τ(k), k > 1} − 1, (1)

= n(x, y) L«���?Ó��¹: x � y ��¤8Ü��ê.
� h ∈ H0 ��j¼ê, (X, ρ) ���©Ýþ�m. é F ⊆ X, s > 0 9 δ > 0, -

Hh
δ (F ) = inf

{ ∞∑
i=1

h(|Ui|ρ) :
∞∪

i=1

Ui ⊇ F, |Ui|ρ 6 δ, Ui ⊆ X

}
,
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d?^ | · |ρ L«3Ýþ ρ e8Ü��». 8Ü F 'uj¼ê h � Hausdorff ÿÝ½Â�

H h(F ) = lim
δ→0

H h
δ (F ). (2)

N´wÑ, XJj¼ê� h(t) = ts, K H h(F ) =� s � Hausdorff ÿÝ¿P� Hs(F ), �A�
Hausdorff �ê½Â�

dimH F = inf{s : Hs(F ) = 0} = sup{s : Hs(F ) = ∞}.

Ó�/, é��Ýþ�m¥�8Ü�±� Rn ¥aq/½ÂÝ�ê!W¿ÿÝ�W¿�ê.
��Ö�Bå�, ò3©¥·��/��Ñ§��½Â.

1 Ì�(J

du8Ü K äkéÐ�AÛi@(�, |^ù�(�A:¿(Ü�½�j¼ê3
K þïá��Ýþ. du?Û��ëYj¼ê3 [0,∞) þ�����k±en«�/:
[0,m), [0,m], [0,∞).e¡Äk?Ø����´ [0,m] ��/.

ÚÚÚnnn 1 � h(t) ´���½�ëY�j¼ê, Ù����´ [0,m] §ê� {tn}÷v^�
h(tn) = m(N1N2 · · ·Nn)−1 , n > 1;h(t0) = 2m

N1
, 3 K þ½Â����¼ê ρ,

ρ(x, y) =

{
tn(x,y), x 6= y,

0, x = y.

d? n(x, y) d (1) ª�Ñ. K ρ ´ K þ���Ýþ,� (K, ρ) �´.

yyy²²² �y ρ ´ K þ���Ýþ, �Ly²é?¿ x, y, z ∈ K k ρ(x, y) 6 ρ(z, y) +
ρ(x, z) ¤á, =y² tn(x,y) 6 tn(z,y) + tn(x,z). 5¿�ê� {tn}î�üNeüªu 0, ��
n(x, y) > n(z, y) ½ n(x, y) > n(x, z) �, þãØ�ªw,¤á. e¡y² n(x, y) < n(z, y) �
n(x, y) < n(x, z) ��/Ø¬u). Ø�b� n(x, y) < n(z, y) 6 n(x, z). duÓ���ØÓ�
¤8Ü´pØ���, �^� n(x, z) > n(z, y) %ºX: x, y á3,� n(z, y) ��¤8Ü¥.
l n(x, y) > n(z, y), ù�b�gñ.

¯¢þ, � d �Ï~�î¼Ýþ, du (K, d) � (K, ρ) �ð�N�, �±�ì©z [1] ¥
�y²�Ñ (K, d), (K, ρ) ´ÿÀ���. du (K, d) ´��;Ýþ�m, � (K, ρ) �´;Ý
þ�m.

½½½nnn 1 � K ⊆ Rn �þ!¤£ã�äki@(��AÛé�. éu�½�ëYj¼ê
h(t), � ρ dÚn 1 ¤½Â§Kk H h(K) = m.

yyy²²² ky² H h(K) 6 m. é?¿ δ > 0( Ø�� δ < t0), � k ¦� tk < δ, K�
N k ���¤8Ü {Kσ : σ ∈ Σk}� K ���g,CX. 5¿� |Kσ|ρ = tk, σ ∈ Σk, ¤±
Hh

δ (K) 6 N1N2 · · ·Nkh(tk) = m, =� Hh(K) 6 m.

