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Abstract

A two-level method is first proposed in this paper for cubic finite-element discretizations

of elliptic problems with jump coefficients in three dimensions by analyzing the relationship

between the linear finite-element space and cubic finite-element space. And then, an alge-

braic multigrid (AMG) method is obtained with the existing solver used as a solver on the
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first coarse level. Furthermore, the corresponding theoretical analysis is presented for the

convergence of the constructed AMG algorithm. The results of various numerical experi-

ments are shown that the resulting AMG method is robust and efficient for solving finite

element equations discretized by cubic elements in three dimensions.

Keywords: Algebraic multigrid, Cubic element, Two-level method, Tetrahedron par-

tition
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1. D��AF�k(J� (AMG) qXC7w	G 80 JF7, +ee��.F�v3kR`�oWR�^�Mk(J�qR	��#, K@��#k, =�%yni�a#NI, mo��l+R	l@/vq#A�, �=R@/vqQN�=R AMG ��, hK.OR AMG qo�3: (1) j[ (Classical)AMG q, +2 Brant, McCormick, Ruge # Stuben Ti7w	G��JF728, �j��hoQm�2R [1, 2]; (2) 67G�;x6R AMG q [6, 14]; (3) z�(
AMG q [15], +;�zb\X*a%y#@YÆcT�4c�1R AMG {); (4) 67"{@%#{[�^R AMG q, � AMG q;��."{nin"4cR@%�^ (oJ�) 5{[�^ (ov3	�) T,!PIj[ AMGqRH%{)9�(tL. U�@ZF�k(J�qoQR���a
. @Z..R AMGe #67�.p<R AMG qw�7<	vq [7, 8].hJ�, S [3-5] Vi��EAU4Rl�3j?v3, �X`?�l��	67"{@%#{[�^R AMG q>V>8QyA�, 9;.R AMG qn�X, U}�R%qr3� RB%{)#&��.w�	l AMG vq#A�i;
�=R~IU43�=RH�{)#&��, @Z113�l AMG q, +i		~IR�U4, w3([R&��#�{�.27�=3j?iU4r3� R�h{�, �Q+3K�FB%k��u�.. 9l�3j?v3�= (V�eoW*i(RF�J�A9@%J�A�g),i�=3j?v3,;.R AMG q, 27(D�i@J�Rz2e>&
{B*a%y,V(.{��l�?^��,. S [9] # [10] {��.{(6R�r#�}1�A�, Tj[ AMG q`Y(.7�=3j?v3R__, �vqiEA�v3r3X R{), Ki3}^�, (wZ=RPI,V__{)T�Q(,, �13�8n(RÆ��{[. �h, S [11] # [12] {�NnOEAU4�=3j?v3#tOEAU4n=3j?v3R__{B��lr3�{\&�� R AMG %q, �iVÆ���8���R
+{[.
SW3�ltOEAU4t=3j?v3R AMG q. �e, �.[Y6��Rd[<�!>G�;xT�j, �;�bgR{[, R��r�Na��d�9*�@%[Y	�i(�`RF�Nq#n�
+, 67U}]�_vl�?[Y6��.t=?[Y6��RF���U��PU4, ?mR��__t=3j?v3R�l��P (two-level) vq;g+, �.h3R AMG q (h") __@�Pv3, fmQN�__t=3j?v3R AMGq; �+, i AMG qR�gÆ��f����R
+{[. �a��]��9��%qXj[ AMG qr39gR1
.
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2. )?85�F=H#/
SW30+oc<�U4:

{
−∇ · a(x)∇u = f, x := (x1, x2, x3) ∈ Ω,

u|∂Ω = 0,
(2.1)Vk Ω ⊂ R3, a(x) N��a�� (G�3Lh), .} 0 < c0 < a(x) < c1.{ T h �b< Ω wR 56R{, oA 1(a), (b) *�, N N;
 Dirichlet �a+R[Y|�, Vk h N T h w*3R{I?R�D`k. a$t= Lagrangian 3j?~LN:

V 3
h = {v : v ∈ C(Ω), v|τ ∈ P3(τ), ∀ τ ∈ T h} (2.2)Vk P3(τ) ��I? τ w=��0� 3 Rkt�Re6. A 1(c) �8R{I?kt=?R*a[YR{�^�.

