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Solutions to a linear wave equation with nonlinear

boundary conditions

WANG Li-hual»2

(1. Department of Mathematics, Fast China Normal University, Shanghai 200062, China;
2. Department of Basic Courses, Suzhou Vocational University, Suzhou Jiangsu 215104, China)

Abstract:  This paper was concerned with a one-dimensional linear wave equation
associated with nonlinear boundary conditions. The unique local solution to the wave
equation was proved to exist. The result is that the nonlinearity at the boundary causes
a finite time blow up of the solution, even for small initial data. And the upper bound to
the blow up time is given in the paper.
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ugt — Au+ augug " = bululP~H € Q,t > 0,
u(z,t) =0, x € 00, t >0,
u(z,t =0) =ugp(x),w(z,t =0) =ui(z),z € Q,

Hrfa,b>0,p,m>1,Q 2R (n > 1) ERHRXE, 00 ZERIEHETI.
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ug (2, ) = uge(x,t), zel,t>0, (0.1)
ug(z,t) = Ju(z, t)|*u(z,t),2=0,1,t >0, > 0, (0.2)
u(z,t =0) = wo(x),u(x,t=0)=ui(x),z €l (0.3)
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Vet — Vg = f(0,05,0¢),x € It >0,
Uz(ovt) = ux(l,t):ﬂ,t>0,ﬂ€R,
v(x,0) = wvo(x),v(x,0)=v1(z),z €1, (1.1)
Horp p 2 o ey, B
vo € H*(I),vy € H'(I). (1.2)
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ve () CH(0,T); H*M(I)).
k=0

L iG] SRR AR R U B O R R P AR B I A5 3 D

E 1.2 ffug € H2(D),wy € H'(I) %€, W ug(z) > 0,Vz € I I, W] a)#0.1)-
(0.3) 32 SLAE S KIS TRIX [ [0, T7] AT ME— (1 eyl HLigi AL

2
we [ CH([0,T'); H**(I)),u(x,t) > 0,Vz € [,0 < t < T
k=0
E 1.2 Hug € HA(D), WHAAE R HM, 43 0 < uo < M,Vz € 1.
W B X ov(x,t) = |u(x, )7, FRAK(0.1)-(0.3), 53]

1
Vtt — Vg ot (U?—Uz)/’l),l'e_[7t>0,
e
v.x(ovt) = uw(lat) = 70‘7t > 07
v(z,0) = wo(x),v(x,0)=v1(2),z €1, (1.3)

seak

vo(@) = ug® (@), v1 (2) = —auy * (2)us (2). (1.4)
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a+1n? — &2 1.
= — > M. 1.
F&m) = — A2 g (1.5)

SRJE 5 IS (1.1), BRI R f X (1.5) 8 X, vo, v1 HIX(1.4) 8 X.
PRk, 5 IEORIE & SCAE[0, T) B RIRAEAE. BEAR vo(z) > M~ B4 tHo S, RATTAT
DRI T7 < T . A1 v(z,t) > SM~2, Vo € 1,0 <t < T Blitbo @ X8 [0, 7] F3X(1.3) IfiE.

BIAE u(z,t) = vV (x,t),Vo € 1,0 <t < T F230(0.1)-(0.3) (K ME—fiF.
E 1.3 ATLUIEW, Hug(z) < OFF, £ 2KBUR 45 5

2 RRATHEAL
h TR, AR TR A
(H1) f(l)uo(x)ul(x)dx > 0,
(H2) [olu? (@) + ui(z))dw — aig[\w(l)\“+2 -
E 2.1 Hiug € H2(I),us € HY(I) TA0, HA 2 (HL)F(H2), W)a) 80.1)-(0.3) ) fi#F
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|uo(0)]**%] < 0.

[lu(L, £)|°F2 = |u(0,£)]**?].

EuyszﬂL@+uy%nmx—aiQ

BAR, U FE(0.1), E'(t) = 0. Bk, th(H2), E(t) = E(0) <
51 EB2.2 EBLHL), (H2) KL, W F() = L [ou?(z,t) de > 0,¥¢ > 0.
iE BA X FPIUCKRR

1

(,t)ug(z,t)dz, F"(t) = Jo[uutt + u?)(x, t)d.

1

F'(t):J u

0
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F(t) = j (2 — u2) (2, ) dz + [Ju(1, )|+ — Ju(0, £)|**+?]

1 1
_ (& @ 2 o 2 S
= (2 +1) E(t)+ (2—|— Q)Jo uy (x,t)dz + 5 Jo uz(z,t)dz > 0.

MM F/ (8) F&33 381, i1 (H1), F/(t) > F'(0) > 0. Mk, 5131227541,
WG, & Gt):=FP(t),
51 2.3 REHL), (H2) &L, H o< 8<a/a0l
G'(t) <0, G"(t) <0, Vt > 0.
iE B X GPIICKRT

G'(t)=—BF P F'(1), G"(t)=—-FF P (0) Q).
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+(2+ %) J u(x, t)ug(x, t) dx)Q.

u?(z,t) de + QJ
O 2
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w(zit)de) - 3+ 1)( |
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Q) > %L (o )z~ (5 + 1B
+(% —20) Ll u?(z,t) de + C;E u?(x,t) dw) >0, t>0.

M G"(t) <0, KA G'(0) <0, FTBL G'(t) <0, t > 0.
EF2.1MUE  51#2.3, X GHET Taylor &I, 15

G(t) < G(0) +tG'(0), t=0.
M G () FERZ ¢, < —G(0)/G(0) Z5T-0, Kk F(t) —5E1E t,,, AL
E2.1 DL EVFRASGIEN] TR, T HA RN TR EA e =

E2.2 TR, YA KL (H) M (H2), JEEAESM ).
B R8T I )

2 f(l) ud(z) da

o f(l) ugu (z) dz

utt(xat) = uzm(mvt)ax € (Oa ]-)7t >0,
ug(z,t) = Ju(z,t)ul@,t),z =0,1,t >0,
up(z) = 27(—x+2)73 uy(x) = 81(—z +2)~ % (2.1)

B, GE ST (2.1 AR (H1) f1 (H2) , H
u(w,t) =27(—x+2—1)73

se . i A, 50 1 .
k() = T[(l —15 (2—t)5]'

WARBIAE t =1 < t* = 2.362 IN R4k,
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