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Crossing number of simultaneous embedding of two planar graphs
with restriction
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Abstract: Consider a red planar graph and a green planar graph simutaneously 2-cell
embedded on a surface. With some restriction, a red edge can cross a green edge. This
paper studied the minimum number of these red-green crosses by using technique of integer
programming, and some results are obtained.
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el G = (V,E). FHfegimeghii S b, 845304 Jordan #iZk (BRI [ 5 ARSI E
ZENLR), G AT PR AL IR T vl e i s AMYAAHAL, H G — S RAN 3 3 R T —A
TFEEL, WIFRKE G 7T 2-RaRsEr N#IE S. 7R G — S BN 30h G A8 S B, i f i R
WCHhOf K fi 5 f; 1A, WR Of; nOf; # ¢ (i # §). - G ] 2-JIEHR A1, WFR G & a]
FEE. AR E, BUE—AN P KL IF Hg T e —A k.

EWAE G F Gy — DGR, T3 — AN Gk . P [ 2- i st N it S i
AL R AN SRS . A5 A0 L S5 SR A A (RIS BRI THT (3 FEAR AL ), FRATTRR I AT 1)

HRZXE, WA Cr(Gy, Ga).

PR BRI 2- B s RN T T S B 7= A= 1R A8 SO n) R g 56 LT SCHR [2,3]. Archdeacon £
Bonnington iEW] T4 Gy Fl Gy [N 2-HU IR A 5 B, Or(G1, Ge) = dw(G1)dw(Gy),
o dw(G) A G WIXHESESE. S. Negamil® $i7H 4 Gy Fl Go [FI 2- Wi ik NAET4% 0 g (11 14]
i B, COr(Gh, G2) < 498(G1)B(G2), JeH' B(G) 1 G 1) Betti 3.

5 I Gy AT G SR 2- RIS R AT, 3530 Gy EIE G B —ANE A,
13 Cr(G1, G2) = 0. A3C0Hgds BREIZSAEI) Gy F Gy RIS RN IR AS L.

(1) Gy HFE Gy 2 AN N ECE Go HIAE Gy 12 AN 1A B 7= A2 1 A8 S Hid A
Cr3(G1V Ga),

(2) G HITE Go (W 2 AN H. Go EI7E Gy 1 2 AN B = AR I AS G R Cr3 (G N\ Go).

(3) Gy HI{E Gy B9 3 /MW H. Gy HITE Gy 19 2 NN EE G BITE Gy [ 3 AN H Gy
H{E Go 1] 2 AN I 7= A2 A A Cr3(Gr V Ga).

1 &4 X

SR G = (V,E). XV INFEESH T, H [S,T] Xm—"Mi fAE S, 55— N iiAe T
HRTHIARIEES. Id da(S,T) = [[S, T)|. #eulth, 25 T =V \ S, da(S,T) fiich da(S).

G MBBEFRIE N [S, 8 B E ¥4 i S BV NI T4, HS =V \S. —h
k-1ARETRAT kAT R E.

Sy, # G BRI H By & G I ANAE] W G — By AR

KRR EBE 2 G T kLB 5N ke MG). W

o min{|E1|}7 %G#Kl,
A(G){ 0, 17 G =K.

KX G MTEILEIE By B/,
HINFE By A | B = MG, WK By s/ NaFEIEE. BA 1A XRS5 18
5131 # By 2%l G N LESE W G - By R WATEL
ENTHMAOEF, 2 Ay F o 2544 P Gy F Gy 1% .
EIE 1 HEWMFHE G, Go. Gy HIE Gy PN N L Gy W7E Gy PN, W

Cr3(G1\/ G2) = min{A;, A2}

MERR BRI EAL L, TAT1SELS Gy EITE Go PN P B — ol 2.
W V(G1) = ViU Vo, ViNVa = ¢ BTSSR Vi BITE Gy (I—ANH £ o, TRV Vo 7R f
AHEBHIT fo 9. WKl 1 o,
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KMEEY, G1 5 Gy A SRR A

da, (V1), Pk

CTQ(Gl \/ Gg) min dG1 (Vl) = /\1
FAehHh, Ay

CTQ(Gl \/ Gg) IIllIldG2 (Vl) = /\2 e ; A
Wi K1 G mETE Gy MIPANI

Fig.1 Embedding G, into two f IXel
Cr3(G1\ G2) < min{\{, A2} 18 mbedding G into two faces of G

i Cr3(G1\V Ga) < min{Ay, Ao}, WA N AT — Bl V%, 43 do, (V) < A B
da, (Vi) < Xo. IXIEAHTHER.
EE2 LEWATIIE G, Go. Gy HIFE Gy FIPIANTHN H. Gy BIFE Gy FIPANTEIA, )

Cr3(Gy \Ga2) = M+ X2 — 2.

