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Abstract: Consider a red planar graph and a green planar graph simutaneously 2-cell

embedded on a surface. With some restriction, a red edge can cross a green edge. This

paper studied the minimum number of these red-green crosses by using technique of integer

programming, and some results are obtained.
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�½ã G = (V,E). eÙU�x3­¡ S þ, z^>� Jordan ­� (=g�Ø���ë
Y­�), G �?Ûü^>Ø
�Ukú�à:	þØ��, � G − S �z�©|Ó�u��
m��, K¡ã G � 2-�ni\­¡ S. ¡ G − S �z�©|� G 3 S þ�¡, ¡ f �>.
P� ∂f . ¡ fi � fj ��, XJ ∂fi ∩ ∂fj 6= φ (i 6= j). eã G � 2-�ni\²¡, K¡ G ´�
²¡ã. �©¥J��²¡ã, =´���²¡ã, ¿��Ñ
§���x{.

rü�ã G1 Ú G2 ��/¤ùÚ, ,��/¤ÉÚ. ü�ãÓ� 2-�ni\­¡ S �,
ÓÚ�>Ø¬��. eùÚ�>�ÉÚ�>�� (=ü�ã�¡�>.��), ·�¡ù��
�:���:. rü�ãÓ� 2-�ni\­¡ S, 3¤k�i\�ª¥��:����ê¡
���ê, P� Cr(G1, G2).

ü�ãÓ� 2-�ni\­¡ S ¤�)���ê¯K�k�u©z [2,3]. Archdeacon Ú
Bonnington[2] y²
� G1 Ú G2 Ó� 2-�ni\�K²¡�, Cr(G1, G2) = dw(G1)dw(G2),
Ù¥ dw(G) � G �éó°Ý. S. Negami[3] �Ñ� G1 Ú G2 Ó� 2-�ni\3º�� g �4
­¡þ�, Cr(G1, G2) 6 4gβ(G1)β(G2), Ù¥ β(G) � G � Betti ê.

�½ü�²¡ã G1 Ú G2. §�Ó� 2-�ni\²¡�, er G1 x3 G2 ���¡S,
� Cr(G1, G2) = 0. �©?Ø���^�� G1 Ú G2 Ó�i\²¡���ê.

(1) G1 x 3 G2 � 2 � ¡ S ½ ö G2 x 3 G1 � 2 � ¡ S � � ) � � � ê P �
Cr2

2(G1

∨
G2),

(2) G1 x3 G2 � 2 �¡S� G2 x3 G1 � 2 �¡S��)���êP� Cr2
2(G1

∧
G2).

(3) G1 x3 G2 � 3 �¡S� G2 x3 G1 � 2 �¡S½ö G2 x3 G1 � 3 �¡S� G1

x3 G2 � 2 �¡S��)���êP� Cr2
3(G1

∨
G2).

1 Ì�(J

�½ã G = (V,E). é V �f8 S Ú T , ^ [S, T ] L«��à:3 S ¥, ,��à:3 T

¥�¤k>�8Ü. P dG(S, T ) = |[S, T ]|. AO/, e T = V \ S, dG(S, T ) {P� dG(S).
G �>�´�/� [S, S′] � E �f8. Ù¥ S ´ V ���ýf8, � S′ = V \ S. ��

k->�´�k k ����>�.
´�, e G ��k�^>� E1 ´ G ���>�, K G − E1 ØëÏ..
ã�>ëÏÝ´ G �¤k k >�¥��� k, P� λ(G). Kk

λ(G) =

{
min{|E1|}, e G 6= K1;

0, e G = K1.

