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Spike-like solutions of nonlinear singularly perturbed equations
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Abstract: The existence of spike-like solutions of a class of Sturm-Liouville singularly

perturbed problem was investigated and its sufficient condition was given. Meanwhile,

the uniformly valid asymptotic solutions were constructed by the method of boundary

layer functions and remainder estimation was presented. Finally, an example was given to

illustrate the obtained results.
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Ù¥ 0 < ε ¿ 1 , ¿�Ñ
óÀ)�3�^�.
y3·�?Øe��a������ã0-4��.¯K,

ε
d
dx

(
p(u, x)

du

dx

)
+ q(u, x) = 0 , x ∈ (−1, 1) , (0.3)

u(−1) = u(1) = 0 . (0.4)

- ε = µ2 , v = µp(u, x)
du

dx
, þã�§Ò=z�e��d�3öìÅ�§|

µ
du

dx
=

v

p(u, x)
, µ

dv

dx
= −q(u, x) . (0.5)

¿�Xeb�
[H1] ¼ê p(u, x) , q(u, x) 3«� D={−1 6 x 6 1, |u| 6 B} þ��ëY, � p(u, x) > 0 .
[H2] �§ q(u, x) = 0 kü��á) u1 = ϕ(x) , u2 = φ(x), Ù¥ ϕ(x) < φ(x) , �

qu(ϕ(x), x) < 0 , qu(φ(x), x) > 0 .
- z = (u, v)T , d©z [5] �

F z =

 0
1

p(u, x)
−qu(u, x) 0

 , (0.6)

K���I: A1(ϕ(x), 0) , A2(φ(x), 0) 3 (u, v) �²¡þ©O´Q:Ú¥%. ¯K3 t = −1 ,
t = 1 ?þk>.� [5]. Ød�	�3«m (-1,1) ¥�,�«�S�)óÀ).

Ø�b�3: x∗ ∈ [−1, 1] �,���S�)óÀ), =

u′(x∗, µ) = 0 , u(x∗, µ) = χ(x∗) . (0.7)

Ù¥: x∗ 6���, �ÙìCÐmª�

x∗ = x0 + µx1 + · · · , (0.8)

�X|^>.�¼ê{©O3«m [0, x∗] , [x∗, 1] þ�E��k��/ªìC), ¿�â:
x = x∗ ?�1w5^�5(½=£:� �.

1 /ªìC)�E

�â>.�¼ê{ [6] �EXe/ªìC),

z(x, µ) = z̄(x, µ) + Πz(τ−1, µ) + Qz(τ, µ) + Rz(τ1, µ) , (1.1)

Ù¥ z̄(x, µ) = z̄0(x) + µz̄1(x) + µ2z̄2(x) + · · · , ¡��K?êÜ©;

Πz(τ−1, µ) = Π0z(τ−1) + µΠ1z(τ−1) + µ2Π2z(τ−1) + · · · ,

¡��>.�?êÜ©, τ−1 = (x + 1)/µ ;

Q(±)z(τ, µ) = Q
(±)
0 z(τ) + µQ

(±)
1 z(τ) + µ2Q

(±)
2 z(τ) + · · · ,
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¡�SÜ�?êÜ©, τ = (x − x∗)/µ ;

Rz(τ1, µ) = R0z(τ1) + µR1z(τ1) + µ2R2z(τ1) + · · · ,

¡�m>.�?êÜ©, τ1 = (x−1)/µ . �÷v Πz(+∞) = 0 , Rz(−∞) = 0 , Q(±)z(±∞) = 0 .
3d·�Ì��ÄSÜ��?ê�E, �m>.�?ê��Eë�©z [6].

