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0 Ú ó

�íÚ°��$Ä�½5éu/¥�í�CzåX�'���^. ïÄÙ½5
��{Ä�þ©¤�5���5ü�a, �5½5´��Ä�6Ä, ò��5��.U6
ÄþÐm, Ñ�6Äþ���5������5z��.. ?éù�5z��.?1ïÄ.
éu Hamilton XÚó, du$ÄvkP~, �5½5�½Â´: eéu3Ð©����
�?¿�6Ä, �5z�.�$Ä�ÌÝ3?Û��Ñ´��, K¡��.´�5½�. �
�5½5´�Ä?¿k�ÌÝ�Ð©6Ä�K�. eéu?¿k�ÌÝ�Ð©6Ä, ��
5�.�$Ä�ÌÝ3?Û��Ñ´k��, ¿��Ð©6Ä�ÌÝªu"�, ù$Ä�Ì
Ý��/ªu", K¡T�.´��5½�. w,�ö�\ÎÜ¢S�¹. O/=$Ä�.
´�í�°�ÄåÆ¥���{z�����. [1]. §´�� Hamilton XÚ. Ï~�^U
þ{5ïÄ Hamilton XÚ���5½5 [2]. ´ÄU
¤õ/A^ù��{�'�´XÛ
éu��äN��.�E�
·��Uþ�¼, ±9ïáù
Uþ�¼�eZ�k��Ø�
ª. gl Arnold 3 1966 cé��{ü��� Euler �§3b½
3>.þÃ�66Ä��
¹eïá
��5½5½n (¡� Arnord 1�½n) ±5, 3 1987 c, éu±Ï��þ�
�n��O/=�.���5½5�ïÄk
�
(J [3]. �´T(JÚ Arnold ���,
�¦3>.þÃ�66Ä9Ã §6Ä�Ø¢S�b�. 3 1992, 1993 c, ù�Ø¢S�b
���Ø
 [4],[5]. �´duk�Ø�ª��O'�o÷, ¤�(J��5½5�(J��
��. 3 1996 c, du^
C©�n��
°[�k�Ø�ª, l��
�Ð�(J [6]. �
´ù�(J��5½5�(JE,k�
�å. 2006 c, |^
N\�ÄþÅð��å^
����°[�k�Ø�ª, ly²
3¢S�Ôn�¸e, �5½5�âÚ��5
½5�â´��� [7].

l±þ��C©�nÚïá°[�Ø�ª��5. Ïd3�©�1 1 !, k{�/
0�C©�n, ,�dC©�n��
�X�k^��ZØ�ª. k
�ZØ�ª´®k�
(3©¥Ñk5²), �´¦�U/^Ð��©Û�{5#Øy. 3±evk5²Ñ?�Ø
�ª´�ö#��(J.

31 2 !, ^Ú���{éu=/=$Ä�3 Arnord 1�½n�¿Â (äN¹Â3±
�k`²) e���5½5�®k(J#�Ñ
y². 3Øyg´þ���ß, 3y²
�{þ��{'.

1 êÆÄ:

�dØ�ª�¼�,  �/ÏuC©�n.�
?Ø¯K�I�, Äk�Ñ����
���C©�n, í2�p���¹vk��þ�(J.

1.1 C©�n

Ø���5, ±e�Äk�4«m I = [0, a].
½½½ÂÂÂ 1.1 ��3 I þ½Â�¼ê¡�´©ãëY�, ´�ÙØëY:Ñ´1�aØ

ëY:, ��� I �S:. ¿�ù¼ê�ØëY:8Ãà:. d½ÂéÃ.«m�·^.

ÚÚÚnnn 1.1 �¼ê g 3 I þ©ãëY, eéu ∀η ∈ C∞
0 (I) k

∫a

0

gη′ dx = 0, K g(x) 3 I

þð�u��~ê.
yyy²²² ^�y{. Ø,, K�3~ê C 9 I ¥ü��Ý�u"�Ø���4f«m I1,

I2, ¦�: g(x) > C > g(y), ∀x ∈ I1, ∀y ∈ I2. � η ∈ C∞
0 (I), η′(x) > C > η′(y), ∀x ∈ I1,
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∀y ∈ I2; η(x) = 0, x 6∈ I1

∪
I2. K 0 =

∫a

0

(g − C)η′ dx > 0. gñ.

ÚÚÚnnn 1.2 �¼ê g 3 I þ©ãëY, ¼ê f ∈ L1(I), e
∫a

0

(fη + gη′) dx = 0, ∀η ∈

C∞
0 (I). K g(x) = g(0) +

∫x

0

f(t) dt, ∀x ∈ I.

yyy²²²: - h(x) =
∫x

0

f(t) dt, |^©ÜÈ©, � 0 =
∫a

0

(fη + gη′) dx =
∫a

0

(g − h)η′ dx, d

Ún 1.1 �y.
½½½nnn 1.1 � F (x, y, z) ´3ÙC��,«�þ½Â���ëY��¼ê, ek3 I þ

ëY�Ù�¼ê©ãëY�¼ê y = φ(x), ¦�¼

J(y) =
∫a

0

F (x, y(x), y′(x)) dx

��4� (¡¼ê φ�4�¼ê), K φ 7÷v∫x

0

Fy(t, φ(t), φ′(t)) dt = Fz(x, φ(x), φ′(x)) − Fz(0, φ(0), φ′(0)) x ∈ I.

l, ��x �¼ê Fz(x, φ(x), φ′(x)) ´�ëY¼ê, φ A�??÷v±e Euler �§µ

Fy(x, φ(x), φ′(x)) =
d
dx

Fz(x, φ(x), φ′(x)) a.e. x ∈ I.

yyy²²² � η ∈ C∞
0 (I), ε ´¢ëê, � y = φ(x) ´4�¼ê, �Ä ε �¼êµ

j(ε) = J(φ + εη) =
∫a

0

F (x, φ(x) + εη(x), φ′(x) + εη′(x)) dx.

