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Solutions to a linear wave equation with nonlinear

boundary conditions
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Abstract: This paper was concerned with a one-dimensional linear wave equation

associated with nonlinear boundary conditions. The unique local solution to the wave

equation was proved to exist. The result is that the nonlinearity at the boundary causes

a finite time blow up of the solution, even for small initial data. And the upper bound to

the blow up time is given in the paper.
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3©z[1-7]¥, e¡�aäk��5{ZÚ
��ÅÄ�§��[�ïÄL.

utt − ∆u + aut|ut|m−1 = bu|u|p−1, x ∈ Ω, t > 0,

u(x, t) = 0, x ∈ ∂Ω, t > 0,

u(x, t = 0) = u0(x), ut(x, t = 0) = u1(x), x ∈ Ω,

Ù¥ a, b > 0, p,m > 1,Ω ´ Rn(n > 1) þ�k.«�, ∂Ω ´§�1w>..
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äN/ù, 3�½�^�e, �±ïá)��Û�35Úy²)¬3k��mS�».
3©z[8, 9]¥, ïÄ
�a�kAÏ��5>�^���5ÅÄ�§, 3·��>�^

�ÚÐ©^�e, y²
)�Uþäk�êP~�A5. 3�©¥, �Äe¡��a�k�
�5>.^�����5ÅÄ�§£PI = [0, 1]¤:

utt(x, t) = uxx(x, t), x ∈ I, t > 0, (0.1)

ux(x, t) = |u(x, t)|αu(x, t), x = 0, 1, t > 0, α > 0, (0.2)

u(x, t = 0) = u0(x), ut(x, t = 0) = u1(x), x ∈ I. (0.3)

·�òïá)�ÛÜ�3½n, ¿y²éu,�a·��Ð©�, éA�)ò¬3k��m
S�».

1 ÛÜ�35

·��Äe¡���5¯K.

vtt − vxx = f(v, vx, vt), x ∈ I, t > 0,

vx(0, t) = ux(1, t) = β, t > 0, β ∈ R,

v(x, 0) = v0(x), vt(x, 0) = v1(x), x ∈ I, (1.1)

Ù¥ f ´ C1 �¼ê, �
v0 ∈ H2(I), v1 ∈ H1(I). (1.2)

ÚÚÚ nnn 1.1 ev0, v1�½�÷vª(1.2), K¯K(1.1)½Â3���m«m[0, T ]þk�
��ÛÜ), �÷v

v ∈
2∩

k=0

Ck([0, T );H2−k(I)).

555 1.1 TÚn�^;.�Uþy²[10]½^��5���ny²��[11].
½½½ nnn 1.2 eu0 ∈ H2(I), u1 ∈ H1(I) �½, K� u0(x) > 0,∀x ∈ I �, K¯K(0.1)-

(0.3)½Â3���m«m[0, T ′]þk���ÛÜ), �÷v

u ∈
2∩

k=0

Ck([0, T ′);H2−k(I)), u(x, t) > 0,∀x ∈ I, 0 6 t < T ′.

555 1.2 eu0 ∈ H2(I), K�3~êM , ¦� 0 < u0 6 M, ∀x ∈ I.
yyy ²²² ½Â v(x, t) := |u(x, t)|−α, �\ª(0.1)-(0.3), ��

vtt − vxx =
α + 1

α
(v2

t − v2
x)/v, x ∈ I, t > 0,

vx(0, t) = ux(1, t) = −α, t > 0,

v(x, 0) = v0(x), vt(x, 0) = v1(x), x ∈ I, (1.3)

d?
v0(x) = u−α

0 (x), v1(x) = −αu−α−1
0 (x)u1(x). (1.4)
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2½Â�� C1 ¼ê f , ¦�

f(λ, ξ, η) =
α + 1

α

η2 − ξ2

λ
, λ > 1

2
M−α. (1.5)

,��Ä¯K(1.1), d�¼ê f dª(1.5)½Â, v0, v1 dª(1.4)½Â.

Ïd, Ún�y½Â3[0, T ]þ�)�3. Q, v0(x) > M−α , @odv�ëY5, ·��
±é� T ′ 6 T . ¦� v(x, t) > 1

2M−α, ∀x ∈ I, 0 6 t < T ′ Ïdv´«m [0, T ′] þª(1.3)�).

´�y u(x, t) = v−1/α(x, t),∀x ∈ I, 0 6 t < T ′ ´ª(0.1)-(0.3)���).

555 1.3 �±y², �u0(x) < 0�, kaq�(J.