WERR Gy EIE Gy PN H G EI7E Gy PN, @il 2 Fros.

Kl 2 HI7E Go MPIANTTA H G2 HIE Gy IR ANTH P

Fig.2 Embedding G into two faces of G2 and G2 into two faces of G

Hhvi(G) =V uVE VinVE = ¢, (i = 1,2), do,(V!') = M, da,(V3) = Xo, @1 + 29 =
AL, Y1+ Y2 = A2, wi,y; €N, (1<4,5 < 2).
fﬁﬁ] /jé':':' G1 ]5 GQ E’]ﬁCy‘Jj/\iﬁldﬁ f($1,$2,y1,y2) = T1Y1 + T2Y2. %B/A
Cr3(Gy \ Go) WITHSCRT A ZS Rt B BRI ) 7
{min T1Yy1 + T2y2 1)
st. xi+za=A, y1+y2=A, x;,y; €N, (1<,5<2).

FEE WMoy =lzo=M—Lym=Xo—Ly=1,8Fz =X\ -Lo=1Ly =11 =
Ao — 1IN, fH5/AME Cr3 (G \ Ga) = Ay + Ao — 2. ABURTT I, id et ol .
A BOH AR, BIFLERAL. TR A > 2 Wz = myys = n, N
To = A —m, y1 = Ay —n, Hm,n 2DH—MAPNF 1LIXN, = f(m, A\ —m, Ao —n,n) =
m)\2+n)\1—2mn AgEm=2,n>1dg=f*—f"=m—-1Dl+(n—1)A\ —2(mn—1).
(1) n=11, g=(m—1s—2m—1) = (m—1)(As —1) > 0.
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(2) n=2B AN >m+1,2 >n+ 1.
g=(m-1)n+1)+n—-1)(m+1)—2(mn—-1)=2>0.

gi LATR, Gy Ei{E Gy WA A H G HI7E Gy PN I, 28 ECH Ay + Ao — 2.

ME G =(V,E),2V(G) =ViUVLUV VNV, =¢(i#4,1<ij<3), KA GMH—
Fi3-%19> 0 a = dg(Va, Vo), b= da(Vi, V3), ¢ = dg(Va, Vs). IBALE G (T 3-X14y v, 2b7F
E—NRIGY, 1S a4+ b+ c U BN, B NV (G) = a+ b+, FHRE N G EZDERBE.

Rk GG & —Fh 3K o, 1% a; = do,(Vi,Va), b = dg,(Vi,V3), ¢ =
da,(Va, Va) H Ny = a; 4 b + ¢; (i = 1,2). IR OLTHE.

512 XASTIE Gy Fl Ga, ™ ag, biyci (i = 1,2) AN 0 1,

Cr3(G\/ Gs) < min{[%)\ﬂ)\g, AJ%XZ }
IERR AW Gy HEAE G HI=ANITN H. Gy Il Gy BN N . BB Gy AE4E—Ff 3-

RGP WL a1 + by + 1 = N1 Gy H—DIR/ANIE S, 9] L da, (X) = Ao ARAEAZ X
S, BAGE AR 3 MR AT 3, wlEl 3 Frs.

Fig.3 Three drawings to embed (1 into three faces of G2 and G2 into two faces of G
HP gy +yo+ys =X, z14+a2=01, z,y; EN, (1<i<2,1<5<3).
X i (i = 1,2,3) MNMEE, A8 XOSANECh f;, WA

fi(z1, 22,91, 92,y3) = a1y + by + crys,
fo(zr, 22, y1,92,y3) = (a1 +x1)y1 + 22y2 + (c1 + 21)ys,
f3(x1, 22,91, 92,y3) = (a1 +x1)y1 + x2y2 + (a1 + 2 + ¢1)ys.

