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Abstract: By using the characterization of heavy-tailed random variables in D ∩ L,

precise large deviations for sums (nonrandom sums and random sums) of negatively

associated heavy-tailed random variables in D∩L were obtained, where the subclass D∩L
strictly contains C. Therefore, it firstly extends some existed precise large deviation results

to some larger subclasses of heavy tailed distributions.
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varing ½ ERV)í2���Cz�a(C)þ. Tang[3]?Ø
���Cz�K��(NA)��Å
Cþ��ÅÜ©Ú�°(� �.Chen�Zhang[4], Liu[5]©OòTang[3]�(Jí2��ÅÚ
��/, ��
K�����Cz���ÅCþ�ÅÚ�°(� �.

�©3©z[3-5]�Ä:þ, |^­�©ÙaD ∩ L5���x§��
­�©ÙaD ∩
L¥K��­��ÅCþÚ(�ÅÚ���ÅÚ)�°(� �§
­�©ÙaD ∩ L´î�
�¹C�§l
Ägòyk�°(� �(Jí2����­�©Ùfaþ.

1 ½ÂÚÚn

-{Xk, k > 1}�| 3(−∞,∞) þ�Ó©Ù�ÅCþS�, Ù©Ù¼ê�F (x) =
P (X1 6 x), �EX1 = µ < ∞, PF (x) = 1 − F (x), Sn =

∑n
k=1 Xk, 3�x¥, XkL«¢

�, 
SnL«úi¢��Ú. 2-N(t)���K�ê�OêL§, X��N(t)�PoissonL
§!CoxL§½���:L§, KN(t)L«���t��ï�x�<ê. Ó�b½N(t)÷v:
N(t)�{Xk, k > 1}Õá, �t → ∞�, EN(t) = λ(t) → ∞, 2PSN(t) =

∑N(t)
k=1 Xk, SN(t)L«

���t��úi¤k¢�.
½½½ ÂÂÂ 1.1 ¡,��K�ÅCþX½öÙ©ÙF (x)�­��, XJ§Ø�3�êÝ,

=é?¿γ > 0, EeγXØ�3.
½½½ ÂÂÂ 1.2 (1) ¡F���Cz�(½áuD), ��=�é?¿0 < θ < 1(½�d/é

,�0 < θ < 1)§

lim sup
x→∞

F (θx)
F (x)

< ∞;

(2) ¡F���Cz�(½áuC), ��=�

lim
y↘1

lim inf
x→∞

F (xy)
F (x)

= 1, ½�d/ lim
y↗1

lim sup
x→∞

F (xy)
F (x)

= 1;

(3) ¡F���(½áuL), XJé?¿L > 0,

lim
x→∞

F (x + L)
F (x)

= 1.

555 1.1 ½Â1.2´�
�~Í¶�­�©Ù�fa, �)��Cz�a(D), ��C
z�a(C)Ú��a(L). d©z[1, 3]��þã­�©ÙfakXe�'XµC ⊂ D ∩ L,¿
�±þ�¹'X�±´î��, X�F (x) = 1 − F (x) = exp(−ρ(log(1 + x))), Ù¥ρ(x) =
[x] + ((x(x − [x])) ∧ 1), �±y²F ∈ D ∩ L, �F 6∈ C(ë�©z[2]).

555 1.2 ´�XJF ∈ D, Ké?¿c > 0, F (cx) �F (x) 3Xe¿Âek�Ó��.

0 < lim inf
x→∞

F (cx)
F (x)

6 lim sup
x→∞

F (cx)
F (x)

< ∞,

��Bå�, ±�Pd'X�F (cx) ³ F (x).
½½½ ÂÂÂ 1.3 -

J∗
F := − lim

y→∞

F ∗(y)
log y

,

Ù¥é?¿�y > 0, F ∗(y) = lim inf
x→∞

F (xy)

F (x)
, J∗

F ¡�©Ù¼êF�þMatuszewska�ê.
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½½½ ÂÂÂ 1.4 ¡{Xk, 1 6 k 6 n}�K��(NA)�ÅCþS�, XJé{1, 2, · · · , n}�?
¿Ø�f8A1ÚA2§k

Cov(f1(Xk1 , k1 ∈ A1), f2(Xk2 , k2 ∈ A2)) 6 0,

Ù¥f1, f2´éz�C��O(½�ü)�¼ê, ¿�¦�þã����3. ¡{Xk, k >
1}�NA�, XJ§�?¿k�fx´NA�.