3 |ε| ¿©��k½Â, �3 ε = 0 ���4��, ¤±A¤á

j′(0) =
∫a

0

[Fy(x, φ(x), φ′(x))η(x) + Fz(x, φ(x), φ′(x)η′(x)] dx = 0.

dÚn 1.2 =�y.
y�Ä
¯̄̄KKK 1.1 ¦

λ := inf

∫a

0

ry′2 dx − p0r(0)y2(0) − par(a)y2(a)∫a

0

ρy2 dx

, (1)

Ù¥e(.´é¤k¦ (1) k½Â�¼êa (·�¡��#N¼êa) ¥�¼ê y 5��. �
k r(x) > 0, ρ(x) > 0, x ∈ (0, a) ´ I þ�ëY¼ê, � r �´ I þ��ëY¼ê, p0, pa ´~
ê. Ù¥ü�>.��±�k��½vk, u)ù«�¹�±d r 3>.þ�u"�)�,
½´~ê p0, pa k�u"�)�, ½´�½ y 3,
>.þ�u"�)�.

dC©nØ,¯K (1) �ÏLò λ ��Lagrange ¦fz��¼

G(y) :=
1
2

[∫a

0

(ry′2 − λρy2) dx − p0r(0)y2(0) − par(a)y2(a)
]

(2)
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�C©¯K.
b��3 (2) �4�¼ê y = φ.·�^C©�n5¦ φ. duy3 (2) ¥k>.�,·�

U^ η ∈ C∞(I), aqu½n 1.1 �y², ���4�¼êA÷v∫a

0

(−λρφη + rφ′η′) dx − p0r(0)φ(0)η(0) − par(a)φ(a)η(a) = 0.

©ÜÈ©, ��

−
∫a

0

[λρφη + (rφ′)′)η] dx − r(0)[φ′(0) + p0φ(0)]η(0) + r(a)[φ′(a) − paφ(a)]η(a) = 0.

d η ∈ C∞(I) �?¿5, 4�¼ê φ 7LA�??÷v±e��~�©�§

(rφ′)′ + λρφ = 0 a.e. x ∈ I. (3)

(3) ª�>�^�´: � r(0) > 0 �, XØ�½ y �>.^�, �>�^� φ′(0) = −p0φ(0); X
�½ y(0) = 0 �, �>�^� φ(0) = 0. � r(0) = 0 �, 3 x = 0 :� φ(0) ±g,>.^� (=
k.). Ó�� r(a) > 0 �, XØ�½ y �>�^�, �>�^� φ′(a) = paφ(a); �½ y(a) = 0
�, �>�^� φ(a) = 0. � r(a) = 0 �, 3 x = a :� φ(a) ±g,>.^�.

Ïd,¯KÒz�¦ (3) ª3éA�>�^�e���A�� λ �¯K. �´AO�5
¿, Euler �§ (3) �´4�¼ê�÷v�7�^�, 7L�y²Xd��� λ �(´ (1) ¤
½Â�. �k (1) ª¥�e(.Ø�½d#N�¼êa¥�¼ê�� (~Xe¡�·K 1.2.7).
�d,·��Ñ��{ü��ä4�¼ê��{.

���{{{ 1.1 �¦� (3) ª�>�¯K�����A�� λ 9éA�A�¼ê φ(x) >

0, x ∈ (0, a). ½Â w(x)�
φ′ = wφ. (4)

e±eð�ª∫a

0

[ry′2 + ((rw)′ + rw2)y2] dx = r(x)w(x)y2(x)
∣∣a
0

+
∫a

0

r(y′ − wy)2 dx (5)

k¿Â. K�Ø�ª ∫a

0

(ry′2 − λρy2) dx > p0r(0)y2(0) + par(a)y2(a). (6)

du y = φ ��Ò¤á. � λ Ò´ (1) ¤¦��.
3d�AO5¿, �, (1) ª½Â� λ ´�3�, ���Ø�½d#N¼ê��. ���

é r(x) JÑ�î���¦, X r(x) > 0, x ∈ I, r ∈ C1(I), Kd Sturm-Liouville nØ, ù´�
½�.

d½Â (1) ��, XØ�� y(0) = 0, y(a) = 0 �, K� r(0)p0 > 0, r(a)pa > 0 � λ < 0;
� r(0)p0 = 0, r(a)pa = 0 � λ = 0; � r(0)p0 < 0, r(a)pa < 0 � λ > 0, �±Xe¯K���
A���Ùþ..

(ry′)′ + λρy = 0, x ∈ I, y(0) = 0 = y(a).
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1.2 Ø�ª

y^ § 1.1 �nØ5éu¤k3 I þ��ëY�Ù�¼ê∈ L2(I) �¼ê y 5ïáe�
�`È©Ø�ª (� k ´¢~ê).

···KKK 1.2.1 ∫a

0

(
y′2 +

4k2

a2
y2

)
dx > 2k tanh k

a

(
y2(0) + y2(a)

)
.

yyy²²² 3 (5) ª¥, � w(x) = 2k tanh(2k(x/a − 1/2))/a =�.

···KKK 1.2.2 � B0 ´~ê, �� (4) ¥� φ(x) := 1 + r(0)B0

∫x

0

r−1 dx > 0 x ∈ I, K

∫a

0

ry′2 dx > r(0)B0y
2(a)

1 + r(0)B0

∫a

0

r−1 dx

− r(0)B0y
2(0).

�=� y ´ φ �~ê���Ò¤á.
d·K 1.2.2 ´�íØ:

···KKK 1.2.3 � B0 ´~ê, � φ(x) := 1 + r(0)B0

∫x

0

r−1 dx > 0, x ∈ I, e~ê Ba ÷

vØ�ª,

r(a)Ba <
r(0)B0

1 + r(0)B0

∫a

0

r−1 dx

,

K ∫a

0

ry′2 dx > r(a)Bay2(a) − r(0)B0y
2(0).

