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Abstract

This paper studies the admissibility of linear estimators in multivariate linear models with
respect to an incomplete ellipsoidal restriction tr(© — ©1)'N(© — ©1) < o?. Specifically, we study
the influence of the matrix N and ©7 which is the center of a restricted set to the admissibility of
linear estimators in multivariate linear models with respect to the incomplete ellipsoidal restriction
tr(® — ©1) N(© — 0;) < ¢®. The main results show that the class of admissible linear estimators
with the restriction tr(© — ©1)'N(© — ©;) < o2 is the same as the one with the restriction
tr(® — 02)' N(O — 03) < o? for ©; and ©, with certain relationship.
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§1. Introduction and Notations
We consider the following multivariate linear model
Y = X0 +¢, (1.1)

where Y is an n X p random matrix, ¢ = (1, ,¢&p), & ~ 1ID(0,0%V), where V is a
known n X n error matrix, X is a known n x ¢ design matrix. The unknown parameters
(©,0?%) € T where T C R x R*. For simplicity, we denotes by (Y, X0,0?|(0,0?) € T)
the above model. The reader is referred to the literatures: for example [1-7] for more
details on the admissibility of linear estimators in multivariate linear models.

For the case with p = 1, the admissibility of linear estimators has received great
attention, see [2]. In recent, it has made some progress on the admissibility of linear

estimators in linear models with respect to an incomplete ellipsoidal restriction or an
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inequality restriction, see [7—9]. This paper studies the admissibility of linear estimators

for model (1.1) with p > 1 when the unknown parameters satisfy the following restriction:
H(N,0:) ={(0,0%) :tr(0 — 0;)N(© — 0,) < ¢% N >0, ©; known}.

For simplicity, the model (1.1) with this above restriction can be denoted by (Y, X©,0?
|(©,02) € H(N,©1)). Specifically, we study the influence of the matrix N and ©; which is
the center of a restricted set to the admissibility of linear estimators in multivariate linear
models with respect to the incomplete ellipsoidal restriction tr(© — ©1)'N(© — ;) < 2.
The main results in this paper show that the class of admissible linear estimators with
the restriction tr(© — ©1)'N(O — ©1) < o? is the same as the one with the restriction
tr(© — 03)'N (O — ©3) < o2 for ©1 and Oy with certain relationship.

We close this section with some notations. For a matrix A, A’ and trA denote respec-
tively the transpose and trace of A. A > 0 means that A is nonnegative definite. For
matrices A and B, A — B > 0 means that A, B and A — B are all nonnegative definite.
Define LH = {AY : A is an s X n matrix}, the class of all homogeneous linear estimators.
Define L(SO,02, AY) = tr(AY — SO) (AY — SO), where S is an s x ¢ matrix, that is to
say, L(S©,0?, AY) is the quadratic loss function of the estimator AY. And then, the risk
function can be defined by R(SO, 02, AY) = E[L(SO, 0%, AY)]. Hence, in the multivariate
linear model (1.1), the risk function of the linear estimator of the estimated parameter
SO is

R(SO,0% AY) = potrAVA’' +tr0'(AX — S)'(AX — S5)6.

In the restriction H(N, ©1), the estimator AY is called as good as BY iff R(SO, 02, AY) <
R(S80,02, BY). In the restriction H(N,©1), the estimator AY is better than BY iff AY
is called as good as BY, and AY has smaller risk than BY at some point in the parameter
set. Let L be a class of linear estimators and LH a class of homogeneous linear estimators.
Then d(Y) will be said to be admissible in L on H(N,©,) iff d(Y) € L and there exists
no estimator in L which is better than d(Y) on H(N, 7). If d(Y') is admissible for S© in
L on H(N,©1), we denote d(Y) L S(H(N,©1)). For the estimated parameter SO in the

model (1.1), we denote by
ALH(S,N,0;) = {AY : AY ¥ se[H(N,0,)]}

the class of admissible homogeneous linear estimators with respect to the restriction
H(N,0,).
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§2. Main Results

Theorem 2.1 In the multivariate linear model (1.1), suppose that N — N; > 0
for matrices N and Ny. If AY SO[H(N,©1)], then AY 4 SO[H(N1,01)].

Proof If there exists B such that R(SO,0% BY) < R(SO,02, AY), V(0,0?) €
H(N1,0;1). That is, V(@,O’z) € H(N.,0),

po?trBV B’ +tr@®'(BX — S)(BX — 5)0© < po*trAVA' 4 tr0’(AX — S)(AX — S)6.
Then, V (0, 72) € R¥P x [0, +00),

pr*trBVB' 4 ptrBV B’ - tr(© — ©1)'N1(0© — ©1) + tr@'(BX — S)'(BX — S)0
< pritrAVA 4+ ptrAVA - tr(0 — ©1)'Ni (0 — ©1) + tr0'(AX — §)'(AX — S)O.

Note that © and 72 vary independently. So, the following two inequalities hold simulta-

neously

trAVA" —trBVB' > 0, (2.1)
p(tI‘AVA/ — trBVB/) . tr(@ — @1)/N1(® — @1)
+ 1@/ [(AX — S)(AX — S) — (BX — SY(BX —S)]© >0, VO e RV, (2.2)

Under the assumption N — N; > 0, it then follows from (2.1) and (2.2) that

p(trAVA' —trBVB') - tr(© — ©1) N(© — ©,)
+tr®'[(AX — 9)'(AX — S) — (BX — S)(BX — S)|© >0, VO e R*P. (2.3)

Furthermore, it follws from (2.1) and (2.3) that V (0, 7%) € R?*P x [0, +0c0),

pr?trBVB' 4 ptrBVB' - tr(© — ©,)'N(© — ©;) + tr0'(BX — S)(BX — S)©
< pritrAVA 4 ptrAVA - tr(© — ©1)N(0 — 01) 4 tr0’(AX — S)(AX — S)6.