Ùgy²µ H h(K) > m. é?¿ K �k� δ mCX {U1, . . . , U`}, � |Ui|ρ = tni , 1 6
i 6 `. Ø�b� n` = max

16i6`
ni. -

Ui = {Kσ : Kσ ∩ Ui 6= ∅, σ ∈ Σn`
}, 1 6 i 6 `.
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K
∪̀
i=1

∪
Kσ∈Ui

Kσ = K, u´

∑̀
i=1

∑
Kσ∈Ui

h(|Kσ|ρ) >
∑

σ∈Σn`

h(|Kσ|ρ) = m.

,��¡, h(|Ui|ρ) >
∑

Kσ∈Ui

h(|Kσ|ρ), l� H h
δ (K) > m.

555 �j¼ê�����´ [0,m) �§3Ún 1 ¥�±- h(tn) = m
2 (N1N2 · · ·Nn)−1 ,

n > 1;h(t0) = m
N1

;
�j¼ê�����´ [0,∞) �§3Ún 1 ¥�±- h(tn) = (N1N2 · · ·Nn)−1 , n >

1;h(t0) = 2
N1

. éu±þü«�/§�A�½n 1 E,¤á§��öéA�Íd�ÅÿÝ
´ 1. ~��Íd�ÅÿÝ½Â¥j¼ê´ h(t) = ts ,d½n 1 ØJ�Ñ±e(Ø.

½½½nnn 2 � K ⊆ Rn �þ!¤£ã�äki@(��AÛé�, @oéu?¿ 0 < s <

+∞ , � ρ EUÚn 1 ¤½Â(Ù¥ m = 1 ), Kk H s(K) = 1 � dimH K = s ¤á.
dug�q8�´äki@(��AÛé�, ¤±l½n 2 ØJ�Ñ±e(Øµ
íííØØØ 1 K ´ Rn ¥÷vr©l^��g�q8, @oé?¿ 0 < s < +∞, �±�E

��3 K þ�Ýþ, 3ù�#�Ýþ�m (K, ρ) ¥, k H s(K) = 1 � dimH K = s ¤á.
�EÐ3 K þ�Ýþ (K, ρ) �, ·�éäki@(��AÛé��Ù¦�ê�?1


ïÄ, �Ñ
±e(Ø.
dimP K = dimB K = dimH K.

Äk�Ñ�
PÒÚeZÚnµ3��Ýþ�m (X, ρ) ¥, XJ F´��;8,P

B(x, r) = {y : ρ(x, y) < r}.

Nr(F ) = min{k : F ⊆
k∪

i=1

B(xi, r), xi ∈ X}.

N(r, F ) = max{n ∈ N : B(xi, r)
∩

B(xj , r) = φ, i 6= j;xi ∈ F, xj ∈ F, i, j = 1, 2, · · · , n}.

½½½ÂÂÂ 1 F ⊆ X ´��;8, F �þ, eÝ�ê©O½Â�

dimBF = lim sup
r→0

log Nr(F )
− log r

, dimBF = lim inf
r→0

log Nr(F )
− log r

.

F �Ý�êdeª½Â

dimB F = lim
r→0

log Nr(F )
− log r

£XJ4��3¤.
½½½ÂÂÂ 2 F ⊆ X ´��;8, P Bi = B(xi, ri). -

P s
δ (F ) = sup

{∑
i

|Bi|s : xi ∈ F, ri 6 δ, i = 1, 2, · · · ;Bi ∩ Bj = φ, i 6= j
}

.

Ù¥þ(.´é F �¤kpØ����»Ø�L δ �m¥��, |Bi| ´¥ Bi ��». -

P s
0 (F ) = lim

δ→0
P s

δ (F ), P s(F ) = inf
{∑

P s
0 (Fi) : F ⊆

∞∪
i=1

Fi

}
.
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Ù¥e(.´é F �¤k�êCX��. éu�½� F ⊆ X , �3�.� s0 , ¦�

P s(F ) =

{
∞, s < s0;
0, s > s0.

u´W¿�ê½Â�

dimP F = inf{s : P s(F ) = 0} = sup{s : P s(F ) = ∞}.