�=� y = 0 ��Ò¤á.
···KKK 1.2.4 e y(0) = 0, Kk�ZØ�ª:

y2(x) 6 tanh(kx)
k

∫x

0

(y′2 + k2y2) dx.

yyy²²² 3�{ 1.1 ¥, � φ(x) = sinh(kx). =�. 5¿�, φ(0) = 0, �du y(0) = 0,
y′ ∈ L2(I), d Cauchy Ø�ª�íÑ y(x) = o(

√
|x|), x → 0. �ð�ª (5) 3 x = 0 ����

´k¿Â�.
d·K 1.2.4 ´�íØ
···KKK 1.2.5 e y(0) = 0, Kk�ZØ�ª

y2 6 tanh(ka)
k

∫a

0

(y′2 + k2y2) dx ∀x ∈ [0, a].

d·K 1.2.5 ´�íØ
···KKK 1.2.6 e y(0) = 0 = y(a), Kk�ZØ�ª

y2 6 tanh(ka/2)
2k

∫a

0

(y′2 + k2y2) dx ∀x ∈ [0, a].

yyy²²² � max |y(x)| = |y(c)|, c ∈ (0, a), d·K 1.2.5 �∫a

0

(y′2 + k2y2) dx >
(

k

tanh(kc)
+

k

tanh(k(a − c))

)
y2(c) > 2k

tanh(ka/2)
y2.
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�Z5d� y(x) = sinh(k(a/2 − |a/2 − x|)) ��.

···KKK 1.2.7 ¤áXe�ZØ�ª:∫a

0

(x2y′2 − λy2) dx > kay2(a).

Ù¥� k > −1/2 �, λ = −k(1 + k), � k 6 −1/2 �, λ = 1/4.

yyy²²² � k > −1/2 �, d¯K 1.1 ¥- p0 = 0, r = x2, ρ = 1, �A�¼ê φ(x) = xk, �
â�{ 1.1, =�ð�ª.∫a

0

(x2y′2 + k(k + 1)y2) dx = kxy2(x)
∣∣a
0

+
∫a

0

(xy′ − ky)2 dx.

¤±� k 6 −1/2 �, λ = −k(1 + k). �� k 6 −1/2 �, y = xk �ð�ª��¿Â.·��y
², ù�d (1) ½Â���λ = 1/4.

� k = −1/2 �, −k(1+k) = 1/4, Ï λ ´ k �üN~¼ê, ¤±, � k 6 −1/2 �, λ > 1/4.
·���2y² λ 6 1/4 =�. -

ε > 0, yε(x) = 4ε3
(x/a)ε ln(x/a)

a
√

x/a
.

O�� ∫a

0

(xy′
ε(x))2 dx − kay(a)2(a)∫a

0

y2
ε (x)) dx

= (1 + ε2)/4.

- ε → 0 �, � k 6 −1/2 �,λ = 1/4. ù�·K`²
�3«m I �>.þ r = 0 �, ½Â (1)
¥�e(. inf ��ØUU�min.

±en�·K´Ù��, 3d�Ñ�´#����y²:

···KKK 1.2.8 � (1)
∫a

0

y(x) dx = 0, ½ (2) y(0) = 0 = y(a) �, Kk±e�ZØ�ª

∫a

0

y′2 dx > π2

a2

∫a

0

y2 dx. (7)

yyy²²² éu^� (1), � z(x) =
∫x

0

y(x) dx,·��Ñ±eð�ª:

∫a

0

(
y′2 − π2

a2
y2

)
dx =

π2z(x)
a2

−2y(x) +
πz(x)

a tan(
πx

a
)

∣∣∣∣∣∣
x=a

x=0

+

∫a

0

(
y′ +

π2

a2
z

)2

+
π2

a2

y − πz

a tan
(πx

a

)
2

 dx. (8)

5¿� z(x) = O(|x|), x → 0; z(x) = O(|a − x|), x → a, Ïd (8) k¿Â. ¿�, �� y =
φ(x) �Ø�ª (7) ¥�Ò¤á, Ïd (7) ª´�ZØ�ª.
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éu^� (2), 3 (5) ¥� r = 1 = ρ, y(0) = 0 = y(a), λ =
π2

a2
, w =

π

a
cot(

πx

a
), =�∫a

0

(y′2 − λy2) dx = w(a)y2(a) − w(0)y2(0) +
∫a

0

r(y′ − wy)2 dx. (9)

Ó�5¿� y(x) = o(
√
|x|), x → 0; y(x) = o(

√
|a − x|), x → a. =� (7).

···KKK 1.2.9 � (1)
∫a

0

y(x) dx = 0, � (2) y(0) = y(a) �, ¤á±e�ZØ�ª

∫a

0

y′2 dx > 4π2

a2

∫a

0

y2 dx. (10)

yyy²²² �Ä¼ê z(x) = y(x + a/2) − y(x) 9^� (2), ��3 c ∈ [0, a/2), ¦� z(c) = 0,
= y(c) = y(c + a/2), d y(x) �±Ï5, Ø�b� y(0) = y(a/2) = y(a) = b. =3«m [0, a/2]
9 [a/2, a] þþ÷v·K 1.2.4 �^� 2, �∫a

0

y′2 dx > 4π2

a2

∫a

0

(y − b)2 dx = ab2 +
4π2

a2

∫a

0

y2 dx. (11)

(11) ¥�ª¤á´A^
^� (1). � y = sin(2πx/a) �, (10) ¥�Ò¤á.
d·K 1.2.9 ´�±eíØ:
···KKK 1.2.10 � y(0) = y(a), K¤á±e�ZØ�ª∫a

0

y′2 dx > −4π2ȳ2

a
+

4π2

a2

∫a

0

y2 dx, (12)

�!^ ȳ L« y 3 I þ�È©²þ.

···KKK 1.2.11 � (1)
∫a

0

y(x) dx = 0, (2) y(a) − y(0) + F

∫a

0

xy(x) dx = 0, F > 0 ´~ê,

K¤á±e�ZØ�ª ∫a

0

y′2 dx > 4π2

a2

∫a

0

y2 dx. (13)

yyy²²² Ï y ´�ëY¼ê, ��ò¼ê y Ðm� I þ�{u?ê (^ û L«¼ê u

� Fourier ?ê):

y(x) =
∞∑

n=1

cn cos
(nπx

a

)
=: ŷ(x).

