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Abstract: A weak maximum principle for the variable exponent Laplace on a complete

noncompact Riemannian manifold under suitable conditions about the growth of the

volume was established, by which a Liouville type theorem for the variable exponent

Laplace was proved.
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(M, g) ´�� n �iù6/, �kiùÝþ g, p(x) > 1 ´ M þ C1 ¼ê, dx ´ Riemann-
Lebesgue ÿÝ, r(x) = dist(O, x) ´d,��½: O ∈ M û½�ål¼ê, ·��b�

p− := inf
x∈M

p(x) > 1, p+ := sup
x∈M

p(x) < +∞.

�©y²
'uC�ê Laplace �f div(|∇u|p(x)−2∇) �Xe(J.

½½½nnn 0.1 (M, g), r(x) Xþ¤ã, u ∈ C2(M) ´Xe�§�),

div(|∇u|p(x)−2∇u) = a, (1)

Ù¥ a ∈ R ´~ê, b½é¿©�� R ±9~ê C > 0, 1 < β < p−, k

S(∂BR(O)) 6 CRβ−1, (2)

Ù¥ S(∂BR(O)) L«%3 O ��» R > 0 �ÿ/¥¡ ∂BR(O) �¡È, XJ

u(x) = o(log r(x)), r(x) → +∞, (3)

K u ´~ê, ¿� a = 0.

5 ©z[18, 19] ¥ïÄ
 p(x) �~ê��/, Ïd½n 0.1 ´'u p-Laplace �f
div(|∇u|p−2∇) � Liouville .½n�í2.

½½½nnn 0.2 �Ä,~ê α : 0 < α < p+
p+−1 , ,~ê β′ > 1, ·�� q > 1 , ÷v

α(p+ − q) − p− + β′ < 0. (4)

XJ�K� C2 ¼ê u, é,�~ê b ÷v

lim sup
r(x)→+∞

u(x)
r(x)α

= b < +∞, (5)

¿�ª (2) é β = β′ > 1 �(, K u ÷v

div(|∇u|p(x)−2∇u) 6 C1, (6)

Ù¥ C1 ´?¿�~ê, ÷v

C1 > C(q, α, p+, p−)Bp(x)−1,∀x ∈ M, (7)

¿� C(q, α, p+, p−) > 0 ´,�==�6u q, α, p+, p− �~ê, B = max {b, 0}.
555 1 ½n 0.2 ¿�X½n 0.1¥� a �u 0, �Ï3uª (3) L²ª (5) ¥� b � 0, d

½n 0.2 ·��� div(|∇u|p(x)−2∇u) 6 0. ^ −u �O u k div(|∇u|p(x)−2∇u) > 0. u´

div(|∇u|p(x)−2∇u) = 0 = a.
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5 2 ½n 0.2 �±w¤4���n, Ù¥NÈO��^�'½n 0.1 ¥�A�^�
f.T½nØ=3î¼�m¤á, 3 Ricci ­ÇÜþkK��gP~^����6/þ�¤
á, T6/÷v�NÈO�.

e¡0�ïÄC�ê¯KI���
Ä�½ÂÚ(J[20], -

Lp(x)(M) := {u :
∫
M

|u(x)|p(x) dx < ∞}.

K Lp(x)(M) ´�kXe�ê� Banach �m,

|u|p(x) := inf {λ > 0 :
∫
M

|u
λ
|p(x)dx 6 1}. (8)

ÚÚÚnnn 0.3 XJ u ∈ Lp(x)(M), K( ∫
M

|u(x)|p(x) dx − |u|p+

p(x)

)( ∫
M

|u(x)|p(x) dx − |u|p−
p(x)

)
6 0. (9)

y² dª (8), � |u|p(x) > 1 �, |u|p−
p(x) 6

∫
M

|u(x)|p(x) dx 6 |u|p+

p(x). � |u|p(x) 6 1 �,

|u|p+

p(x) 6
∫
M

|u(x)|p(x) dx 6 |u|p−
p(x). Ïdª(9) �(.

ÚÚÚnnn 0.4 Lp(x)(M) ��Ý�m� Lq(x)(M), Ù¥ 1
p(x)

+
1

q(x)
= 1. ?�Ú, é

f ∈ Lp(x)(M), g ∈ Lq(x)(M), ∣∣∣ ∫
M

f · g dx
∣∣∣ 6 2|f |p(x)|g|q(x). (10)

yyy²²² d©z [20] ´�.