ÚÚÚ nnn 1.1[6,7] F ∈ L��=�

H(F ) = {h(x) : [0,+∞) → [0,+∞);h(x) ↑ ∞,
h(x)

x
→ 0,

F (x ± h(x))
F (x)

→ 1} 6= φ.

ÚÚÚ nnn 1.2[4] eF ∈ D, K
(1) 1 6 J∗

F < ∞, �é?¿p > J∗
F , kx−p = o(F (x));

(2) éz�p > J∗
F , �3�~êC�D ¦�é¤kx > y > D¤á

F (y)
F (x)

6 C(
x

y
)p.

ÚÚÚ nnn 1.3[4] -{Xk, k > 1} �Ó©ÙNA�ÅCþS�, �Ï"µ < 0. e�3
,r > 1, ¦�E|X1|r < ∞, Ké?¿0 < θ < 1 ÷v: (r − 1)/8θ > 1, 7�3�x ÚnÃ'�~
êC > 0, ¦�é?¿n > 1±9x > 0, k

P (S(n) > x,

n∩
i=1

(Xi 6 θx)) 6 Cx− r−1
8θ +1,

Ù¥S(n) =: max
16k6n

Sk.

ÚÚÚ nnn 1.4[3] -{Xk, k > 1} �Ó©ÙNA�ÅCþS�, �Ï"�0, eF ∈ D, Ké
?¿�½�γ > 0, �3�xÚnÃ'�~êC = C(γ), ¦�é¤k�x > γn9n = 1, 2, · · · , k

P (Sn > x) 6 CnF (x).

ÚÚÚ nnn 1.5[7] -{Xk, k > 1} �Ó©ÙNA�ÅCþS�, �EX+
1 < ∞, Ké?¿θ >

0, x > 09n > 1, k
P (Sn > x) 6 nF (θx) + (

eµ+n

x
)θ−1

.

2 Ì�(J9Ùy²

½½½ nnn 2.1 -{Xk, k > 1} �Ó©ÙNA�ÅCþS�, Ù�Ó©Ù�F , Ï"�µ <

∞, e�3r > 1¦�E|X1|r < ∞, �F ∈ D ∩ L. e�3h(x) ∈ H(F ) ¦�, �x → ∞�,

h(x)F (−h(x))
F (x)

→ 0. (1)

@o, ?¿�½�~êγ > 0, éx > h−1(γn)��/k,

P (Sn − nµ > x) ∼ nF (x), (2)
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Ù¥h−1�h��¼ê.
555 2.1 XJF| 3[s,+∞)þ, Ù¥s > −∞, @o^�(1)g,¤á. 3�x�¥,

F (x), x > 0�F (x), x < 0©O^5L«úiº�ÚJ{�VÇ, L©J¦|d�U¬{N<
�ï�x, Ïd�xúi3��ºx�Ó�7LN�Ù|d�m, ^�(1)=�ù«N�.

yyy ²²² Ø���5, Ø�b½µ = 0, eØ,, ½ÂX
′

k = Xk − µ, S
′

n =
∑n

k=1 X
′

k, @
oEX

′

k = 0, X
′

k
d∼ F (x + µ) ∼ F (x), Ù¥ d∼L«Ó©Ù, 5¿�P (Sn − nµ > x) = P (S

′

n > x),
Ïd(2)ª��yµ = 0�/. �dÄky²

lim inf
n→∞

inf
x>h−1(γn)

P (Sn > x)
nF (x)

> 1. (3)

db���3h(x) ∈ H(F ), 
dÚn1.1, ´�é¿©�xkx > h(x), Ï�

P (Sn > x) > P (Sn > x, max
16k6n

Xk > x + h(x))

>
n∑

k=1

P (Sn > x,Xk > x + h(x)) −
∑

16i<j6n

P (Xi > x + h(x), Xj > x + h(x))

:= J1 − J2.

k�OJ1. ¢Sþ,

J1 =
n∑

k=1

P (Sn > x,Xk > x + h(x))

>
n∑

k=1

P (Sn − Xk > −h(x), Xk > x + h(x))

>
n∑

k=1

[P (Sn − Xk > −h(x)) + P (Xk > x + h(x)) − 1]

=
n∑

k=1

[F (x + h(x)) − P (
∑

l:16l6n,l 6=k

(−Xl) > h(x))].

du{−Xl, l = 1, 2, · · · } E�NAS�, dÚn1.4�, �3�xÚnÃ'�~êC1 = C1(γ), ¦�
éu?¿x > h−1(γn), k

P (
∑

l:16l6n,l 6=k

(−Xl) > h(x)) < C1nF (−h(x)) 6 C1
h(x)

γ
F (−h(x)) = o(F (x)).