�k ŷ′ = ŷ′. Ù¥vk~ê�´du^� (1). db� y′ ∈ L2(I), ��±òëY�4�¯K
=z�lÑ�^�4�¯K. k�Ä�����lÑ�4�¯K:

¯̄̄KKK 1.2.1 ¦

λ := inf

∞∑
n=1

λnc2
n

∞∑
n=1

c2
n

, , λ1 < λ2 < ..., s.t.
∞∑

n=1

cnsn = 0, (14)

Ù¥ λn = n2π2/a2, s2n = 0, s2n−1 = 1 + F/λ2n−1, n = 1, 2, ....
éu���¯K 1.2.1,·��Ñ±e(J.
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···KKK 1.2.12[8]

(1) � s1 = 0 �, λ = λ1;

(2) � s1 6= 0, s2 = 0, �
∑∞

n=3

s2
n(λ2 − λ1)

s2
1(λn − λ2)

6 1 �, λ = λ2;

(3) � s1 6= 0, s2 6= 0 ½ s2 = 0, �
∑∞

n=3

s2
n(λ2 − λ1)

s2
1(λn − λ2)

> 1 �,λ ´±e�§3 (λ1, λ2) ¥

����:
∞∑

n=1

s2
n

λn − λ
= 0.

ò λ := inf

∫a

0

y′2 dx∫a

0

y2 dx

z�¯K 1.2.1 5)û. �±O��Ñ·K 1.2.11 ¥�^�÷v·

K 1.2.12 ¥�1 (2) ± [8], l�y.

ù«ò¯KlÑz��{��^5��^¼ê� H1 �ê5�O¼ê� L∞ �ê�Ø
�ª:

···KKK 1.2.13 � y(0) = y(a), K¤áXe�ZØ�ª:

|y| 6 |ȳ| +

√
C

∫a

0

(
4k2

a
(y2 − ȳ2) + ay′2

)
dx ∀x ∈ I, (15)

Ù¥ C := [k coth(k) − 1] /(4k2) 6 1/12, k > 0 ´~ê.

yyy²²² ò¼ê y Ðm� I þ� Fourier ?ê:

y(x) =
∞∑

n=0

cn cos
(

2nπ(x − θn)
a

)
.

�

|y| 6 |c0| +
∞∑

n=1

|cn|.

|^ Cauchy Ø�ª�( ∞∑
n=1

|cn|

)2

6
∞∑

n=1

2(k2 + n2π2)c2
n

∞∑
n=1

1
2(k2 + n2π2)

.

2|^ð�ª

1 +
∞∑

n=1

2x2

n2π2 + x2
=

x

tanhx

�
∞∑

n=1

1
2(k2 + n2π2)

=
k coth(k) − 1

4k2
=: C.

qÏ ȳ = c0, 9 ∫a

0

(
4k2

a
(y2 − ȳ2) + ay′2

)
dx =

∞∑
n=1

2(k2 + n2π2)c2
n.
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��y. qd�{ 1.1, � y = cosh(2k(x/a − 1/2)) �Ø�ª (15) ¥�Ò¤á, ���Z5.
···KKK 1.2.14 � y(0) = y(a), K¤áXe�ZØ�ª:

y2 6 1
4k tanh k

∫a

0

(
4k2y2/a + ay′2) dx k > 0.

yyy²²² ^aqu·K 1.2.13 �y²�{. � y = cosh(2k(x/a − 1/2)) �Ø�ª¥�Ò
¤á, ���Z5.

···KKK 1.2.15 ¤áXe�ZØ�ª:

y2 6 1
k tanh k

∫a

0

(
k2y2/a + ay′2) dx k > 0.

yyy²²² ò¼ê y Ðm� I þ�{u?ê:

y(x) =
∞∑

n=0

cn cos(nπx/a).

2^aq·K 1.2.13 �y²�{. � y = cosh(kx/a) �Ø�ª¥�Ò¤á, ���Z5.

2 O/=�.

3±eA!·��ÑØ�ª3O/=$Äþ�A^, ù
(J'®k�(J3êÆn
Øþ���, �{þ�{üÚÚ�, (Jþ�{'. Ù¥�E|Ú�{�±?�ÚA^�Ù¦
+�. k'�í$Ä�½5�nÜ50��ëw©z [9,10]. �?�Ú�\ÆS^C©�n
ïÄ�í$Ä�½5�ëw²;Í� [11]. �íÄåÆ�¡�ëw©z [1,12]. Äké�«
O/=�.��
0�.

2.1 n�O/=$Ä

k0�²¡n�O/=$Ä, ��k'�½5ïÄ�{¤?Ð�ëw©z [13-19].
3d?Ø�n�O/=$Ä��.�¹
©z [1] 9 [20] ��., �äkêÆþ���

5. µP �Åð�§�
∂P

∂t
+ J(Φ, P ) = 0, (16)

Ù¥ µP ^6¼ê Φ L«Xe,

P = ∆Φ +
1
ρ
(rΦz)z + f, (17)

Ù¥ r = r(z) > 0, ρ = ρ(z) > 0, f = f(x, y) ´®�¼ê. «� Ω = D × [z1, z2],D ´ x, y ²¡
þ�äk1w>. ∂Dj , j = 1, ..., J �k.«�. J(f, g) = fxgy − fygx ´ Jacobi �f. ∆ ´
��Laplace �f. >.^���9^���þÅð:

Φs|∂D = 0,
∂

∂t

∫
∂Dj

Φn ds = 0, j = 1, 2, · · ·, J. (18)

Ù¥eI s � n ©OL«3>. ∂D þ���Ú{��ê, ds L«>. ∂D �l���.
3.�Úº� z = zi þ�>.^��

∂Λi

∂t
+ J(Φi,Λi) = 0, z = zi, Λi = Φzi − BiΦi + hi, i = 1, 2, (19)
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Ù¥ hi = hi(x, y) ´®�¼ê. 3d9±�^eI i = 1, 2 L«3 z = zi þ���þ. Bi ´
~ê, ÷v^�

1 + r1B1

∫z

z1

r−1 dz > 0, z ∈ [z1, z2]; r2B2 <
r1B1

1 + r1B1

∫z2

z1

r−1 dz

. (20)

^� (20) ´êÆþ�
�yoUþ (23) ´�½�������b�. 3äN�Ôn¯K
¥A´÷v�. (d·K 1.2.2, 1.2.3 ��oUþ��½5).

d±þ�§9>�^�,·��í�Ñ�
'u�m t �Åðþ.
···KKK 2.1.1 � G(u) ëY��, K P �Åð5Ly3

∂

∂t

∫
G(P ) dD = 0,

∂

∂t

∫
G(Λi) dD = 0, i = 1, 2.