ùpé G �¤k>�8 E1 ���.
e>�8 E1, ¦ |E1| = λ(G), K¡ E1 ���>�8. ·�kù��(Ø:
Ún 1 e E1 ´ëÏã G ���>�8, K G − E1 Tkü�fã.
3e¡�Qã¥, P λ1 Ú λ2 ©O��½²¡ã G1 Ú G2 �>ëÏÝ.
½n 1 �½ü�²¡ã G1, G2. G1 x3 G2 �ü�¡S½ G2 x3 G1 �ü�¡S, K

Cr2
2(G1

∨
G2) = min{λ1, λ2}.

y² �Qã�Bå�, ·�k�Ñ G1 x3 G2 �ü�¡S��«x{.
� V (G1) = V1 ∪ V2, V1 ∩ V2 = φ. rº:8 V1 x3 G2 ���¡ f1 ¥, º:8 V2 x3� f1

���¡ f2 S. Xã 1 ¤«.



1 1 Ï ©d#, �: ���^��ü�²¡ãÓ�i\���ê 9

ù«x{¥, G1 � G2 ���:�ê=�
dG1(V1), Ïd

Cr2
2(G1

∨
G2) 6 min dG1(V1) = λ1.

aq/, �k
Cr2

2(G1

∨
G2) 6 min dG2(V1) = λ2.

l

Cr2

2(G1

∨
G2) 6 min{λ1, λ2}.

µ´¶³

µ´¶³
V1

V2

f1

f2

ã 1 G1 x3 G2 �ü�¡S

Fig.1 Embedding G1 into two faces of G2

e Cr2
2(G1

∨
G2) < min{λ1, λ2}, @ o A k � « x {, ¦ � dG1(V

∗
1 ) < λ1 ½ ö

dG2(V
∗
1 ) < λ2. ù´Ø�U�.

½n 2 �½ü�²¡ã G1, G2. G1 x3 G2 �ü�¡S� G2 x3 G1 �ü�¡S, K

Cr2
2(G1

∧
G2) = λ1 + λ2 − 2.

y² G1 x3 G2 �ü�¡S� G2 x3 G1 �ü�¡S, Xã 2 ¤«.

½¼
¾»

½¼
¾»±°²¯

±°²¯
V 1

1

V 2
1

V 1
2

V 2
2

x1 x2

y1
y2

ã 2 G1 x3 G2 �ü�¡S� G2 x3 G1 �ü�¡S

Fig.2 Embedding G1 into two faces of G2 and G2 into two faces of G1

Ù¥ V (Gi) = V 1
i ∪ V 2

i , V 1
i ∩ V 2

i = φ, (i = 1, 2), dG1(V
1
1 ) = λ1, dG2(V

1
2 ) = λ2, x1 + x2 =

λ1, y1 + y2 = λ2, xi, yj ∈ N, (1 6 i, j 6 2).

3 ù « x { ¥, G1 � G2 � � � : � ê P � f(x1, x2, y1, y2) = x1y1 + x2y2. @ o
Cr2

2(G1

∧
G2) �O��8(�Xe�ê5y¯Kµmin x1y1 + x2y2

s.t. x1 + x2 = λ1, y1 + y2 = λ2, xi, yj ∈ N, (1 6 i, j 6 2).
(1)

¯¢þ, � x1 = 1, x2 = λ1 − 1, y1 = λ2 − 1, y2 = 1, ½ö x1 = λ1 − 1, x2 = 1, y1 = 1, y2 =
λ2 − 1 �, ���� Cr2

2(G1

∧
G2) = λ1 + λ2 − 2. �Qã�Bå�, Pd�� f∗.

e λ1, λ2 ��k��� 2, ´y(Ø¤á. e� λ1, λ2 > 2. � x1 = m, y2 = n, K
x2 = λ1 −m, y1 = λ2 − n, � m,n ��k��Ø�u 1. ù�, f∗∗ = f(m,λ1 −m,λ2 − n, n) =
mλ2 + nλ1 − 2mn. Ø�� m > 2, n > 1. P g = f∗∗ − f∗ = (m− 1)λ2 + (n− 1)λ1 − 2(mn− 1).