/ª) (1.1) �\�§| (0.5) ��

µ
dū

dx
+

dQ(±)u

dτ
=

v̄ + Q(±)v

p(ū + Q(±)u, x)
, (1.2)

µ
dv̄

dx
+

dQ(±)v

dτ
= −q(ū + Q(±)u, x) . (1.3)

U¯úCþ t , τ ?1©l, Ù�K?êÜ©�

µ
dū

dx
=

v̄

p(ū, x)
, µ

dv̄

dx
= −q(ū, x) . (1.4)

"gCq
v̄0(x) = 0 , q(ū0, x) = 0 . (1.5)

d [H2] � ū0(x) = ϕ(x) , v̄0(x) = 0 .
SÜ�"gCq Q

(±)
0 u de¡�§(½§

dQ
(±)
0 u

dτ
=

Q
(±)
0 v

p(ϕ(x0) + Q
(±)
0 u, x0)

,
dQ

(±)
0 v

dτ
= −q(ϕ(x0) + Q

(±)
0 u, x0) , (1.6)

Q
(±)
0 u(±∞) = Q

(±)
0 v(±∞) = 0 , (1.7)

Q
(±)
0 u(0) = χ(x0) − ϕ(x0) , (1.8)

dQ
(±)
0 u

dτ
|τ=0 = 0 . (1.9)

�� Q
(±)
0 v(0) = 0 , � Q

(±)
0 v(τ) ≡ 0 . d (1.6) ª��

dQ
(±)
0 u

dQ
(±)
0 v

=
−Q

(±)
0 v

p(ϕ(x0) + Q
(±)
0 u, x0)q(ϕ(x0) + Q

(±)
0 u, x0)

. (1.10)

Ù¥ Q
(±)
0 u , Q

(±)
0 v Ñ´¹k x0 ���L�ª, é Q

(−)
0 u þªü>Ó�l −∞ È©� 0 , é

Q
(+)
0 u þªü>l 0 È©� +∞ , (Ü^� ϕ(x0) + Q

(±)
0 u(0) = χ(x0) ��

[H3] �3 χ(x0) , ¦� ∫χ(x0)

ϕ(x0)

p(s, x0)q(s, x0)ds = 0 , (1.11)

ùp� x0 �±3SÜ���gCq¥(½.
�d�Ä�gCq

dQ
(±)
1 u

dτ
=

Q
(±)
1 v

p(ϕ(x0) + Q
(±)
0 u, x0)

+ F1(τ) =
Q

(±)
1 v

p(χ(x0), x0)
+ F1(τ) , (1.12)
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dQ1v

dτ
= −qu(ϕ(x0) + Q

(±)
0 u, x0)Q

(±)
1 u + F2(τ) = −qu(χ(x0), x0)Q

(±)
1 u + F2(τ) , (1.13)

Q
(±)
1 u(±∞) = Q

(±)
1 v(±∞) = 0 , (1.14)

dQ
(±)
1 u

dτ
|τ=0 = −ϕ′(x0) . (1.15)

��

d2Q
(±)
1 u

dτ2
=

1
p(χ(x0), x0)

dQ
(±)
1 v

dτ
+

dF1

dτ
= −qu(χ(x0), x0)

p(χ(x0), x0)
Q

(±)
1 u + F ′

1 + F2 , (1.16)

Ù¥ F1(τ) , F2(τ) ´¹k Q
(±)
0 u , Q

(±)
0 v, ūi Ú ūi(i = 0, 1) �®�¼ê�, (ÜÐ©^�k

Q
(±)
1 u(−0) = − 1

p(χ(x0), x0)q(χ(x0), x0)

∫0

−∞
(F ′

1(τ) + F2(τ))Z(τ)dτ , (1.17)

Q
(±)
1 u(+0) = − 1

p(χ(x0), x0)q(χ(x0), x0)

∫0

∞
(F ′

1(τ) + F2(τ))Z(τ)dτ . (1.18)

Ù¥ Z(τ) =
dQ

(±)
0 u(τ)
dτ

. Ï Q
(−)
1 u(−0) = Q

(+)
1 u(+0) , �k

Φ(x0) =
∫+∞

−∞
(F ′

1(τ) + F2(τ))Z(τ)dτ = 0 . (1.19)