2 )��»

�
£ã�», �e¡�b�
(H1)

∫1

0
u0(x)u1(x)dx > 0,

(H2)
∫1

0
[u2

1(x) + u′2
0 (x)]dx − 2

α + 2
[|u0(1)|α+2 − |u0(0)|α+2] 6 0.

½½½ nnn 2.1 eu0 ∈ H2(I), u1 ∈ H1(I) ®�, �÷v(H1)Ú(H2), K¯K(0.1)-(0.3)�)
3k��mS�».

�
y²ù�½n, Äk�y¢ü�Ún. �d, ½Â)�/ªUþ�

E(t) :=
∫1

0

[u2
t (x, t) + u2

x(x, t)] dx − 2
α + 2

[|u(1, t)|α+2 − |u(0, t)|α+2].

w,, d�§(0.1), E′(t) = 0. Ïd, d(H2), E(t) = E(0) 6 0.

ÚÚÚ nnn 2.2 b�(H1), (H2) ¤á, K F (t) = 1
2

∫ 1

0
u2(x, t) dx > 0,∀t > 0.

yyy ²²² é F üg¦�

F ′(t) =
∫1

0

u(x, t)ut(x, t) dx, F ′′(t) =
∫1

0

[uutt + u2
t ](x, t)dx.

��^�§(0.1)©ÜÈ©, O���

F ′′(t) =
∫1

0

[u2
t − u2

x](x, t) dx + [|u(1, t)|α+2 − |u(0, t)|α+2]

= −
(α

2
+ 1

)
E(t) +

(
2 +

α

2

) ∫1

0

u2
t (x, t) dx +

α

2

∫1

0

u2
x(x, t) dx > 0.

l
 F ′(t) ´4O�, d (H1), F ′(t) > F ′(0) > 0 . dd, Ún2.2�y.

,�, - G(t) := F−β(t) , �
ÚÚÚ nnn 2.3 b�(H1), (H2) ¤á, � 0 < β 6 α/4,K

G′(t) < 0, G′′(t) 6 0, ∀t > 0.

yyy ²²² é G üg¦�

G′(t) = −β F−(β+1)(t) F ′(t), G′′(t) = −β F−(β+2)(t) Q(t).
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d?

Q(t) := F (t)F ′′(t) − (β + 1)F ′2(t) =
1
2

∫1

0

u2(x, t)dx
(
− (

α

2
+ 1)E(t)

+(2 +
α

2
)
∫1

0

u2
t (x, t) dx +

α

2

∫1

0

u2
x(x, t) dx

)
− (β + 1)

( ∫
Ω

u(x, t)ut(x, t) dx
)2

.

dHolderØ�ª, ·���

Q(t) > 1
2

∫1

0

u2(x, t)dx
(
− (

α

2
+ 1)E(t)

+(
α

2
− 2β)

∫1

0

u2
t (x, t) dx +

α

2

∫1

0

u2
x(x, t) dx

)
>0, t > 0.

l
 G′′(t) 6 0 , Ï� G′(0) < 0 , ¤± G′(t) < 0, t > 0.
½½½nnn2.1���yyy²²² dÚn2.3, éG?1TaylorÐm, �

G(t) 6 G(0) + tG′(0), t > 0.

l
 G(t) 3,�� tm 6 −G(0)/G′(0) �u0, Ïd F (t) �½3 tm ��».

555 2.1 ±þO�Ø=y²
�», 
��Ñ
�»�m�þ. t∗ =
2
α

∫1

0
u2

0(x) dx∫1

0
u0u1(x) dx

.

555 2.2 3½n¥, Ð©��I÷v(H1)Ú(H2), ¿vk�	���.
~~~ �Äe¡�¯K

utt(x, t) = uxx(x, t), x ∈ (0, 1), t > 0,

ux(x, t) = |u(x, t)| 13 u(x, t), x = 0, 1, t > 0,

u0(x) = 27(−x + 2)−3, u1(x) = 81(−x + 2)−4. (2.1)

��O�, y¢ª(2.1)÷vb� (H1) Ú (H2) , �

u(x, t) = 27(−x + 2 − t)−3

´Ù). ÏLO�,
F (t) =

739
5

[ 1
(1 − t)5

− 1
(2 − t)5

]
.

w,�»3 t = 1 < t∗ = 2.362 �u).

������ �©�ö©%a�ôÖa¬Æ ����±]�Ç, �©��¤lØm¦�9%�ÏÚ�y, �l
Øm¦3Æâþ�ïÆ.
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