1 ½n 0.2 �y²

·�/Ïu�y{5y².�Ä,��½�1w¼ê ψ : [0,∞) → R,

ψ(t) =

{
1, t ∈ [0, 1]
2, t ∈ [2,+∞]

÷v |ψ′| 6 θ, 1 6 ψ 6 2, θ ´�~ê, b½é,
 C1 ÷v(7) ª, Kk

div(|∇u|p(x)−2∇u) > C1. (11)

d (5) ª, �3 R > 2 ¦� u(x) 6 Br(x)α,∀x ∈ M − BR(O). -

v(x) = 3Bψ(r(x)α) − u(x),

K
v(x) > Br(x)α,∀x ∈ M − BR(O). (12)
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,
, 5¿�ª (11) Ú (5) Ø�6uN\�~ê, Ïd�±b½ª (12) 3 M þÑ¤á, ¿�
v(O) > 0.�Ä1w¼ê

ϕ(t) =

{
1, t ∈ [0, 1],
0, t ∈ [2,+∞],

|ϕ′| 6 δ, ϕ, 0 6 ϕ 6 1.

g : M → R, g(x) = ϕ(
r(x)
R

).

Ù¥ R > 0, N´wÑ g(x) ÷vXe�5�:

0 6 g(x) 6 1; g ≡ 1, x ∈ BR; g(x) ≡ 0, x ∈ M − B2R;

|∇g| = |ϕ′| |∇r|
R

6 δ

R
, x ∈ B2R/BR.

- W = gsv1−q|∇u|p(x)−2∇u, Ù¥ s > p+, K

divW = sgs−1v1−q|∇u|p(x)−2∇u · ∇g + gsv1−qdiv(|∇u|p(x)−2∇u)

+gs(1 − q)v−q|∇u|p(x)−2∇u · ∇v.

é r(x) > 1, ·�kXe��O.

gs(1 − q)v−q|∇u|p(x)−2∇u · ∇v + C1g
sv1−q

= gsv−q[(q − 1)|∇u|p(x) − 3(q − 1)Bψ′αrα−1|∇u|p(x)−2∇u · ∇r + C1v]

> gsv−q[(q − 1)|∇u|p(x) − 3(q − 1)Bθαrα−1|∇u|p(x)−1 + C1Brα].

ÚÚÚnnn 1.1 é p > 1, A,B,D > 0, XJ

E 6 A − (p − 1)B
p

p−1 D− 1
p−1 p−

p
p−1 , (13)

Ké?¿� t > 0, k Atp − Btp−1 + D > Etp.

y² �Ly²3ª (13) �^�e, é?¿� t > 0,

f(t) = (A − E)tp − Btp−1 + D > 0.

5¿
f ′(t) = (A − E)ptp−1 − B(p − 1)tp−2,

Ïd B(p−1)
(A−E)p ´ f(t) �4�:, ·�N´�y4���u�u 0.

du α < p+
p+−1 , é r(x) > 1,

(p(x) − 1)[(q − 1)3Bθαrα−1]
p(x)

p(x)−1 (C1Brα)−
1

p(x)−1 p(x)−
p(x)

p(x)−1

= (p(x) − 1)B[3(q − 1)θα]
p(x)

p(x)−1 C
− 1

p(x)−1
1 p(x)−

p(x)
p(x)−1 r(x)

p(x)(α−1)−α
p(x)−1

< (p(x) − 1)B[3(q − 1)θα]
p(x)

p(x)−1 C
− 1

p(x)−1
1 p(x)−

p(x)
p(x)−1 .
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·�F"

q − 1 > (p(x) − 1)B[3(q − 1)θα]
p(x)

p(x)−1 C
− 1

p(x)−1
1 p(x)−

p(x)
p(x)−1 ,∀x ∈ M, (14)

½ö
1 > B(p(x) − 1)(q − 1)

1
p(x)−1 [3θα]

p(x)
p(x)−1 C

− 1
p(x)−1

1 p(x)−
p(x)

p(x)−1 ,

½ö

1 >
(p(x) − 1)p(x)−1

p(x)p(x)
(q − 1)(3θα)p(x)C−1

1 Bp(x)−1.

duª (7), k,�~ê C(q, α, p+, p−) > 0 ¦�ª (14) �(, Ïd·��±ÀJ·�� E,
¦�é r(x) > 1,

gs(1 − q)v−q|∇u|p(x)−2∇u · ∇v + C1g
sv1−q > Egsv−q|∇u|p(x). (15)

d v(x) �½ÂN´wÑª(15)é r(x) 6 1 ��(, Ïdé¤k� x ∈ M ª(15)�(, ¿�

div W > sgs−1v1−q|∇u|p(x)−2∇u · ∇g + Egsv−q|∇u|p(x).