(1) n = 1 �, g = (m − 1)λ2 − 2(m − 1) = (m − 1)(λ2 − 1) > 0.
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(2) n > 2 �, λ1 > m + 1, λ2 > n + 1. ¤±

g > (m − 1)(n + 1) + (n − 1)(m + 1) − 2(mn − 1) = 2 > 0.

nþ¤ã, G1 x3 G2 �ü�¡S� G2 x3 G1 �ü�¡S�, ��ê� λ1 + λ2 − 2.

éã G = (V,E), - V (G) = V1 ∪ V2 ∪ V3, Vi ∩ Vj = φ (i 6= j, 1 6 i, j 6 3), ¡� G ��
«3-y©.P a = dG(V1, V2), b = dG(V1, V3), c = dG(V2, V3). @o3 G �¤k 3-y©¥, 7�
3��y©, ¦� a + b + c ����. d�P λ′(G) = a + b + c, ¿¡§� G �1�>ëÏÝ.

b � G1Ú G2® ² k � « 3-y ©, ¦ � ai = dGi(V1, V2), bi = dGi(V1, V3), ci =
dGi(V2, V3) � λ′

i = ai + bi + ci (i = 1, 2). e¡©ü«�¹?Ø.

Ún 2 éü�²¡ã G1 Ú G2, � ai, bi, ci (i = 1, 2) �Ø� 0 �,

Cr2
3

(
G1

∨
G2

)
6 min

{
d1
3
λ′

1eλ2, λ1d
1
3
λ′

2e
}

.

y² Ø�� G1 x3 G2 �n�¡S� G2 x3 G1 �ü�¡S. d� G1 �3�« 3-
y©, ÷v a1 + b1 + c1 = λ′

1. G2 k����>� [S, S′] , ÷v dG2(X) = λ2. �â��ê�
½Â, ·��ÑXe 3 «i\�ª, Xã 3 ¤«.
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Fig. 3 Three drawings to embed G1 into three faces of G2 and G2 into two faces of G1

Ù¥ y1 + y2 + y3 = λ2, x1 + x2 = b1, xi, yj ∈ N, (1 6 i 6 2, 1 6 j 6 3).

é1 i (i = 1, 2, 3) �x{, P��:�ê� fi, Kk

f1(x1, x2, y1, y2, y3) = a1y1 + b1y2 + c1y3,

f2(x1, x2, y1, y2, y3) = (a1 + x1)y1 + x2y2 + (c1 + x1)y3,

f3(x1, x2, y1, y2, y3) = (a1 + x1)y1 + x2y2 + (a1 + x2 + c1)y3.

K Cr2
3(G1

∨
G2) 6 min{f1, f2, f3}. d�ê5ymin fk, (k = 1, 2, 3)

s.t. x1 + x2 = b1, y1 + y2 + y3 = λ2, xi, yj ∈ N, (i = 1, 2, , j = 1, 2, 3).
(2)

@o fk 6 d 1
3λ′

1eλ2, (k = 1, 2, 3). l
� G1 x3 G2 �n�¡S� G2 x3 G1 �ü�¡
S�, Ù��êkþ. d 1

3λ′
1eλ2.
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aq/�y�, � G1 x3 G2 �n�¡S� G2 x3 G1 �ü�¡S�, ��êþ.�
λ1d 1

3λ′
2e. Ïd, Cr2

3(G1

∨
G2) 6 min{d 1

3λ′
1eλ2, λ1d 1

3λ′
2}.

éã G1, e a1, b1, c1 ¥k��� 0, Ø�� c1 = 0. éã G2, e a2, b2, c2 ¥k��� 0, �
Ø�� c2 = 0.