3�©¥,�{zPÒ, õ�È©E^ü�È©ÒL«, ^ dD L«3«� D þ�È©�
�; ^ dΩ L«3 Ω þ�È©��; éu�È©, 3Ø¬Ø)���ÑþeÈ©�.

yyy²²² d (16), Green úª, 9 (18) �

∂

∂t

∫
G(P ) dD =

∫
G′(P )Pt dD =

∫
[(ΦyG(P ))x − (ΦxG(P ))y] dD

=
∫
∂D

G(P )(Φx dx + Φy dy) = 0.

Ù{��aq/y².
···KKK 2.1.2 ^þî�¯L«3 D þ�È©²þ. K Φ̄z, Φ̄ ´Åðþ.
yyy²²² 3·K 2.1.1 ¥- G(u) = u, 9d (17), Green úª, (18) �

0 =
∫

Pt dD =
∫

Φtn ds +
∫

1
ρ
(rΦzt)z dD =

∫
1
ρ
(rΦzt)z dD.

¤±, éu,�¼ê f1(t), k

Φ̄zt =
f1(t)
r(z)

.

·���y² f1(t) = 0 =�. � B1, B2 ¥k��k��"�, 3·K 2.1.1 ¥, � G(u) = u,
� Φ̄zt. 3 z = z1, ½ z = z2 þ�u". � f1(t) = 0. � B1 6= 0, B2 6= 0 �, d'Xª:

Φ̄2t − Φ̄1t = f1(t)
∫z2

z1

r−1 dz, Φ̄izt = BiΦ̄it, i = 1, 2

�
f1(t)

(
1

r2B2
− 1

r1B1
−

∫
r−1 dz

)
= 0. (21)

db�^� (20), (21) �)ÒSL�ªØ�", � f1(t) = 0. u´� B1, B2 ¥k��k�
�Ø´"�, Ø�� B1 6= 0, d Φ̄zt = 0, ü>'u z l z1 � z È©� Φ̄t = Φ̄1t = Φ̄1zt/B1 = 0.
� B1 = 0 = B2 �, ÏT�.�6¼ê Φ �±����=�6u t �¼ê, �·�Ø��
Φ̄1t = 0. y..

···KKK 2.1.3 � D = [−X,X] × [y1, y2] ´±Ï�, 3 x ���±Ï´ 2X. � f , h1, h2

� xÃ', Kk'u�mÅð���Àþ [7]:
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M(Φ) =
∫

ρyP dΩ −
∫

riyΛi dD

∣∣∣∣i=2

i=1

. (22)

yyy²²² dª (16),Green úª, ª(18) �∫
ρyPt dΩ =

∫
[(ρΦyPy)x − (ρΦxPy)y + ρΦxP ] dΩ =

∫
ρΦxP dΩ.

2dª (17), ©ÜÈ©, 9 Φ 'u x �±Ï5, �∫
ρΦxP dΩ =

∫
rΦxΦz

∣∣∣∣i=2

i=1

dD

Óndª (19),Green úª, ©ÜÈ©, 9 Φ 'u x �±Ï5, �∫
(riyΛi)t dD =

∫
riΦixΛi dD =

∫
riΦixΦiz dD, i = 1, 2.

nÜ�, =�y.
···KKK 2.1.4 ±eoUþ'u�m´Åð�.

E [Φ] :=
1
2

[∫
(ρ|∇Φ|2 + rΦ2

z) dΩ −
∫

riBiΦ2
i

∣∣∣∣i=2

i=1

dD

]
. (23)

yyy²²² d©ÜÈ©,ª(19),

Et[Φ] =
∫
(ρ∇Φt · ∇Φ + rΦtzΦz) dΩ −

∫
riBiΦitΦi

∣∣∣∣i=2

i=1

dD =∫
[ρ∇Φt · ∇Φ − Φ(rΦtz)z] dΩ +

∫
riBiΦiΛit

∣∣∣∣i=2

i=1

dD.

d Green 1�úª, ª(17), (18), �∫
[∇Φt · ∇Φ − Φ(rΦtz)z] dD = −

∫
ΦPt dD +

∫
∂D

ΦΦtn ds = −
∫

ΦPt dD.

,��¡, dª (16),Green úª, ª(18), �∫
ΦPt dD =

1
2

∫
[((Φ2)yP )x − ((Φ2)xP )y] dD =

∫
∂D

PΦ(Φx dx + Φy dy) = 0.

Óndª (19)
∫

ΦiΛit dD = 0 (i = 1, 2). ¤±� Et[Φ] = 0.
±þ?Ø�·Üu�»�½� a �¥¡�I�O/=�., �´I�ò (x, y) �IU

��½�»� a �¥¡ S = {(x, y) ∈ R2|x2 + y2 = a2} þ��I (θ, ϕ), ù� J(A,B) =
(AθBϕ − AϕBθ)/(a2 sin θ), dD U�S þ�¡È�� dS = a2 sin θ dθ dϕ.

∇Φ = (
1
a
Φθ,−

1
a sin θ

Φϕ), ∆Φ =
1

a2 sin θ
(uθ sin θ)θ +

1
a2 sin2 θ

Φϕϕ

���ØÓ�?3u r(z1) = 0, ¤±ü�^� (19) ¥�k��, =� i = 2, � B2 6 0, ¤k
�L�ª¥Ñ�K�keI 1 ��. f = f(θ, ϕ), h2 = h2(θ, ϕ). Ï¥¡�>. ∂S = ∅, �v
kéAuª (18) �^�. éAu·K 2.1.3 ��
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···KKK 2.1.5 � f , h2 � ϕÃ', Kk'u�mÅð��Äþ [11]:

M(Φ) =
∫

ρ cos(θ)P dΩ −
∫

r2 cos(θ)Λ2 dS. (24)

�´du r(z1) = 0, 4�¼ê�UØ´1w¼ê, éd�AO\±5¿.