B 1 (a) ^�K�S| (b) z^�K�S| (c) u>@S+b\ZS| E Sobolev~L Hm(Ω) = {v|∂αv ∈ L2(Ω), |α| ≤ m}, Hm
0 (Ω) = {v|v ∈ Hm(Ω), v|∂Ω = 0}.1 u3

h ∈ V 3
h NU4 (2.1) Rt=���l3j?_��, o�+.}

a(u3
h, v

3
h) = (f, v3

h), ∀v3
h ∈ V 3

h ∩H1
0 (Ω) (2.3)Vk a(u, v) =

∫
Ω a(x)(ux1

vx1
+ ux2

vx2
+ ux3

vx3
)dx, (f, v) =

∫
Ω fvdx.�{U4 (2.3) R3j?v3EN

Ah,3uh,3 = fh,3 (2.4)Vk, |�eoW Ah,3 = (aij) � N Zi1YaoW, uh,3 = (u1, u2, · · · , uN )T # fh,3 =

(f1, f2, · · · , fN )
T wN N O�v�.9l�3j?v3�= (V�eoW*i(RF�J�A9@%J�A�g), it=3j?v3 (V`�oWXl�?�n=?��64), ;.R AMG q, 27(D�i@J�Rz2e>&
{B*a%y, V(.{�T�Q(,. c5, W3TR�__t=3j?v3

(2.4) R�{ AMG q.

3. , .
F=H��� AMG �ij�R 56J�R{ T h, W3T*3*a[Y{Nt	: �	�1N a �Y, +�2*3J�R{[Y�2, EN Xa; �	�1N e �Y, +�2*3�w9fYRt�N 1
3



280 �bC&:C&8)/ 2008 K�/RY�2, EN Xe; "�	�1N c �Y, +�2*3I?R5wR���2, EN Xc.E S N*3 (y Dirichlet) *a[Y~2Rd�<. W3T S {2c�t�y<&:

Sa = {i : i ∈ S, xi ∈ Xa}

Se = {i : i ∈ S, xi ∈ Xe}

Sc = {i : i ∈ S, xi ∈ Xc}.

(3.1)Vk xi �9�� ui n��R[Y. { Na, Ne # Nc {��[Yd�< Sa, Se # Sc kR?#��, +3.} N = Na +Ne +Nc.{ V 3
h ��7J� T h Rt= Lagrangian3j?~L, {γi}i∈S �n(R[Y*a6��,.}

γi(xj) = δi,j , i, j ∈ S (3.2)i*3 mi ∈ Sa, i = 1(1)Na, ni ∈ Se, i = 1(1)Ne # lj ∈ Sc, i = 1(1)Nc, 'p6��v�:

Υa := (γm1
, · · · , γmNa

)T , Υe := (γn1
, · · · , γnNe

)T , Υc := (γl1 , · · · , γlNc
)T , !>ocoW

a(Υa,Υa) := (aaaij )Na×Na
, a(Υa,Υe) := (aaeij )Na×Ne

, a(Υa,Υc) := (aacij )Na×Nc
,

a(Υe,Υa) := (aeaij )Ne×Na
, a(Υe,Υe) := (aeeij )Ne×Ne

, a(Υe,Υc) := (aecij )Ne×Nc
,

a(Υc,Υa) := (acaij )Nc×Na
, a(Υc,Υe) := (aceij )Nc×Ne

, a(Υc,Υc) := (accij )Nc×Nc
,Ot=3j?v3 (2.4) R`�oW Ah,3 }~Noc��:

Ah,3 =




a(Υa,Υa) a(Υa,Υe) a(Υa,Υc)

a(Υe,Υa) a(Υe,Υe) a(Υe,Υc)

a(Υc,Υa) a(Υc,Υe) a(Υc,Υc)


 . (3.3)N��M__t=3j?v3 (2.4) R AMG q, �e?@%w/0n(R��P (two-

level) qR{B�r.27 γi R[<�, &<ij#Rd� i ∈ Sa, k ∈ S, W3'pocd�<
Sei = {j : supp γi ∩ supp γj 6= ∅, j ∈ Se}

