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Abstract

A new four-node axisymmetric element is derived based on the combined hybrid
variational principle. After the energy compatibility condition is applied to the
linear stress with Wilson's bubble, a hybrid scheme of high performance using
eight parameter stress fields is achieved. The resulting elements exhibit excellent
performance at nearly incompressible limit and distortions of the element geometry-.
Example problems all indicate that the new elements lead to better results in
displacements and stresses than the other schemes.

Key words: combined hybrid method, axisymmetric, high performance. en-
ergy compatibility, optimization

§0. 51 &

TR E T R N TR R S R RS TR R L —. BV BB, A
RAEWTTE, MNTH—PRRE #R8nm BRI T R L2,
* 2003 £ 9 A 5 HKE.




144 Folfs BTHARATRSIFEN 4 T BT 37

KT HHRIE, Spilker! 2] @it —RFIN B M A LR, LEMIRE T a7
(B e N RS, (HR M S AR, T B o MO A R R R, SRR,
H SR N 224800 1 P 7258 Lagrange RFHESIAAZ 4B Bl X h P& R AE
BEARSHE L THE, RGO (4] SRS R TR, T —4
B R BRI R 7T XA TN R Z A E T AR M EAEA. REE KERRT
P e S5 TERIAL T R T BRI ), 4 T RAL B R I, XA B R RR A e
NFEREEMEHTEDLHE, (I ERERETRCNARTN T, BRXERERN b
MEE inf-sup &,

FIFR AR T4 4502 083 6, 2 i FIR 50819 Hellinger-Reissner 45 43 58
B ECRHEAS S IR AL S BRS8N0, %A S BT IS S RIS ER A S R
BB M REER R AMER infsup 24 7. @k (7] B4 E TREDEELE. XM
vk O m N A TR E R eRI S EfR T B K BEESTRMANIES. BERMERCE 2%
TR R AL . A TR R BTGB EE, KIEGEM AL, RN
DR, T A B URAL e B A R o =

§1. FAXTRICIE A HE R R

ST TR RREE P 2, A TR A4 R
Xk (w.o) = (u. +ur,o) e U xV, {15

aa(o.T) — aby(T.u) + bi(T,u) =0, VYT €V, (1)
abs(o,v) = bi(o,v1) + (1 — @)d(u,v) = (f,v), Yv=v.+v, €U. (2)
KA gz Lh T
a(o.7) =2r ./Qa-D”[T]rdrdz. d(u,v) = 27?%;/01 e(u) - D[e(v)]rdrdz.

bi(r,v) = ZWZ % (1 -n)-vrds, by(r,v) = 2712/ T - e(v)rdrdz.
o a, o

00 REoL O MR, n RAFR O MBRAINEERE. N o, M e MAPR RS
D 5k

r 0
. . or
r r
0
o € 0 =
z z Oz Uy
g = £ = = N
Orz Erz 2 ._(?_ Uz
oz Or
ag Y] 1
=



38 8 S R 2005
( 1—-w v 0 v
E v I-w 0 v
D =
(I+v)(1=20v) | o 0 %(1—211) 0
o U 0 1—w |
fr%% u A PHATRS ue MIEPETE S wr ZH
U= Ue + Uuj. (3)
BER AR B¥E RAE AL
QW%E)Q[ (7-n)-vrds = 0. (4)

A Green 2275
2#% (1-n) -virds =27 (/ 7-e(vy)rdrdz+ / divT - 1)/7’drdz> .
a0, ' o Jo;

T, #xiRE SRR AR A
/ (t-e(vr) + divt - vp)rdrdz = 0. (5)
Joy

§2. 4 T S HHXIFREIBAR X
X TR PUSATE TS e, BT A 08 SR P XNk 1 4 B o

1 Urq
Ue = { } =y %(1 + & (1 + min) { y } (6)

i=1 2
o8 A R BB PERE, XT (6) KB Wilson FEHMH e £

“ :{ Uy }:{ (1—E)q + (1 — 1) }
Ur:

(1= &)gs + (L= n*)as
n W& KETRL, TH

Uer

Uey

(7)

1 &9 00000000O0O0]|M
0001 &7 000000 B2
g = (8)
00000O0T1E¢E 000 :
0 0 00 0 1
0 00 0 0 fn\&?,

£ M n BSHFITHARLT,
MERICE ¢ PTARER, MR,

(&, mi) REFZHEITE ¢ PTUAMAE (B 1), ur Flouzg 55012



138 FrE¥ES ETHERTESEHER 4 55 SHx R 39
T T FE T
i y 3
7 ¢
4 3

(a) (b)