ÚÚÚnnn 2 3��Ýþ�m (X, ρ) ¥, éu;8 F , eª¤áµ

N2r(F ) 6 N(r, F ) 6 N r
2
(F ), r > 0.

yyy²²² - B1, B2, · · · , BN(r,F ) �¥%3 F , �»� r �pØ���m¥. XJ x áu F

, K x ��� Bi ¥���¥�ål�u r , ÄK�±r± x�¥%, �»� r �¥\?�,
l|¤�õ�Ø��¥. ù�, N(r, F ) �� Bi Ó%, ��»� 2r �¥CX F , ¤±k
N2r(F ) 6 N(r, F ) ¤á. ,��¡, � B

′

1, B
′

2, · · · , B
′

k ����»� r
2 �CX F �m¥, du

B
′

1, B
′

2, · · · , B
′

k 7,CX Bi �¥%, ¤±z� Bi ¹k,� B
′

j , qÏ� B1, B2, · · · , BN(r,F ) ü
üØ�, B

′

j ��ê�½Ø�u Bi ��ê, Ïdk N(r, F ) 6 N r
2
(F ) ¤á.

íííØØØ 2 ½Â 1 ¥� Nr(F ) �±^ N(r, F ) �O.
ÚÚÚnnn 3 3��Ýþ�m (X, ρ) ¥, F ⊆ X ´��;8, K dimH F 6 dimBF 6 dimBF .
yyy²²² � s < dimH F , du lim

δ→0
H s

δ (F ) = H s(F ) = ∞ , ¤±� δ ¿©�, kH s
δ (F ) > 1

¤á. � F � N δ
2
(F ) ��»� δ

2 �¥CX, ¤±k

N δ
2
(F )δs >

N δ
2
(F )∑

i=1

|Bi|s > 1

¤á, é§�éêk log N δ
2
(F ) + s log δ > 0. ¤±

s 6 lim inf
δ→0

log N δ
2
(F )

− log δ
2 − log 2

= dimBF.

¤±k dimH F 6 dimBF 6 dimBF .
ÚÚÚnnn 4 3��Ýþ�m (X, ρ) ¥, F ⊆ X´��;8§K dimP F 6 dimBF .
yyy²²² À½?¿ t Ú s ¦� t < s < dimP F , K P s(F ) = ∞, ¤± P s

0 (F ) = ∞ , u´é

u�½ 0 < δ < 1 , �3�»��� δ ¥%3 Fþ�pØ��¥x Bi ¦ 1 6
∞∑

i=1

|Bi|s . �é

z�� k, k nk �ù��¥÷vµ 2−k−1 < |Bi| 6 2−k K 1 <
∞∑

k=0

nk2−ks , 7½�3 k ÷v

nk > 2kt(1 − 2t−s) . ÄK, �A�AÛ?ê¦Ú�ª 1 <
∞∑

k=0

nk2−ks gñ. ù nk �¥Ñ�¹

k��¥%3 F þ, �»� 2−k−2 6 δ �¥, Ïd

N(2−k−2, F )(2−k−2)t > nk(2−k−2)t > 2−2t(1 − 2t−s).

l lim infδ→0 N(δ, F )δt > 0, u´ dimBF > t , ¤± dimP F 6 dimBF .
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½½½nnn 3 � K ⊆ Rn�þ!¤£ã�äki@(��AÛé�� sup{Nk} < ∞, é?¿
0 < s < +∞, K3#Ýþ�m (K, ρ) ¥, k dimP K = dimB K = dimH K = s.

yyy²²² �ìÚn 1 ¥½ÂÝþ��{, - h(tn) = (N1N2 · · ·Nn)−1 , n > 1;h(t0) = 2
N1

.K
dÚn 1�±�� ρ ´ K þ�Ýþ. d½n 2�±�Ñ dimH K = s. Äky²3 (K, ρ) ¥
k dimH K 6 dimP K ¤á. ?¿�½ s > dimP K , K P s(K) = 0 d P s(K) �½Âª�±
���3��8Ü Fi , ¦� K ⊆

∪
Fi , �é?¿ i , P s

0 (Fi) < ∞. �½ i, � δ ¿©��k
P s

δ (Fi) < ∞ , Ø�� P s
0 (Fi) 6 M , u´é N(δ, Fi) �¥%3 Fiþ, �»� δ �pØ���m

¥ Bi , k N(δ, Fi)|Bi|s 6 M . P Bi = B(xi, δ), xi ∈ Fi ⊆ K, Ø�� tn < δ 6 tn−1 , xi ∈ Kσ,
Ù¥ |σ| = n, u´k

Bi = {y : ρ(xi, y) < δ, y ∈ K}
= {y : ρ(xi, y) 6 tn, y ∈ K}
= Kσ.