È©þ¡�Ø�ª, k

E

∫
M

gsv−q|∇u|p(x) dx 6 s

∫
M

gs−1v1−q|∇u|p(x)−1|∇g| dx. (16)

|^ª (9) Ú (10), kXe��O.∫
M

gs−1v1−q|∇u|p(x)−1|∇g| dx

=
∫
M

g
p(x)−1

p(x) sv−q
p(x)−1

p(x) |∇u|p(x)−1 × g−1+ s
p(x) v1− q

p(x) |∇g| dx

6 2|g
p(x)−1

p(x) sv−q
p(x)−1

p(x) |∇u|p(x)−1| p(x)
p(x)−1

· |g−1+ s
p(x) v1− q

p(x) |∇g||p(x)

6 2max {A(q−)−1
, A(q+)−1

} · max {Q(p−)−1
, Q(p+)−1

}.

Ù¥
q+ =

p−
p− − 1

, q− =
p+

p+ − 1
,

A =
∫
M

gsv−q|∇u|p(x) dx, Q =
∫
M

g−p(x)+svp(x)−q|∇g|p(x) dx.

dª (16), k
EA 6 2smax {A(q−)−1

, A(q+)−1
} · max {Q(p−)−1

, Q(p+)−1
},

½ö
min {A1−(q−)−1

, A1−(q+)−1
} 6 2s

E
max {Q(p−)−1

, Q(p+)−1
}.

5¿�
1 − (q−)−1 =

1
p+

, 1 − (q+)−1 =
1

p−
.



1 1 Ï ��¸: C�ê Laplace �f� Liouville .½n 89

kXe�Ø�ª

min {A(p+)−1
, A(p−)−1

} 6 2s

E
max {Q(p−)−1

, Q(p+)−1
}. (17)

·��±ÀJ R ¿©�, ¦� δ
R 6 1 ±9 v(x) > 1,∀x ∈ B2R − BR, K

Q =
∫
B2R−BR

g−p(x)+svp(x)−q|∇g|p(x) dx

6 sup
x∈B2R−BR

vp+−q(
δ

R
)p−Vol(B2R).

d v(x) �½Â, � v(x) 6 4Br(x)α,∀x ∈ B2R − BR, Ù¥ R ¿©�, Ïd

Q 6 sup
x∈B2R−BR

(4Br(x)α)p+−q(
δ

R
)p−Vol(B2R)

6 (4B)p+−q(2R)α(p+−q)(
δ

R
)p−Vol(B2R)

= (4B)p+−qδp−2α(p+−q) · Rα(p+−q)−p−Vol(B2R).

dª (2), Vol(BR) 6 C4R
β′

, u´

Q 6 C5R
α(p+−q)−p−+β′

. (18)

dª (4), ·�k lim
R→∞

Q = 0, ª (17)¥- R → ∞, k |∇u| = 0,∀x ∈ M. ù�ª (11) gñ.

2 ½n 0.1 �y²

·�æ^�y{, b� u Ø´~ê, ÀJ u ����K� e, -

Ω = {x ∈ M : u(x) > e}.

u´ ∂Ω ´ M ������­¡, - RO = dist(O, Ω̄), ¿�é r > RO, -

Ωr = Ω ∩ Br(O), Fr = ∂Br(O) ∩ Ω, F̃r = ∂Ωr − Fr.

5¿�½n 0.1 Ø�6uN\�~ê, Ïd·�é¼ê u − e 5y²½n, ½öb� e = 0, 3
ù��b�e, u ÷vª(2)(Ù¥ a = 0)±9(3), ¿�3 Ω Sî��, P

h(r) =
∫
Fr

|∇u|p(x) dS(x), (19)

H(r) =
∫
Ωr

|∇u|p(x) dx =
∫ r

RO

h(t) dt. (20)

é t > RO,∀x ∈ M , ½Â

W = u|∇u|p(x)−2∇u, ρ(t) =
∫
Ft

W · ν dS(x),
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Ù¥ ν ´ ∂Ωt, t > RO �	ü {�þ, |^ª (10), (9), kXeO�

ρ(t) 6
∫
Ft

u|∇u|p(x)−1 dS(x)

6 sup
Ft

u ·
∫
Ft

|∇u|p(x)−1 dS(x)

6 2 sup
Ft

u||∇u|p(x)−1| p(x)
p(x)−1

|1|p(x)

6 2 sup
Ft

u max {Aq−1
+ , Aq−1

− }|1|p(x).