MEMNESAH F; (LR A

' :i(1+€‘€)(l+n-n) ri | _ ) et el t+azn+aldn
z i=1 : i 2 by + bof + byn 4 byén

Her # oz R RYBRESTE ¢ D SR 44r.

a; b 1 1 1 1 rL 2
az b | 1 -1 1 1 -1 ry 29
az b3 T4 1 -1 1 1 rs 23
ag by 1 -1 1 -1 ry 24
WM FS LA Jacobian fEFER
or 0z

0z B as + a4£ by + ba€

¢ 9¢ a2 +asm by + byn
=] 9% & —[ }
on oy

Jacobian 75 {8 &

|} = jo + j1& + jon = (agbs — azbo) + (agbs — asbo)& + (asbs — azby)n.

K (6)~(12) KN (5) &, HEHE
/ (1-e(vr) + divr - vr) rdrdz = BT Mg =0,
JQ;

i

C, Co C;3 0 0 0 C; Cs Cy 0 0 0
MT— 04 Cs C(; 0 0 0 C]O 011 C12 0 0 0
0 0 0 Cr Cs Cy C Cy, C3 0 0 0
0 0 0 CIO C11 012 C4 C5 C(j 0O 0 0
Hrh
8 8 8
Cl = ——g(agbg + a1b4), CQ = _E(a2b4 + a4b2)a C’3 = _g(a’le + CI,3b4).

8 8 8
Cy = g(agbg + a1b4), Cs = §(a1b3 + a264), Ce = B(a3b4 + aqb3),

(11)



40 Bt H S EIUNH 2005

8 16 8
C7 = —(a3a2 + a1a4), Cg = —;a2a4, C{) e 7(a1a2 + a3a4),
3 15 3
8 8 , 16
Cip = ——(a2(13 + a1a1), Ci1 = ——((L1a3 + asay), Cip = —T-asay.
3 3 15
i (13) b ¢ MIEEMAE M 3=0, B2
r
I
B2
2!
/66 | . .
B8 N
135
Bo
L 7
He
Cy 0 Cs ~-C7 —Cjy 0 0 ~(C-
C 0 C C -Cy -C 0 0 —C
A{l — 5 11 12 ’ MQ _ 4 6 10
0 Co Cy Cs 0 0 —-C7 —Cy -
0 C]Q Cr, C(,‘ 0 0 _CIO _Cll _Cl

# (15) A (8) A, BMEEIMTHEREIMAZENEE 8 M SHMN B, e
ACHS3.

1L 7000000 €000 ; . M
0 0 00000 00 ' 32 i
o= 0 I, . (16)
0000100000 ¢y . :
MM, 0 -
O 00001 &R 000 0 %
f

LB H ARG, A LRSS B, A
( o, = <1 — Z—?{) B + Pan.
o. = B3+ Bi&.

Ops = <1 — a—2£> 5.
a
g = B + B7& + Bsn).

\

§3. HEHDL

3.1 WE p ERTHESEE

2 MAE p (BRI FROBBERIRIEN. J 1 dhs T Rresss (BRRIRIFRRTA M 55 o)
B FRIRTFRAS A TERIIRE B 5 e (BG4S PERMER LH 125, HALE 2258 700 14t
0HSGP)). $iBHEM, ACMABARTFILETE & 2 KB T 700 TAR R Al E4ib
BRI, FP RN B R E AL R SR T A A NI, AT I, bR



1 3 FERE ETAGHRTRTRER 4 R FoT 41

WA v =05 B, MEMES cHIAYIE, KL TAEIAREABNS, BRI
B+ .

B 3 ch iy ERIARL 4 T 5 M T A RS IRy B i B Ol |4 |
SR REBMARE LM R AR TR OR A RN S TR RE ¢ 2K
toL. ERT LA B, 4228 oxd T A AR R LR LA B S S ik A g, JFHAX
SRR R R R AR, IR ETET 1%, MINRERBY 2%.

RAS L PkG 2:

E=1
g v=03
p=1/8: 2

E=1 z
¥ v=0.3

p=1/10na 0.8

R
e
204 / 1
OHaﬂ\—o
21 \ B

I 1 Il 11 1 AP SR WV S I I I I
00 01 02 03 04 05 06 07 08 08
€

™~

ACH88

error of radial displacement u (r=4.0a}(%)
; b b
error of radial stress (r=4.5a)(%)

30 [ R I
00 01 02 03 04 05 06 07 08 08
€

H 4 B 5

3.2 WE p (EA TREEERK

B 6 HAJE p (ER TR EaeEERES Bl £ 3 chgi i T 26.25° B r B ik F & Aeb R kg F5
Ze X TEIRERETE S (BA RU#k [3) PRMIMHERZ A ). RPMMIER L, AT HHE
wHRIE ACHSS BEMERN S or MIYIEN T or KBFKERS, REREY 2%

* 7. AKX ACHB3 i A%IEHRE o B 0.5 +EBEIN.