Se1i = {j : supp γj ⊆ supp γi, j ∈ Se}

Sci = {j : supp γj ⊆ supp γi, j ∈ Sc}

Sk = {j : supp γk ∩ supp γj 6= ∅, j ∈ S}

(3.4)K9t=3j?~L V 3
h n=R T h c, W3'pn(Rl�3j?~L V 1

h , �En(Rl�*a[Y6��N {ψi}i∈Sa
∈ V 1

h , +3.}:

ψi(xj) = δi,j , i ∈ Sa, j = 1, 2, · · · , N. (3.5)r# V 1
h ⊂ V 3

h , 2 (3.2) # (3.5) !> ψi(x), i ∈ Sa Rd[<�j, W33
ψi(x) = γi(x) +

1

3

∑

k∈Sc

i

γk +
∑

(j,k)∈S
e12

i

(
2

3
γj +

1

3
γk), (3.6)Vk Sci 2� (3.4) a$, md�<& Se12i �*3�Y e- �[Y xj # xk Rd�Li

(j, k) R<&, U� xj # xk �-K9[Y xi n R>�8�wR�� e- �[Y, �\[Y
xj NfY xi Rt� (N 1

3 �/) �[Y xk NfY xi Rt� (N 2
3 �/) �h (OA 2(a)).{ Ψ := (ψk1 , · · · , ψkNa

)
T
, ki ∈ Sa, O (3.6) }�~NocoW��

Ψ = P lc




Υa

Υe

Υc


 (3.7)
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B 2 (a) a,e,c u
�>S\Z, xj , xk L: xi o!S�9�x; (b) Sc
i = {1, 2, 3, · · · }, S

e1

i =

{4, 5, 6, 7, 8, 9, · · · }, S
e12

i = {(4, 5), (6, 7), (8, 9), · · · }.Vk P lc �� Na ×N oW.Æc P lc �N? V 3
h N V 1

h Rji%y (oW), P cl = (P lc)
T N? V 1

h N V 3
h R2~oW. �. (3.3) # (3.7), W3}Qoc@�Pv3 (l�3j?v3) R`�oW

AH := ( a(Ψ,Ψ) ) = P lcAh,3(P
l
c)
T

(3.8)U�, W3n}�8__t=3j?v3 (2.4) R��P (two-level) q:2� 3.1. (��P (two-level) q)! 1. Z�.: uh,3 := uh,3 + S(fh,3 −Ah,3uh,3), j = 1, · · · ,m1! 2. if__@�Pv3: AHeH := P lc(fh,3 −Ah,3uh,3)! 3. yY: uh,3 := uh,3 + P cl eH! 4. +�.: uh,3 := uh,3 + S(fh,3 −Ah,3uh,3), j = 1, · · · ,m2Vk S N�.%y, 
Sc Gauss-Seidel ^F, m1 # m2 {�NZ�+�.=�.2%q 3.1 R�M�3], N��M__v3 (2.4) R AMG q, W3��;�F�Ck_v!c��U4:73 1. o%;�`�oW Ah,3 _Qd�< Sa, Se # Sc.73 2. ij��aRd� i ∈ Sa, o%_Qd�< Sci # Se12i .�e, 0+U4 1. J{I?�eoWkRj�?#R�#�i(R[YNy Dirichlet�aY�, $T+_IN|�eoW Ah,3 k, �!]���B:K ja, a, ia k (OS [11]). gg, |�eoWR]��� ia, ja, a kBK�"#�"{�N i # j R?#R5�8Q�: i# j *i(R[Y xi # xj w�-K Dirichlet �aw, �\R7=�� 56I?k, 5T�:

supp γi ∩ supp γj 6= ∅. (3.9)f�!, {ij# i ∈ Sa, fyBK θ �9 xi n R 56I? (gg3 θ ≥ 5). 7�W3}!QNoc;4:(3 3.1. i7�aR (@%) J�A T h, O3
(1) i7j#�aRY i ∈ Sa, Si/{i} kfyBK 4θ + 2 �d� kl(l = 1(1)4θ + 2) c.}
Skl

⊆ Si.

(2) i7j#�aRY i ∈ Se, Si/{i} kfyBK 3 �d� kl(l = 1(1)3) c.} Skl
⊆ Si.