�©3 § 3.2 ?Ø¥¡n�O/=$Ä�½5, k'�Ù¦ó��ëw [21],[22].

2.2 ��O/=$Ä

�Ä��í~~´©�$Ä�, 3z�¥�Ñ6NR����$Ä�, �òn�O/=
�.{z���N ��.. k'�½5ó�k©z [8,23-32]. �©�§¥�Ý
 T Ø�u
�©z [33] �.¥�né�
. Ù���§���� µÅð:

∂Pi

∂t
+ J(Φi, Pi) = 0, i = 1, 2, · · · , N, (25)

Ù¥� N > 1 � Φi�1 i ��6¼ê, �^�þL« µ�6¼ê�'X:

P = ∆Φ − FTΦ + f(x, y), (26)

Ù¥ T ´ N ���½�~êÝ
, F = K−2 ´ N ��½�~êé�Ý
. � N = 1 �´ü
��., ù�, 5½ F = F > 0, T = 1,

�Ä�«�� § 2.1 ¥½Â� D. >.^��Ï~��9^���þÅð

Φs|∂D = 0,
d
dt

∫
∂Dj

Φn ds = 0, j = 0, · · · , J. (27)

� G(·) ´?¿���¼ê, aq/kÅðþ
∫

G(P ) dD 9Åð�oUþ:

E(Φ) :=
1
2

∫ [
|K∇Φ|2 + ΦT TΦ

]
dD. (28)

d Å ð 5, P̄t = 0 (þ î � L « 3 D þ � È © ² þ), d ª(26), | ^ Green ú ª,
�T Φ̄t = 0, ��Ý
 T �ÛÉ�, ·��Åðþ Φ̄. �Ý
 T ÛÉ�, ����Ý
 L

¦� LTK−1TK−1L = Λ ´��½�¢é�
, �é���÷v 0 6 λ1 6 λ2 · · · 6 λN , �C�:

Ψ′ = LTKΨ, P ′ = LTKP , f ′ = LTKf . (29)

Kª (26) z�)Í��§|
P ′ = ∆Ψ′ − ΛΨ′ + f ′. (30)

Ïd, � λi 6= 0 �, Ψ̄′
i ´Åð�, � λi = 0 �, Ψ′

i ´Ø���, �±���� t �?¿¼ê,
·��±- Ψ′

i − Ψ̄′
i ��#�6¼ê. Ïd·�o´�±b� Ψ̄′ ´Åðþ. 3#�Cþe, U

þª (28) �±L«¤�{'�/ª:

E(Φ) =
1
2

∫ [
|∇Φ′|2 + Φ′T ΛΦ′] dD. (31)

aqu·K 2.1.4, k
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···KKK 2.2.1 � D := [−X,X] × [y1, y2] ´±Ï�, 3 x ���±Ï´ 2X. � f � xÃ
', Kk'u�mÅð�þ:

M[Φ] =
N∑

i=1

∫
yK2

i Pi dD. (32)

3 O/=$Ä�½5

3.1 n�O/=$Ä�½5

·��ïÄn�O/=$Ä�Ä�� (Ψ, Q,Θi) ���5½5, (3�©¥{¡�
½5).½5�½Â´'uÐ��½5, =XJ (Φ, P, Λi) ´� (Ψ, Q,Θi) äkØÓÐ�
�,�|),·��Ä6Ä (q, ψ, θi) := (Φ, P, Λi) − (Ψ, Q,Θi). XJ3·�½Â��êe,
éu?¿�êk��Ð©6Ä (q0, ψ0, θi0) (^eI 0 L«3�� t = 0 �þ), 6Ä��ê
kØ�6u�m�k�þ., ��Ð©6Ä��ªu"�, ù�þ.�ªu". K¡Ä�
� (Ψ, Q,Θi) ´½�, ÄK¡�´Ø½�.

yb�Ä��÷v5� Ψ = Ψ(Q, z), Ψi = Ψi(Θi), i = 1, 2. Ù¥ Ψ(ξ, z), Ψi(ξ) ëY, '
u ξ ´�ëY¼ê. ½Â

Ψα(Q; z) := Ψ + αy, Ψα
i := Ψi + αy, i = 1, 2. (33)

Ù¥5½�·K 2.1.4 �^�b�Ø¤á�, � α = 0.

·�r�«Åðþ|Üå5/¤±e��Åðþ:

A := E [Φ] − E [Ψ] − α(M[Φ] −M[Ψ])+∫
ρ dΩ

∫P

Q

Ψα(ξ, z) dξ −
∫

ri dD

∫Λi

Θi

Ψα
i (ξ) dξ

∣∣∣∣∣
i=2

i=1

−
∫z2

z1

dz

∫
Ψψn ds. (34)

ÏL�Eù«Åðþ5��½5^���{¡�Uþ -Casimir �{ [34]. O��:

A = E [ψ] +
∫

ρ dΩ
∫P

Q

[Ψα(ξ, z) − Ψα(Q, z)] dξ −
∫

ri dD

∫Λi

Θi

[Ψα
i (ξ) − ψα

i (Θi)] dξ

∣∣∣∣∣
i=2

i=1

. (35)

���Ð©6Äªu"�, ª (35) ªu". ½Â6Ä ³µÝ[U93eþ.þ�6Ä³U
©O�

Z[ψ] :=
1
2

∫
ρq2 dΩ, Pi[ψ] :=

1
2

∫
riθ

2
i dD. (36)

�A�??¤á

(−1)i+1 dΨα
i

dΘi
> Ci > 0, i = 1, 2,

∂Ψα

∂Q
> C > 0. (37)

·�2½Â
W[ψ] := CZ[ψ] + C1P1[ψ] + C2P2[ψ]. (38)

Kdª (35), (37) �
A > E [ψ] + W[ψ]. (39)
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e½Â E [ψ] +W[ψ]�6Ä��ê�²�, K·���
Ä��´½�(Ø. ù«½5½
n´'�{ü��«, ¡� Arnold 1�½5½n¿Âe�½5, Ø3·�?Ø���
�S. �ª (37) ��/, Xk

(−1)i dΨα
i

dΘi
> Ci > 0, i = 1, 2, −∂Ψα

∂Q
> C > 0. (40)