Ù¥, �
�B, ·��Î^ | · |p(x) L«�­¡ Ft þ� Lp(x)− �ê, ¿�

A =
∫
Ft

|∇u|p(x) dS(x) = h(t).

|^ª (9) � |1|p(x) 6 max {S(Ft)p−1
+ ,S(Ft)p−1

− }. Ïd

ρ(t) 6 2 sup
Ft

u · max {h(t)q−1
+ , h(t)q−1

− }max {S(Ft)p−1
+ ,S(Ft)p−1

− }. (21)

5¿� u|∂Ω = 0, u´

ρ(t) =
∫
∂Ωt

u|∇u|p(x)−2∇u · ν dS(x)

=
∫
Ωt

div(u|∇u|p(x)−2∇u) dx

>
∫
Ωt

|∇u|p(x) dx.

����Ø�ª|^
b� div(|∇u|p(x)−2∇u) > 0, ½ö

ρ(t) > H(t). (22)

,��¡, ·��Ä,�¼ê α : R → R ÷v

α(0) = 0; α′(t) > 0, (t ∈ (0,+∞)); 0 < supα = L < +∞. (23)

-
Z = α(u)|∇u|p(x)−2∇u, γ(t) =

∫
Ft

Z · ν dS(x).

5¿� α(u)|∂Ω = 0, ·�k

γ(t) =
∫
Ωt

divZ dx =
∫
Ωt

α(u)div(|∇u|p(x)−2∇u) dx +
∫
Ωt

α′(u)|∇u|p(x) dx.

Ïd γ(t) �K¿��~, du u Ø´~¼ê, k,� R̄ > RO ±9,�~ê C > 0§¦�

γ(t) > C, ∀t > R̄. (24)
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|^ª (23)Úª (21) �Ó�O�

γ(t) 6 L

∫
Ft

|∇u|p(x)−1 dS(x)

6 2L · max {h(t)q−1
+ , h(t)q−1

− }max {S(Ft)p−1
+ ,S(Ft)p−1

− }.

þ¡�Ø�ª±9ª (24) L²

max {h(t)q−1
+ , h(t)q−1

− } > C

2L

1

max {S(Ft)p−1
+ ,S(Ft)p−1

− }
. (25)

dª (21) �e¡�ü�Ø�ª¥��k���(.

ρ−q+h(t) > [
1

2 supFt
u · max {S(Ft)p−1

+ ,S(Ft)p−1
− }

]q+ ,

ρ−q−h(t) > [
1

2 supFt
u · max {S(Ft)p−1

+ ,S(Ft)p−1
− }

]q− .

|^ª (22), é?¿� s > S > R̄, ke¡�ü�Ø�ª,

H(S)1−q+ − H(s)1−q+

q+ − 1
=

∫s

S

H(t)−q+h(t) dt >
∫s

S

ρ(t)−q+h(t) dt,

H(S)1−q− − H(s)1−q+

q− − 1
=

∫s

S

H(t)−q−h(t) dt >
∫s

S

ρ(t)−q−h(t) dt.

dª (22) �O��, ρ(t) �K¿��~, XJ ρ(t) < 1,∀t > RO Ø�(, ·��±b�é¿©
�� R̄ > RO, ρ(t) > 1,∀t > R̄, 3ü«�¹e, Ñk

max
{H(S)1−q+ − H(s)1−q+

q+ − 1
,
H(S)1−q− − H(s)1−q+

q− − 1

}
>

∫s

S

min
{[ 1

2 supFt
u · G

]q+ , [
1

2 supFt
u · G

]q−
}

dt.