(3) i7j#�aRY i ∈ Sc, Si/{i} kRj#d� j c.} Sj 6⊆ Si.



282 �bC&:C&8)/ 2008 KK'. (1) ij#�aR i ∈ Sa, 27fyBK θ �9 xi n R 56I?, *!fyBK (θ + 1) �! xi N`YR� (�) # 2θ �! xi N`YR5, m28�w3 2 �*aY#2�5w3 1 ���*aY. EU}Y{�N xkl
, xjl(l = 1(1)(θ + 1)) # xkc

(c = 1(1)2θ) gg3 Skl
⊆ Si/{i}, Sjl ⊆ Si/{i}(l = 1(1)(θ + 1)) # Skc

⊆ Si/{i}(c = 1(1)2θ). ?w�]+ (1) 2�.

(2) ij#�aR i ∈ Se, 27 e- �Yn I?��a�k7=��wR a- �YRn I?�, KfyBK��9 xi n R 56I?, *!fyBK��9 xi =�5wR��*aY xkc
(c = 1(1)2), \3 Skc

⊆ Si. 6&N9 i YK=�8�wR[Y xk 3 Sk = Si. &<]+ (2) 2�.

(3) e�r#: ij#�aR i ∈ Sc, K Si/{i} kRj#d� j, Sj kfyBK��d�,Vi(R[Y-K9 xi n R 56I?^G. &<]+ (3) 2�.27 θfyc 5,W3f�!J{: i7*3�aRd� j ∈ Se, Sj/{j}kR.} Sk ⊆ SjRd� kR|�y7 22,\D7 3;i;.RtO 56J�R{,i7j#�aRd� j ∈ Sc*i(R6��R[<ERY xk ��c�.} Sk ⊆ Sj . 2!w;4 3.1 W3}!QNocNhuO:*�QI 3.1. i7j#d� i ∈ S, o�fyBK σ �d� kl ∈ Si/{i}, l = 1(1)σ, .}
Skl

⊆ Si, Od� i *i(R[Y xi N a �Y; }OfyBK µ �d� kl ∈ Si/{i}, l = 1(1)µ,.} Skl
⊆ Si, Od� i *i(R[Y xi N e �Y; s^ON c �Y.P 3.1. i;.RtO 56J�R{, 27 θ Ra����D7 4, e33jRy�@��a a �YRn I?�N 2, mB%keiE"Yf�%q{B, ?;4kR (1) r3nLRT��. K>};fRJ�R{cBK��Yd� j ∈ Sc �.}!wJ{m�ÆN e �Y, K27V��(y, *!i%q{)*-}R+s��(xR.N�b�	�[YR�=	�, W3'poc�E�~:

irr(k) :=





1, xk ∈ Xa,

2, xk ∈ Xe, k = 1(1)N

3, xk ∈ Xc.2NhuO 3.1, W3"7_Q�E�~ irr(k), k = 1(1)N . �.��E�~, W3}QN
Na, Ne, Nc, N #d�< Sa, Se, Sc. %q 3.2 �8�E�~R%q7�.2� 3.2.

For i = 1 to NT ja(k) xp Si k, k = ia(i), · · · , ia(i+ 1) − 1.

End For

For i = 1 to N

ip = 0

For k = ia(i) to ia(i+ 1) − 1

If (Sja(k) ⊆ Si) ip = ip+ 1

End For

If(ip ≥ σ) irr(i) = 1

If(µ ≤ ip < σ) irr(i) = 2

If(ip < µ) irr(i) = 3
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End ForP 3.2. K%q 3.2 k, o� σ # µ D!fa, W3��}NIc σ = 22, µ = 1.c5, W30+U4 2. �e, ij#�aRd� i ∈ Sa, W3T�8Sd�< Sci RF�vq.*�QI 3.2. ij#�aRd� i ∈ Sa , K8Q (3.9) c, W3QN
(1) d� k ∈ Se1i , L\eL k ∈ Se \ suppγk ⊆ suppγi.