So, V(©,0%) € H(N,©y),

po?trBV B’ +tr@®'(BX — S)(BX — 5)0© < po*trAVA' 4 tr0’(AX — S)(AX — S)0.
Note that AY X' SO[H(IV,©,)], we then have, ¥ (0, 02) € H(N, ©,),

po?trBV B’ +tr@®'(BX — S)(BX — 5)0© = po*trAVA' 4+ tr@’(AX — S)(AX — S)0.
Therefore, for all (©,02%) € H(N1,©1), we have

po*trBV B + 110/ (BX — SY(BX — 8)O = potrAV A + tr0/(AX — S)/(AX — S)O.
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That is, in the restriction H(Ny,©1), there does not exist any homogeneous linear esti-
mator which is better than AY. Therefore, AY &/ SO[H (N1,01)].
The proof of Theorem 2.1 is completed. O

Remark 1 It follows easily from the above theorem that, for the multivariate
linear model (1.1), if AY is the admissible linear estimator of S© under an incomplete

ellipsoidal restriction, then AY is also admissible in the case with no parameter restriction.

Theorem 2.2 In the multivariate linear model (1.1), assume that D = AP, A # 0,
P'P=1,and ©, = 0,D. It AY &' SO[H(N,0,)], then AY ¥ SO[H(N,0,)).

Proof If there exists B such that R(SO,02 BY) < R(SO,02 AY), V(0,0?%) €
H(N,©5). Then, V(0,0%) € H(N,Os),
po?trBV B’ +tr0®'(BX — S)(BX — 5)0© < po*trAVA' 4 tr0’(AX — S)(AX — S)0.

Note that the restriction means tr(© — 02)' N(© — 03) < 02,V (0,02) € H(N,©3). Then,
V(0,7%) € R¥*P x [0, +00),
pr*trBVB' 4 ptrBVB' - tr(© — ©3)'N(0 — 0y) + tr®'(BX — S)(BX — 5)©
< pritrAVA 4 ptrAVA - tr(0© — ©3) N(0© — 03) 4 tr0’(AX — S)(AX — S)0.

Note that the parameters © and 72 are not constrained in the above inequality. So, the

following two inequalities hold simultaneously

trAVA' — ttBVB' > 0, (2.4)
p(trAVA' —trBVB') - tr(© — ©3)'N(© — 05)
+tr@’[(AX — §)(AX — S) — (BX — S)(BX — 9)]© >0, VO e R”P. (2.5)

We replace © by ©D ™1, (2.5) still hold. So, if D = AP, A # 0, P'P = I,,, we have

p(trAVA' —trBVB’) - tr(© — ©2D) N(© — ©3D)
+tr@'[(AX — 9)'(AX — S) — (BX — S)(BX — S)|© >0, VO e RT*P. (2.6)

That is, by (2.4) and (2.5), it follows that (2.4) and (2.6) hold simultaneously.
By (2.4) and (2.6) and the assumption ©1 = O2D, we have ¥V (0, 72) € R¥*P x [0, +00),

pr*trBVB' + ptrBV B’ -tr(© — ©1)N(© — 01) + tr0'(BX — S)'(BX — 5)©
< pritrAVA + ptrAVA - tr(© — ©1)N(0 — 1) + tr@’(AX — S)(AX — S)0.
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Hence, V (0, 0%) € H(N, ©1),

po?trBV B’ +tr@'(BX — S)(BX — 5)0© < po*trAVA' 4 tr@’(AX — S)(AX — S)0.
Note that AY & SO[H(N,©1)], we then have, for all (0,0?%) € H(N,©1),

po?trBV B’ +tr@®'(BX — S)(BX — 5)0© = po*trAVA' 4 tr0’(AX — S)(AX — S)0.
It then follows that, for all (©,0?%) € H(N, Os),

po?trBVB' +tr@®'(BX — S)(BX — 5)0© = po*trAVA' 4 tr0'(AX — S)(AX — S)O.

That is, in the restriction H (N, ©3), there does not exist any homogeneous linear estimator
which is better than AY. Therefore, AY SO[H(N,0,)].
The proof of Theorem 2.2 is then completed. O

Corollary 2.1 In the multivariate linear model (1.1). If AY o SO[H(N,©6,)],
then for any N; satisfying that N — Ny > 0 and for any ©5 satisfying that @y = 61D
where DD’ = A, with A # 0, we have AY ' SO[H(N;,©0,)].

Proof The proof is easy and then omitted. O

Corollary 2.2 In the multivariate linear model (1.1), if ©® = ©1D + zdz NE;,
D = AP, A\ #0, PP' = I,,, E; satisfying NE; = 0 then ALH(S,N,O3) = ALH(St:]\lf, O1).
Proof By Theorem 2.2 and the inversity of the matrix D, we can have that
the two classes of admissible homogeneous linear estimators is the same in the restriction
H(N,0;) and H(N,©;D). Moreover, by the assumption NE; = 0, we have H(N,0:D) =
H(N,0:D + i AiEi). It then follows that ALH (S, N,02) = ALH(S, N, 01).
The proolf: éf Corollary 2.2 is completed. O

Remark 2 The above results are obtained under the quadratic loss function. We
guess that there may be some similar results as the above under the matrix loss function,

which deserves further research.
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