42 BEHE S RN 2005

ASCIE AE R O B AR R S S F T M S M AR R, SChHES I ACHSS A
AV R BERRERIERE, CEA TR AR, R4 4 Poisson P, %44
W B BBURR L /)

*1
frAgeE LH123 OHS33 ACHS3
. -0.41 163 -0.82 1.22
5.5a _
650 0.00 -2.76 412 -1.38
g1 = 7.5a -1.20 -4.82 -4.82 1.20
8.5a -2.44 -7.32 -4.88 0.00
([ 9:5a -9.09 -18.18 -9.09 9.09
- -1.56 9.38 7.81 -1.56
5.ba
.
650 -1.56 6.25 4.69 -1.56
o-:r= 7.5a -1.56 6.25 1.56 0.00
8.5a -1.56 4.69 1.56 0.00
[ 9-9a -1.56 4.69 1.56 0.00
-0.20 3.50 1.31 0.00
5.5a
650 0.00 3.64 14 0.28
oo :r=4{ 75a -0.34 3.39 1.02 0.34
8.5a -0.40 3.56 1.19 0.40
[ 9-5a -0.89 3.12 0.89 0.45
( 504 -1.66 1.68 1.65 0.82
6.0a -1.60 1.98 1.52 0.99
w = J 7.0a -1.57 2.21 1.40 1.10
8.0a -1.56 2.40 1.39 1.15
9-0a 1.51 2.61 1.38 1.23
| 10.0a o ‘ ‘ :
-1.50 2.69 1.29 1.24




14 FE¥ES ETHAGRZESRER 4 95 RxI Rt 43
*®2
(x1072) v =10.49 v = 0.499 v = 0.4999
U =5 o, - gp |ur =5 o, o gs |ur =5 o o, on

1]

9]

INAE %73 2878 -2.00 1.17 4.40| 1571 0.07 1.81 3.56| 2.83 2.10 241 273
LH123 31.71 -2.27 1.23 4.78| 31.68 -2.28 1.24 477} 31.57 -2.43 1.09 461
OH83 3157 -2.44 1.08 4.63| 31.58 -2.43 1.09 4.62| 31.39 -2.44 1.07 4.38
ACHS83 32.02 -2.48 1.02 4.56| 32.09 -2.48 1.04 4.56 | 32.08 -2.48 1.04 1.56
Kwm 3178 -2.45 1.04 457 31.83 -2.45 1.06 4.57| 31.83 -2.45 1.06 4.57

%3

ACHS3 8A frsix

7.334a -0.15 113 258

or:r =4 8.00la 0.55 -1.77 -3.75
8.668a 1.97 -4.73 -9.58

7.334a -0.05 0.23 -0.10

op:ir= 8.001a -0.14 0.01 -0.20
8.668a 0.24 0.00 -0.26

& X x ®

R. L. Spliker. T. H. H. Pian, A study of axisymmetric solid of revolution elements based on
assumed stress hybrid model, Computers & Structure, 9(1978) 273-279.

R. L. Spliker, Improved hybrid-stress axisymmetric elements including behavior for nearly incom-
pressible materials, International Journal for numerical methods in engineering, 17(1981) 483-501.
ZongShu Tian. T. H. H. Pian, Axisvmmetric solid elements by a rational hybrid stress method.
Computers & Structures, 20(1985) 141-149.

T. H. H. Pian. k. Sumihara, Rational approach for assumed stress and displacement. Finite
Elements in Analvsis and Design, 1(1983) 131-140.

REHE, WEK TEE MY EALNHTEHRAFIR, Sl 8:9(1987) A439-A448.

Zhou T. X, Finite element method based on combination of “saddle point” variational formula-
tions, Science in China (Ser. E), 40(1997) 285-300

Zhou T. X, combined hybrid finite element method without requirement for Babuska-Brezzi con-
dition, Math. Comput., 72(2003) 1655-1673

Zhou T. X. Nie Y. F., A combined hybrid approach to finite element schemes of high performance.
Inter.. J. Number. Meth. Engng, 51(2001) 181-202

TE, AKXE, SR\ WANERASALT, BETESHENNA, 24:3(2003) 231-240



	036.bmp
	037.bmp
	038.bmp
	039.bmp
	040.bmp
	041.bmp
	042.bmp
	043.bmp