K��
A 6 E [ψ] −W[ψ]. (41)

ù�A Ø´½�½½K�, ù�Ä���½5�ïÄÏ~¡� Arnold 1�½5 [2].·
�ò6Ä©)�Ð©6ÄÚ�é6Ä�Ú

q = q0 + q′, ψ = ψ0 + ψ′, θi = θi0 + θ′i (i = 1, 2), (42)

Ù¥�§�þL«�é6Ä�þ. �±�y

ψ′ = q′ = θ′i = 0, ψ′
s|∂D = 0,

∫
∂Dj

ψ′
n ds = 0, j = 1, ..., J. (43)

�¤áð�ª:

E [ψ] = E [ψ0] + E [ψ′] −
∫

ρψ0q
′ dΩ +

∫
riψ

′
i0θ

′
i dD

∣∣∣∣i=2

i=1

. (44)

W[ψ] = W[ψ0] + W[ψ′] + C

∫
ρq0q

′ dΩ +
2∑

i=1

Ci

∫
riθi0θ

′
i dD. (45)

u´ª (41) ¤�

H 6 E [ψ′] −W[ψ′] −
∫

ρ(Cq0 + ψ0)q′ dΩ +
∫

ri(ψi0 − (−1)iCiθi0)θ′i dD

∣∣∣∣i=2

i=1

. (46)

Ù¥H := A − E [ψ0] + W[ψ0] ´Åðþ, ��Ð©6Äªu"�ªu". ¿�duª (43),
(44)–(46) �È©Ò¥�k 0 eI�þÑ�U�§��g~�3 D þ�È©²þ����.
ùé·�3±�¦�°[�.k^. �±y²�é6Ä�þ÷v��¡�Poincaré .��Z
È©Ø�ª:

E [ψ′] 6 W[ψ′]/K, K > 0. (47)

� K > 1 �A^uª (46) 9A^ Cauchy Ø�ªuª (46) ¥�È©, ���W[ψ′] �.,
2dª (47) ��� E [ψ′] �., 2dª (44), (45), Cauchy Ø�ª��� E [ψ] +W[ψ] �., l
�½5. ^ù«��{���.'©z [14] ��{��{'.

�d, �ÄXeð�ª:

E [ψ′] = −1
2

∫
ρψ′q′ dΩ +

1
2

∫
riψ

′
iθ

′
i dD

∣∣∣∣i=2

i=1

. (48)

½Â

G[ψ′] :=
1

2C

∫
ρψ′2 dΩ +

i=2∑
i=1

1
2Ci

∫
riψ

′2
i dD.
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A^ Cauchy Ø�ªuª (48) �

E2[ψ′] 6 G[ψ′]W[ψ′]. (49)

Ïd, X·�U��Ø�ª

G[ψ′] 6 E [ψ′]
K

. (50)

Kdª (49), (50) B�í�ª (47).�
��ª (50), �Ä^� (43), XJ3·K 2.1.4 �b�
¤á��¹e, KA��ÄO\��dÅðþ (24), �Ñ��å^�:∫

ρyq′ dΩ −
∫

riyθ′i dD

∣∣∣∣i=2

i=1

= 0. (51)

e�4�¯K

λ(K) := inf
E [ψ′] −

i=2∑
i=1

K

2Ci

∫
riψ

′2 dD∫
ρψ′2 dΩ

. (52)

�±y²�3 K > 0 ¦�
λ(K) = K/C. (53)

�ª (50) ¤á. ù´du� K > 0 � λ(K) ´ K �î�4~�ëY¼ê, � K = 0 �, d E [ψ]
�½�5,λ(0) > 0, � K → ∞ �, λ(K) → ∞, �7�3��� K > 0 ¦�ª (51) ¤á. 
���½5�'�¯K´�¦ª (53) �� K > 1. �´, d λ(K) �5�, ��

λ(1) > 1/C, (54)

Ò�3ª (53) �� K > 1. Ïdª (54) Ò´½�¿©5^�.
�Ø�Ä�å^� (51) � λ(1) = λ0 + µ0(1), Ù¥

λ0 = inf
∫
|∇u|2 dxdy∫

u2 dD
, s.t.ū = 0, us|∂D = 0, (55)

µ0(1) = inf

∫
rv′2 dz +

i=2∑
i=1

[
(−1)i+1Bi − 1

Ci

]
riv

2
i∫

ρv2 dz
. (56)

5¿, 3ª (51) ¥vk�þ^� (43) ¥�����þ�"�^�, Ï�T^�´ª (55) �C
©¯K�g,>.^�.

dC©�n, ª (55) �4�¼ê÷v±e1���A�� (��A��´") éA�A
�¼ê

∆u + λ0u = 0, us|∂D = 0,

∫
∂Dj

un ds = 0 (j = 1, ..., J). (57)

ª (56) �4�¼ê´±e��A��éA�A�¼ê:

ρ(rv′)′ + µ0(1)ρv = 0, Civ
′(zi) = [CiBi + (−1)i]v(zi) (i = 1, 2). (58)

ù�,·��±�y, �� φ′ = uv �, (47) (K = 1 �) ¤��ª, ��Ø�Ä^� (51) �
ª (47) ´�ZØ�ª. Ïd���½5^�3^ù«Uþ -Casimir �{��¹e´�Ð
�. ��Ä^� (51) � |^·K 1.2.12,©z [7] ��
�r�½5^�.
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� Q ´~ê�, Ø2�3 Ψα, C, 9 (40) �1n�^�. �Ä�ù� q̄ Ú q2 Ñ´Åðþ.
3ª (34) ¥� Ψα = 0 �

A := E [ψ] −
∫

ri dD

∫Λi

Θi

[Ψα
i (ξ) − Ψα

i (Θi)] dξ

∣∣∣∣∣
i=2

i=1

−
∫

ρ(Ψ + αy)q dΩ.

ü>~�Åðþ C/2
∫

ρq2 dΩ, C > 0 �±´?¿�. � (40) �c��^�¤á, K��aq
uª (46) �Ø�ª:

H 6 E [ψ′] −W[ψ′] −
∫

ρ(Cq0 + Φ0 + αy)q′ dΩ +
∫

ri(ψi0 − (−1)iCiθi0)θ′i dD

∣∣∣∣i=2

i=1

.