Ù¥ G = max {S(Ft)p−1
+ ,S(Ft)p−1

− }. ½ö

max {H(S)1−q+

q+ − 1
,
H(S)1−q−

q− − 1
} >

∫s

S

min {[ 1
2 supFt

u · G
]q+ , [

1
2 supFt

u · G
]q−} dt. (26)

dª (25), k h(t) > min
{
( C
2L

1
G )q+ , ( C

2L
1
G )q−

}
. Ïd

H(s) − H(S) >
∫s

S

min {( C

2L

1
G

)q+ , (
C

2L

1
G

)q−} dt. (27)

dª (26),(27) k

max {H(S)1−q+

q+ − 1
,
H(S)1−q−

q− − 1
} >

∫s

S

min {[ 1
2 supFt

u
]q+ , [

1
2 supFt

u
]q−} · J dt. (28)

H(S) − H(R̄) >
∫S

R̄

C̄J dt, (29)
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Ù¥ J = min {( 1
G )q+ , ( 1

G )q−}, ¿� C̄ = min {( C
2L )q+ , ( C

2L )q−}, ´~ê.

dª (20) N´wÑ H(t) 'u t �~, XJ H(t) < ( q−−1
q+−1 )

1
q+−q− ,∀t > RO Ø�(, ·�

�±b�é¿©�� R̄ > RO, H(t) > ( q−−1
q+−1 )

1
q+−q− ,∀t > R̄, 31�«�¹e, ª (28) C�

H(S)1−q+

q+ − 1
>

∫s

S

min {[ 1
2 supFt

u
]q+ , [

1
2 supFt

u
]q−} · J dt > I

∫s

S

J dt, (30)

Ù¥ I = min {[ 1
2 supBs

u ]q+ , [ 1
2 supBs

u ]q−}.
é,��½�~ê B, x0 = B

q+
´Xe�§3 (0, B) S���),

x
q+

q+−1 − Bx
1

q+−1 + (q+ − 1)q
− q+

q+−1

+ B
q+

q+−1 = 0. (31)

é s > R̄, - B =
∫s

R̄
J dt. k��� S(s) ∈ (R̄, s) ¦� x0 = B

q+
=

∫s

S
J dt. |^ª (31), ·�

�� S ÷v ( ∫s

S

J dt
) 1

q+−1
∫S

R̄

J dt = (q+ − 1)q
− q+

q+−1

+

( ∫s

R̄

J dt
) q+

q+−1
. (32)

(Üª (29), (30) ±9 (32), ·�kXe��O,

1 > H(S) − H(R̄)
H(S)

> C̄

∫S

R̄

J dt × ((q+ − 1)I)
1

q+−1
( ∫s

S

J dt
) 1

q+−1

= C̄((q+ − 1)I)
1

q+−1 × (q+ − 1)q
− q+

q+−1

+

( ∫s

R̄

J dt
) q+

q+−1
.

5¿�
q+

p+
=

p−
p+(p− − 1)

,
q+

p−
=

1
p− − 1

,
q−
p+

=
1

p+ − 1
,
q−
p−

=
p+

p−(p+ − 1)
,

¿� q+
p−

, q−
p+

´��Ú���ü�ê, |^ J,G �½Â, ·��±O� J Xe,

J = min {(max {S(Ft)p−1
+ ,S(Ft)p−1

− })−q+ , (max {S(Ft)p−1
+ ,S(Ft)p−1

− })−q−}

= min {min {S(Ft)
− q+

p+ ,S(Ft)
− q+

p− },min {S(Ft)
− q−

p+ ,S(Ft)
− q−

p− }}

= min {S(Ft)
− 1

p+−1 ,S(Ft)
− 1

p−−1 }.

Ïd�ªk

max {(2 sup
Bs

u)q+ , (2 sup
Bs

u)q−} ×
[ ∫s

R̄

min {S(Ft)
− 1

p+−1 ,S(Ft)
− 1

p−−1 } dt
]−q+ > C̃. (33)

31�«�¹e, ·�ò��

max {(2 sup
Bs

u)q+ , (2 sup
Bs

u)q−} ×
[ ∫s

R̄

min {S(Ft)
− 1

p+−1 ,S(Ft)
− 1

p−−1 } dt
]−q− > C̃. (34)

Ïdª (33) ½ª (34) ´�(�, �ª (2) Úª (3) L²

lim
s→∞

max {(2 sup
Bs

u)q+ , (2 sup
Bs

u)q−} ×
[ ∫s

R̄

min {S(Ft)
− 1

p+−1 ,S(Ft)
− 1

p−−1 } dt
]−q+ = 0, (35)
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lim
s→∞

max {(2 sup
Bs

u)q+ , (2 sup
Bs

u)q−} ×
[ ∫s

R̄

min {S(Ft)
− 1

p+−1 ,S(Ft)
− 1

p−−1 } dt
]−q− = 0, (36)

ùÒ�)
gñ.�d, �¤
½n 0.1 �y².
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