W Cr3(GyV G2) < min{f1, fo, f3}. HIHEEGHL

{min frr (k=1,2,3) (2)

st. zmi+za=b, yi+ytys=2X, z,y;, €N, (=12, ,7=1,23).

WA fre < [3N T2, (k =1,2,3). NI Gy BIFE Gy =AW H G B7E Gy FI# AN
PR, A BT B 5 TIN T,



%01 R A R S R TSI B LN N € 4 11

FAUHITIESS, Y Gy EFE Go =AM N H G EI7E Gy PN N B, A2 X B
A [%XQ] i, Cr2(G1\ G2) < min{ %/\ﬂ)\g, A1 [%)\'2}

M Gy, 5 oar, by, cr TH R0, AWK ¢y = 0. 5B Go, 7 ao, ba,co FH A0, 1
AWt ey = 0.

I 3 AT G H1 Go, Yo =08FH =0 Hﬂ“,

1 1
Cr(Gr\/ G2) < min{M [ Aa], [N}

UERR B G HIZE Gy =N H Go WIZE Gy AN TN, B A ML Gy 74— 3-
K93, WAL ay + by = N, Go BN/l srE] [S, 8], i1 da, (S) = Xo. MRHEAZ AT X,
BV PR SIS, 36 6 Pk A 720, WL i (i = 1,...,6), WK 4-5 iR,

15 1.

N
\\y 3

\
\ S J

.

K4 Gy G =AW H Go BIAE Gy BIWAN T A =i 2
Fig.4 Three drawings to embed (G into three faces of G2 and G2 into two faces of G1
Kb oy +ao=ai, yi+tytys=X, zi,y €N, (i=12,j=123).
W 0 (i = 1,2,3), I8 EANECh fi, H

fi(w1,22,91,92,93) = 1y + T2y + (z2 + b1)ys,
fo(x1, 22,91, 92,y3) = x1y1 + x2y2 + (1 + b1)ys,
fa(zr, 2, y1,92,y3) = (14 b1)yr + z2y2 + (z2 + b1)ys.

RERM, A f3> fi. W Cr3(G1V Ga) < minf fi, fo}. HAEHGNRI

{min e, (k=1,2) 3)

s.t. 1 +x2:a1, Y1 +y2+y3:>\27 :E27y]€N7 (1:17275j:15273)

T IE 2.

5 Gi HETE Gy =MW H Go EITE Gy WA P = P2
Fig.5 Three drawings to embed G into three faces of G2 and G2 into two faces of G
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Hf o +zo=ar, a3 +2a=b1, y1+ya+ys =X, 5,y; €N, (1<i<4,1<5<3).
P 0 (i = 4,5,6), 838 XSANECH £, I

fa(xr, w2, 23, 24,91, y2,y3) = (1 +24)y1 + (2 + 24)y2 + (2 + 23)ys,
fo(zr, 2, 23, 24,91, Y2,¥3) = (1 +z0)h + (2 +23)y2 + (21 + 23)ys,
Je(x1, 22,23, a4, Y1, 92,y3) = (X1 +24)y1 + (T2 + 24)y2 + (2 + b1)ys3

*/P?'EJ%HZI' fe6 > fa. )HU CT3(G1 \/ Gz) mln{f47 fs} EEI*&Z@HJJ&'J

S.t.dl‘l+$2:a/1, .’L'3+.’L'4:b1, y1+y2+y3:A2a Iiayj€N7 (22172aa.]:15273)
B fe < (TEMNT+ Do, (k=4,5). B, 24 Gy WTE Gy =AW H. Gy HI7E Gy PN
I, A .
Cr3(Gy \/G2) < (f§)\/1] + 1) As.

BTG LM 250, Cr3(G1V G2) < X [iX].
KA OTUESS, 2 Gy EAE Go M =ANN H Go HIFE Gy PN I, A
Cr3(G\/ Ga) < 1 AN
.JH: 07‘3(01 \/Gg) mln{)\’ [2A2] |— 1-|)\ }
H 51 4 FI5 |2 5 | FRATIAGH:
EE3 HEWATIE Gy Ml Gy, ™ Gy HITE G =AM B G BITE Gy /N
W, B Gy IIE Gy (=T W H Gy IFE Gy FIPANT I,

Cr3(G1\/ Ga) mm{)\[ 21, ( ALY

B % X W#
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