(2) d� k ∈ Sci , L\eL k ∈ Sc \ suppγk ⊆ suppγi.2w�NhuO 3.2, ij#�aR i ∈ Sa, W3"7QNn(Rd�< Sci .c5, ij#�aRd� i ∈ Sa, W3a$ocd�<:

Seei = {(j, k) : Sj = Sk ⊆ Si, j, k ∈ Se}Vkd�Li (j, k) # (k, j) �kN��in=Rd�.g+, ij#�aRd� i ∈ Sa, W3�8fad�< Seei RF�vq.*�QI 3.3. ij#�ad� i ∈ Sa, K8Q (3.9) c, (j, k) ∈ Seei R5{��8Q�
suppγj = suppγk ⊆ suppγi2NhuO 3.3, }e_8d�< Se1i , Jbp Se1i W3"Qd�< Seei .�+, ij#�aRd� i ∈ Sa, W3T{B8�l%qdfa8d�< Se12i . �%qR�P�: ij�aRd�Li (j, k) ∈ Seei , Vn(R[Y{�� xj # xk, o%;�F�CkfaVk>�[YK@%Rhw�"��[Y��{h[Y xi.&N[Y6�� γj # γk Rd[<Hen=, *!W3e3;�V+F�vqdb�+3. N�NIXO, W3J{KU4 (2.1) kR`� a(x) �{O.�, �E a(x) := aτ , x ∈ τU� aτ N.� τ ∈ T h.#l�?~L V 1

h kR[Y xi i(R6��N ψi, i ∈ Sa, +.}oc�j:

ψi(xj) = δi,j , i ∈ Sa, j = 1, 2, · · · , N. (3.10)gg, ij#�aR i ∈ Sa, n(Rl�3j?6�� ψi(x) .}:

(1) ψi(x) Kj�9[Y xi n�R� (�) w���l�F�kt���.

(2) ψi(xc) = 1
3 , Vk xc �>�9[Y xi n 5wR��.# ni �d�< Seei R?#��, �.w��j, ψi(x) }!���2:

ψi(x) = γi(x) +
1

3

∑

µ∈Sc

i

γµ(x) +

ni∑

l=1

(αlγjl(x) + (1 − αl)γkl
(x)) (3.11)Vk (jl, kl) � Seei kRW l id�, \ αl ∈ [0, 1], l = 1(1)ni �Ha.�.c5, W30+ {αl}

ni

l=1 RF��j. ij#R i ∈ Sa, {
γ̃l(x) = γjl(x) − γkl

(x),

γ(x) = γi(x) + 1
3

∑
µ∈Sc

i

γµ(x) +
ni∑
l=1

γkl
(x),

(3.12)2 (3.11) # (3.12), W3}QN:

ψi(x) = γ(x) +

ni∑

l=1

αlγ̃l(x), αl ∈ [0, 1]. (3.13){ α := (αl, · · · , αni
)
T \3

J(α) = a(ψi, ψi)



284 �bC&:C&8)/ 2008 KVk, �l��� a(·, ·) 2� (2.3) a$.�.�n=��, W3a$oc;xU4: _ α∗ ∈ Rni , �Q
J(α∗) = min

α∈Rni

J(α). (3.14)Vk
J(α) = a(ψi(x), ψi(x)) = a(γ(x) +

ni∑
l=1

αlγ̃l(x), γ(x) +
ni∑
l=1

αlγ̃l(x))

=
ni∑
l=1

ni∑
m=1

αlαma(γ̃l(x), γ̃m(x)) + 2
ni∑
l=1

αla(γ̃l(x), γ(x)) + a(γ(x), γ(x))
(3.15)Æ$ 3.1. ;xU4 (3.14) BKM�R_v� α∗, \n(R��

ψ∗
i (x) := γi(x) +

1

3

∑

µ∈Sc

i

γµ(x) +

ni∑

l=1

(α∗
l γjl(x) + (1 − α∗

l )γkl
(x))Nl�3j?~L�7[Y xi R6��.K'. �eW3Z9;xU4 (3.14) _RBK�#M��. 27u� γ̃l(x)(l = 1(1)ni) Rd[<�j, }Q {γ̃l(x)}

ni

l=1 �l�X�R. 62� (3.15), W3GQNU4 (3.14) RM�R_v� α∗ .}
Ãα∗ = F̃ (3.16)Vk`�oW Ã = (ãl,m)