¤±k |Bi|ρ = |Kσ|ρ = tn = tn−1N
− 1

s
n > δN

− 1
s

n , N(δ, Fi)δsN−1
n 6 N(δ, Fi)|Bi|s 6 M .

[N(δ, Fi)δs 6 MNn. qdu sup{Nk} < ∞, ¤± dimBFi 6 s, d Hausdorff �ê�üN5�
�ê½59Ún 3 ��

dimH K 6 dimH

∪
Fi = supdimH Fi 6 sup dimBFi 6 s.

¤±k dimH K 6 dimP K.

Ùgy²3 (K, ρ) ¥k dimB K 6 dimH K ¤á. Ø�-tn < δ 6 tn−1, {Bi : 1 6 i 6
N(δ,K)} ´¥%3 Kþ, �»� δ ��xpØ��m¥, é K �¤W¿. d�½nþãy²
L§��µéz� Bi , �3 σ(|σ| = n), ¦� Bi = Kσ , ¿�w,k N(δ,K) = N1N2 · · ·Nn ,
u´k

dimBK = lim sup
δ→0

log N(δ,K)
− log δ

6 lim sup
n→∞

log N1N2 · · ·Nn

− log(N1N2 · · ·Nn)−
1
s

= s.

dÚn 4 9�½n�c¡üÜ©�±��

dimP K = dimB K = dimH K = s.

ÚÚÚnnn 5[3] éug�q8 K, e K1,K2, · · · ,KN ´r©l�, Kk dimH K = dimS K =

α. , Ù¥ dimS K = α ´ K �g�q�ê, ÷vµ
N∑

i=1

(ri)α = 1.

½½½nnn 4 K ´3 fi(i = 1, 2, · · · , N) û½e� Rn ¥�÷vr©l^��g�q8,
é?¿ 0 < s < +∞, �±�E��#�Ýþ�m, 3#Ýþ�m (K, ρ) ¥, K E,´
fi, i = 1, 2, · · · , N û½e�g�q8, ¿� dimP K = dimB K = dimH K = dimS K = s.

yyy²²² Äky² K ´3 fi, i = 1, 2, · · · , N e�g�q8. - tsn = N−(n+1), KdÚ
n 1 �±�� ρ ´ K þ�Ýþ. � x 6= y , XJ n(x, y) = k, @o n(fi(x), fi(y)) = k + 1 , ¤
±XJ ρ(x, y) = tn, @o ρ(fi(x), fi(y)) = tn+1, u´k

ρ(fi(x), fi(y))
ρ(x, y)

=
tn+1

tn
=

N
−(n+2)

s

N
−(n+1)

s

= N− 1
s .

¤± fi, i = 1, 2, · · · , N Ñ´± ri = N− 1
s �Ø Xê��qØ N�. du (Rn, d) ´���

(e=1 103 �)
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m, ¤± (K, d) ´��Ýþ�m. du (K, d), (K, ρ) �ÿÀ��5, ¤± (K, ρ) �´�
�Ýþ�m. ¤±3��Ýþ�m (K, ρ) ¥, fi, i = 1, 2, · · ·N û½����;8, du

K =
N∪

i=1

fi(K) , ¤± KÓ�¤�
 (K, ρ) ¥d fi, i = 1, 2, · · ·N û½�����;8, ¿�

÷vr©l^�, u´dÚn 5 �±�� dimH K = dimS K , l
N∑

i=1

(ri)α = 1 �±)Ñ

dimS K = s. d½n 3 9�½n¥c¡y²�(J�±��,

dimP K = dimB K = dimH K = dimS K = s.
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