3þã������ª¥, ·�¦^
^�(1). Ï
, J1 > nF (x + h(x)) − o(nF (x)).
,��¡, dNA5��

J2 =
∑

16i<j6n

P (Xi > x + h(x), Xj > x + h(x))

6 [
∑

16k6n

P (Xk > x + h(x))]2 = [nF (x + h(x)]2.

e¡y² lim
n→∞

sup
x>h−1(γn)

nF (x + h(x)) = 0, ¢Sþ5¿�F ∈ D, K

∫∞

x

F (t)dt >
∫2x

x

F (t)dt > xF (2x).
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�

lim sup
x→∞

xF (x)∫∞
x

F (t)dt
6 lim sup

x→∞

F (x)
F (2x)

< ∞.

5¿�Fäkk�Ï", Ïd lim
x→∞

xF (x) = 0. l
�n → ∞�,

sup
x>h−1(γn)

nF (x + h(x)) 6 sup
x>h−1(γn)

h(x)
γ

F (x + h(x)) 6 sup
x>h−1(γn)

x + h(x)
γ

F (x + h(x)) → 0.

aq/�±�� lim
n→∞

sup
x>h−1(γn)

nF (h(x)) = 0. Ïd, �n → ∞�, é¤kx > h−1(γn),

P (Sn > x)
nF (x + h(x))

> 1 − o(F (x))
F (x + h(x))

− nF (x + h(x)) → 1.

2g|^Ún1.1�

lim inf
n→∞

inf
x>h−1(γn)

P (Sn > x)
nF (x)

> lim inf
n→∞

inf
x>h−1(γn)

P (Sn > x)
nF (x + h(x))

· F (x + h(x))
F (x)

= 1.

e¡2�O(2)ª�þ., ?�θ > 0÷vθ−1 >
J∗

F +1
16(r−1) , du

P (Sn > x) 6 P ( max
16j6n

Xj > x − h(x)) + P (Sn > x, max
16j6n

Xj 6 x − h(x), max
16j6n

Xj > θx)

+P (Sn > x, max
16j6n

Xj 6 θx)

6 nF (x − h(x)) +
n∑

i=1

P (Sn − Xi > h(x), Xi > θx) + P (Sn > x,

n∩
i=1

{Xi 6 θx})

:= K1 + K2 + K3.

ÄkdNA5�±9Ún1.4�

K2 =
n∑

i=1

P (Sn − Xi > h(x), Xi > θx) 6
n∑

i=1

P (Sn − Xi > h(x))P (Xi > θx)

= F (θx)
n∑

i=1

P (Sn − Xi > h(x)) 6 F (θx)
n∑

i=1

[C2nF (h(x))]

= C2n
2F (θx)F (h(x)) ³ C2nF (θx)o(1) ³ o(nF (x)),

3�����ª¥·�¦^
 lim
n→∞

sup
x>h−1(γn)

nF (h(x)) = 0.

éuK3, -X ′
k = Xk − γ, S′

n =
n∑

k=1

X ′
k, KEX ′

k = EXk − γ = −γ < 0. Ï�h(x) ∈ H(F ), @

o 2h(x)
x → 0. �é¿©��x, θx − 2θγn + γ > θx − 2θγ h(x)

γ = θ(x − 2h(x)) + γ > 0. 5¿
�θ−1 >

J∗
F +1

16(r−1) ±9Ún1.3�

K3 = P (Sn > x,

n∩
i=1

{Xi 6 θx}) = P (Sn − nγ > x − nγ,

n∩
i=1

{Xi − γ 6 θx − γ})

= P (S′
n > x − nγ,

n∩
i=1

{X ′
i 6 θx − γ}) 6 P (S′

n > x − nγ,

n∩
i=1

{X ′
i 6 2θ(x − nγ)})

6 C3(x − nγ)−
r−1
16θ +1 6 C3F (x − nγ) 6 C3F (x − h(x)) = o(nF (x − h(x))).
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2g|^h(x) ∈ H(F ), ��

lim sup
n→∞

sup
x>h−1(γn)

P (Sn > x)
nF (x)

6 1. (4)

dª(3)Ú(4)�, ½n2.1(Ø¤á.