Ún 3 éü�²¡ã G1 Ú G2, � c1 = 0 ½ö c2 = 0 �,

Cr2
3(G1

∨
G2) 6 min{λ′

1d
1
2
λ2e, d

1
2
λ1eλ′

2}.

y² � G1 x3 G2 �n�¡S� G2 x3 G1 �ü�¡S. @od� G1 �3�« 3-
y©, ÷v a1 + b1 = λ′

1. G2 k����>©� [S, S′], ¦� dG2(S) = λ2. �â��ê�½Â,
·�©ü«�¹?Ø, �k 6 «i\�ª, P�x{ i (i = 1, . . . , 6), Xã 4-5 ¤«.
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Fig. 4 Three drawings to embed G1 into three faces of G2 and G2 into two faces of G1

Ù¥ x1 + x2 = a1, y1 + y2 + y3 = λ2, xi, yj ∈ N, (i = 1, 2, , j = 1, 2, 3).
éx{ i (i = 1, 2, 3), P��:�ê� fi, k

f1(x1, x2, y1, y2, y3) = x1y1 + x2y2 + (x2 + b1)y3,

f2(x1, x2, y1, y2, y3) = x1y1 + x2y2 + (x1 + b1)y3,

f3(x1, x2, y1, y2, y3) = (x1 + b1)y1 + x2y2 + (x2 + b1)y3.

éw,/, k f3 > f1. K Cr2
3(G1

∨
G2) 6 min{f1, f2}. d�ê5ymin fk, (k = 1, 2)

s.t. x1 + x2 = a1, y1 + y2 + y3 = λ2, xi, yj ∈ N, (i = 1, 2, , j = 1, 2, 3).
(3)

= fk 6 λ′
1d 1

2λ2e, (k = 1, 2).
�/ 2.
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Fig. 5 Three drawings to embed G1 into three faces of G2 and G2 into two faces of G1
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Ù¥ x1 + x2 = a1, x3 + x4 = b1, y1 + y2 + y3 = λ2, xi, yj ∈ N, (1 6 i 6 4, 1 6 j 6 3).
éx{ i (i = 4, 5, 6), P��:�ê� fi, K

f4(x1, x2, x3, x4, y1, y2, y3) = (x1 + x4)y1 + (x2 + x4)y2 + (x2 + x3)y3,

f5(x1, x2, x3, x4, y1, y2, y3) = (x1 + x4)y1 + (x2 + x3)y2 + (x1 + x3)y3,

f6(x1, x2, x3, x4, y1, y2, y3) = (x1 + x4)y1 + (x2 + x4)y2 + (x2 + b1)y3.

N´wÑ, f6 > f4. K Cr2
3(G1

∨
G2) 6 min{f4, f5}. d�ê5ymin fk, (k = 4, 5)

s.t. dx1 + x2 = a1, x3 + x4 = b1, y1 + y2 + y3 = λ2, xi, yj ∈ N, (i = 1, 2, , j = 1, 2, 3).
(4)

= fk 6 (d 1
2λ′

1e + 1)λ2, (k = 4, 5). Ïd, � G1 x3 G2 �n�¡S� G2 x3 G1 �ü�¡S
�, k

Cr2
3(G1

∨
G2) 6 (d1

2
λ′

1e + 1)λ2.

d�/ 1 Ú 2 �, Cr2
3(G1

∨
G2) 6 λ′

1d 1
2λ2e.

aq/�y�, � G1 x3 G2 �n�¡S� G2 x3 G1 �ü�¡S�, �k

Cr2
3(G1

∨
G2) 6 d1

2
λ1eλ′

2.

Ïd, Cr2
3(G1

∨
G2) 6 min{λ′

1d 1
2λ2e, d 1

2λ1eλ′
2}.

dÚn 4 ÚÚn 5 , ·��Ñ:

½n 3 �½ü�²¡ã G1 Ú G2. � G1 x3 G2 �n�¡S� G2 x3 G1 �ü�¡
S, ½ö G2 x3 G1 �n�¡S� G1 x3 G2 �ü�¡S�,

Cr2
3(G1

∨
G2) 6 min{λ′

1d
1
2
λ2e, d

1
2
λ1eλ′

2}.
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