Ù¥H := A − E [ψ0] + W[ψ0] − C/2
∫

ρq2 dΩ +
∫

ρ(Ψ + αy)q0 dΩ ´Åðþ. aq/���
½5^� (54), du C > 0 �?¿5, - C → ∞, =�½5^��λ(1) > 0.

7LJ9�´3÷v·K (18) �^�e,·��±À�·�� α, ¦� λ(1) ����.
n�O/=$Ä¥ Q ´~ê�÷v·K 2.2.1 ���äN�.´ Eady �.92Â

� Eady �.. du�Ì¤�, ��k'�ó��ëw©z [16–19].

3.2 ¥¡O/=$Ä�½5

§ 3.1 ��{�±²1/£^�¥¡O/=$Ä�½5�ïÄ. bX��Ä�Ä��
÷v (40) ¥�K i = 1 �^�. �3½Â (33) ¥ò y U� cos(θ). ù�, duõ
��ÀJ α

�gdÝ, ¤��½5^�ò'ª [22] ��r.
éAuª (34) �Åðþ�

A := E [Φ] − E [Ψ] − α(M[Φ] −M[Ψ]) +
∫

ρ dΩ
∫P

Q

Ψα(ξ, z) dξ −
∫

r2 dS

∫Λ2

Θ2

Ψα
2 (ξ) dξ.

aq/���½5�^��

λ(1) > 1/C, λ(1) = λ0 + µ0(1), (59)

Ù¥

λ0 := inf
∫
|∇u|2 dS∫

u2 dS
, s.t.ū = 0, µ0(1) := inf

∫
rv2 dz − [B2 + 1

C2
]r2v

2
2∫

ρv2 dz
. (60)

5¿Ï�¥¼ê sinϕ sin θ ´ (60) ¥1��¯K�C©�§�A�¼ê, éAuA��
2/a2, �Äþ (24) Åðé§Ø´���å, ¤±3¦ λ0 �Ø^ù��å.

ò u ^¥¼ê [35] Ðm�� λ0 = 2/a2. � r = Fz2, F > 0,z1 = 0, ρ = 1, B2 6 0 �,
µ0(1) ���d·K 1.2.7 ��. l,½5^��: � 1/C2 + B2 6 −1/2 �,½^��:
2/a2 +Fz2

2/4 > 1/C; � 1/C2 +B2 > −1/2 �,½^��: 2/a2 −Fz2
2(1/C2 +B2)(1+1/C2 +

B2) > 1/C.

3.3 ��O/=$Ä�½5

b� (Φ,P ) = (Ψ,Q) ´XÚ�Ä��, � Ψi + αy = Ψα
i (Qi), (i = 1, ..., N), Ù¥�Ø÷

v·K 2.2.1 �^��� α = 0. b��3�½é�~êÝ
 C = diag(C1, ..., Cn) > 0 ¦�A
�??¤á

− dΨi

dQ
> Ci > 0 (i = 1, ..., N). (61)
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½Â6Ä (ψ, q):

Φ = Ψ + ψ, P = Q + q, q = ∆ψ − FTψ.

�ÄÅðþ

A := E [Φ] − E [Ψ] − α(M[Φ] −M[Ψ])+
i=n∑
i=1

∫
K2

i dD

∫Pi

Qi

Ψα
i (ξ) dξ −

∫
(KΨ)T Kφn ds.

K

A = E [ψ] +
N∑

i=1

K2
i

∫
dD

∫Pi

Qi

[Ψα
i (ξ) − Ψα

i (Q)] dξ. (62)

dª (61), (62) �

A 6 E [ψ] − 1
2

N∑
i=1

CiK
2
i

∫
qi

2 dD. (63)

½Â

W[ψ] :=
1
2

N∑
i=1

CiK
2
i

∫
qi

2 dD. (64)

aq/2�©) ψ = ψ0 + ψ′, q = q0 + q′, ���§�þ÷v^�:

ψ′
s|∂D = 0,

∫
ψ′ dD = 0,

∫
∂Dj

φ′
n ds = 0, j = 1, ..., J ,

∫
q′ dD = 0. (65)

aquª (46), (63) �z�

H 6 E [ψ′] −W[ψ′] −
∫

(Cqi0 + Kψ0)T Kq′ dD, (66)

Ù¥H := A− E [ψ0] + W[ψ0] ´Åðþ. dª (66) �½5^�:

E [ψ′] < W[ψ′]. (67)

�
{z^� (67), �C� (29): p = LT Kψ′, b = LT Kq′. �)Í�§| ∆p − Λp = b.
ù�dª (31) 9 (64):

E [ψ′] =
1
2

∫
[|∇p|2 + pT Λp] dD, W[ψ′] =

1
2

∫
bT LT CLbdD. (68)

du
1
2

∫
[|∇pi|2 + λip

2
i ] dD = −1

2

∫
pibi dD. (69)

^aqu § 3.1 ��{, dª (69) ��

1
2

∫
[|∇pi|2 + λip

2
i ] dD 6 1

2(λ0 + λi)

∫
b2
i dD. (70)

Ù¥ λ0 dª (55) ½Â.
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u´�Ø÷v·K 2.2.1 �^��, ���ZØ�ª

E [ψ′] 6 1
2

∫
bT Λ′bdD, Λ′ := diag

{
1

λ0 + λi

}
. (71)

P�½Ý
 M := LΛ′LT , '�ª (68) �1�ª�ª (71),½5^� (67) z�

C − M > 0. (72)

3d���Ý
 > 0 L«ùÝ
´�½�.�
A^þ�B, r½5^� (72) U����
�d�^� [26] M−1 − C−1 > 0, = λ0E + KTK − C−1 > 0.

�÷v·K 2.2.1 �^��, K N = 1, ½ N > 1, ��þ (K1, ...,KN ) ´ L ¥�1 i ��
�þ��ê�, �kdÅðþ (32) ����å^�: ybi = 0, ù�éA�ª (70) ¥� λ0 ò�
�, Ïd���½5^��r, ë�©z [8,31].
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