½½½ nnn 2.2 -{Xk, k > 1} �Ó©ÙNA�ÅCþS�, Ù�Ó©Ù�F , Ï"�0, e
�3r > 1¦�E|X1|r < ∞, �F ∈ D ∩ L. e�3h(x) ∈ H(F )÷v(1). 2-N(t)���K�
ê�L§, �{Xk, k > 1}Õá, �÷v: é?¿δ > 0±9,�p > J∗

F , k

ENp(t)I(N(t)>(1+δ)λ(t)) = o(λ(t)), (5)

Ù¥I{.}�«5¼ê. @o, ?¿�½~êγ > 0, é?¿x > h−1(γλ(t))��/k

P (SN(t) > x) ∼ λ(t)F (x). (6)

yyy ²²² é?¿0 < δ < 1,

P (SN(t) > x) =
∞∑

n=1

P (Sn > x)P (N(t) = n)

= (
∑

n<(1−δ)λ(t)

+
∑

(1−δ)λ(t)6n6(1+δ)λ(t)

+
∑

n>(1+δ)λ(t)

)P (Sn > x)P (N(t) = n)

:= I1 + I2 + I3.

éuI2, 5¿�n 6 (1 + δ)λ(t), @oh(x) > γλ(t) > γ
1+δ n, ½n2.1L², �t → ∞�, ±9

éx > h−1(γλ(t))��/k

I2 =
∑

(1−δ)λ(t)6n6(1+δ)λ(t)

P (Sn > x)P (N(t) = n)

∼
∑

(1−δ)λ(t)6n6(1+δ)λ(t)

nF (x)P (N(t) = n)

∼ λ(t)F (x)P (|N(t) − λ(t)| 6 δλ(t)) ∼ λ(t)F (x).

2�ÄI1, Äky²N(t)
λ(t)

P−→ 1(∗), Ù¥” P−→ ” L«�VÇÂñ. ùde¡Ø�ªá�,

EN(t)I{N(t)>(1+δ)λ(t)} 6
ENp(t)I{N(t)>(1+δ)λ(t)}

(1 + δ)p−1(λ(t))p−1
= o(λ(t)).

qdud�kn 6 (1 − δ)λ(t), Kh(x) > γλ(t) > γ
1−δ n, 2g|^½n2.1�, �t → ∞�,

éx > h−1(γλ(t))��/k

I1 =
∑

n<(1−δ)λ(t)

P (Sn > x)P (N(t) = n) ∼
∑

n<(1−δ)λ(t)

nF (x)P (N(t) = n)

6 λ(t)F (x)P (N(t) 6 (1 + δ)λ(t)) = o(λ(t)F (x)),

3�����ª¥, ·�¦^
(∗) ª. ��?ØI3, �θ−1 = p, 5¿�F ∈ D ±9Ún1.2,
�3C = C(θ) > 0, é¿©��x, k

F (θx) 6 CF (x), x−θ−1 6 F (x). (7)
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éþã�½�θ ±9?¿�n, �M = (1 + (eµ+)p)C, dÚn1.5Ú(7)ª�, é¿©��x,

P (Sn > x) 6 nF (θx) + (
eµ+n

x
)θ−1

6 nCF (x) + (eµ+n)θ−1
CF (x)

6 MnpF (x).

Ï
,

I3 =
∑

n>(1+δ)λ(t)

P (Sn > x)P (N(t) = n)

6 MF (x)
∑

n>(1+δ)λ(t)

npP (N(t) = n)

= MF (x)ENp(t)I(N(t)>(1+δ(t)))

= o(λ(t)F (x)),

3������ª¥, ·�¦^
^�(5). nþ¤ã, ½n 2.2 y..

[ë � © z]

[ 1 ] NG K W, TANG Q H, YAN J A, et al. Precise large deviations for sums of random variables with consistently

varying tails[J]. J Appl Prob, 2004, 41: 93-107.

[ 2 ] KLUPPELBERG C, MIKOSCH T. Large deviations of heavy-tailed random sums with applications in insurance

and finance[J]. J Appl Prob, 1997, 34: 293-308.

[ 3 ] TANG Q H. Insensitivity to negative dependence of the asymptotic behavior of precise large deviations[J].

Electron J Pro, 2006(11): 107-120.

[ 4 ] CHEN Y, ZHANG W P. Large deviations for random sums of negatively dependent random variables with

consistently varying tails[J]. Statist Prob Lett, 2007, 77: 530-538.

[ 5 ] LIU Y. Precise large deviations for negatively associated random variables with consistently varying tails[J].

Statist Prob Lett, 2007, 77: 181-189.

[ 6 ] CLIND D B H, SAMORODNITSKY G. Subexponentiality of the product of independent random variables[J].

Stochastic Process Appl, 1994, 49: 75-98.

[ 7 ] WANG K Y, WANG Y B. Notes on the asympototics of the tail probabilities of sums for negatively associated

random variables with heavy tails[J]. Chinese Journal of Applied Probability and Statistics, 2007, 23: 337-344.