[H4] b�d�§ (1.19) �±(½ x0 , � Φ′(x0) 6= 0 .
�d, =£:�"gCq x0 (½, �SÜ�?ê�"gCq Q

(±)
0 u(τ) (½, �gCq

Q
(±)
1 u(τ) �±�â�aq�L§(½, ¿ke�(Ø:

½n e^� [H1] – [H4] e, é¿©�� µ > 0 , ¯K (0.3), (0.4) 7�3��) u(x, µ) ,
�äke�/ª:

u(x, µ) =

{
ϕ(x) + Π0u(τ−1) + Q

(±)
0 u(τ) + R0u(τ1) , x ∈ [0, x0) ∪ (x0, 1] ,
χ(x0) , x = x0 .

(1.20)

5 3ùp·�Ø�Ñy² (äNL§��©z [6]). ÏL��äN��~[7]5�yc
¡½n.

2 ~ f

�ÄXe¯K
ε
d2u

dx2
+ u2 − 1 = 0 , u(−1) = u(1) = 0 . (2.1)

²LCz�, �¯K=z�e��d� Tikhnov XÚ/ª

µ
du

dx
= v , µ

dv

dx
= 1 − u2 , (2.2)

u(−1) = u(1) = 0 . (2.3)

-

u(x, µ) =

{
ū0(x, µ) + Π0u(τ−1) + Q

(−)
0 u(τ) , x ∈ [−1, x0] ,

ū0(x, µ) + R0u(τ1) + Q
(+)
0 u(τ) , x ∈ [x0, 1] .

(2.4)
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v(x, µ) =

{
v̄0(x, µ) + Π0v(τ−1) + Q

(−)
0 v(τ) , x ∈ [−1, x0] ,

v̄0(x, µ) + R0v(τ1) + Q
(+)
0 v(τ) , x ∈ [x0, 1] .

(2.5)

k�Ä�KÜ©
µ

dū

dx
= v̄ , µ

dv̄

dx
= 1 − ū2 . (2.6)

Ù"gCq
v̄0 = 0 , 1 − ū2

0 = 0 . (2.7)

��
v̄0(x) = 0 , ϕ(x) = −1, φ(x) = 1 . (2.8)

�gCq�de��§(½,

dū0(x)
dx

= v̄1 ,
dv̄0(x)

dx
= −2ū0(x)ū1 . (2.9)

)�
ū1(x) = 0 , v̄1(x) = 0 . (2.10)

aq/, ·��±�� k �Cq.
éu�>.� Πu(τ−1) Ú Πv(τ−1)

dΠu

dτ−1
= Πv,

dΠv

dτ−1
= −2ūΠu − Π2u . (2.11)

"gCq�

dΠ0u

dτ−1
= Π0v ,

dΠ0v

dτ−1
= −2ū0(−1)Π0u − Π2

0u = 2Π0u − Π2
0u . (2.12)

|^^� Π0u(0) = 1 , Π0u(+∞) = 0 , Π0v(+∞) = 0 . �� Π0u(τ−1) , Π0v(τ−1)(�©z[9]).
aq/��m>.� R0u(τ1) Ú R0v(τ1) .
SÜ� Q

(±)
0 u(τ) Ú Q

(±)
0 v(τ) �de��§(½

dQ(±)u

dτ
= Q(±)v ,

dQ(±)v

dτ
= −2ūQ(±)u − (Q(±)u)2 . (2.13)

"gCq
dQ

(±)
0 u

dτ
= Q

(±)
0 v ,

dQ
(±)
0 v

dτ
= 2Q

(±)
0 u − (Q(±)

0 u)2 . (2.14)

�â [H3] k ∫χ(x0)

−1

(1 − s2)ds = 0 , (2.15)

�� χ(x0) = 2 , � Q
(±)
0 u(0) = 3 , K��â>.�¼ê�5�(½ Q

(±)
0 u(τ) , Q

(±)
0 v(τ) . Ù

¥ x0 �d^� [H4] (½�, äN��©z[8]. �d¯K (0.3), (0.4) �"gìCL�ª(½,
�p��ìCL�ª�±aq��.
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