ni×ni
R?# ãl,m = a(γ̃l, γ̃m), 5ft F̃ = (f̃1, · · · , f̃ni

)T R?#
f̃l = −a(γ̃l, γ).� (3.16) TK7

a(γ̃l, ψ
∗
i ) = 0, l = 1(1)ni (3.17)Vk ψ∗

i (x) = γ(x) +
ni∑
l=1

α∗
l γ̃l(x), ?[Y xi ;Rl�6�� ψi(x) }�C2 (3.11). N�Z9�a
, e�Z9[Y xi ;Rl�6�� ψi(x) .} (3.17).{ mi N9R{Y xi n R*3 56I?�, τk(k = 1(1)mi) Nn(R 56I?, 2

ψi # γ̃l Rd[<�, ij#R l(1 ≤ l ≤ ni) W33
a(γ̃l, ψi) =

mi∑
k=1

∫
τk

aτk
∇ψi∇τ̃ldxdydz

= aτ1
∫
τ1
∇ψi∇τ̃ldxdydz + aτ2

∫
τ2
∇ψi∇τ̃ldxdydz

+aτ3
∫
τ3
∇ψi∇τ̃ldxdydz + aτ4

∫
τ4
∇ψi∇τ̃ldxdydz

(3.18)Vk γ̃l 2 (3.12)a$, {I? τ1 #I? τ2 n 5N e2 ; I? τ1 #I? τ4 n 5N e1; I?
τ2 #I? τ3 n 5N e3; I? τ3 #I? τ4 n 5N e4(OA 3 (a)). 27 ψi(x) ∈ P1, x ∈ τ1��. Green Æ�3

0 =

∫

τ1

∆ψiγ̃ldxdydz =

∫

∂τ1

∂ψi
∂n

γ̃lds−

∫

τ1

∇ψi∇γ̃ldxdydz (3.19)Vk n �IRGqv�, ∂τ1 � 56I? τ1 R �5.2 γ̃l Rd[<�#� (3.19), W3QN
∫
τ1
∇ψi∇γ̃ldxdydz =

∫
∂τ1

∂ψi

∂n
γ̃lds =

∫
e1

∂ψi

∂n
γ̃lds+

∫
e2

∂ψi

∂n
γ̃lds

= ∂ψi

∂n
(
∫
e1

(γjl − γkl
)ds+

∫
e2

(γjl − γkl
)ds)

(3.20)Vk ∂ψi

∂n
�.�.
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B 3 (a) γ̃l \=FSJ@ (b) �vuV� ê1 xS+bZ jl $ klf�!, � e1 ,zN�utU�I? ê1 w (OA 3 (b)), ê1 wt=?[Y*aN γ̂jl =
9
2ξ(1 − ξ − η)(3ξ − 1); γ̂kl

= 9
2ξ(1 − ξ − η)(3(1 − ξ − η) − 1). &m3

∫
e1

(γjl − γkl
)dxdy =

∫
ê1

(γ̂jl − γ̂kl
)|J |dξdη

= 9
2 |e1|

∫
ê1

(ξ(1 − ξ − η)(3ξ − 1)) − ξ(1 − ξ − η)(2 − 3ξ − 3η)dξdη

= 0Vk |e1| �n 5 e1 R5:. =
, }Q ∫
e2

(γjl − γkl
)ds = 0. Tw��Fp� (3.20) QN

∫

τ1

∇ψi∇γ̃ldxdydz = 0 (3.21)	"V, 3
∫
τ2
∇ψi∇γ̃ldxdydz = 0;

∫
τ3
∇ψi∇γ̃ldxdydz = 0;

∫
τ4
∇ψi∇γ̃ldxdydz = 0. (3.22)T (3.21) # (3.22) Fp� (3.18), }Q a(γ̃l, ψi) = 0, l = 1(1)ni.;�a
RZ9, W3]Pv3 (3.16) R_�a� 1

3 5 2
3 . &<, ij#�aR i ∈ Sa,W3GQNoc_ Se12i RNhuO.*�QI 3.4. ij#�aR i ∈ Sa, { α∗ �v3 (3.16) R_v�, o� α∗

l = 2
3 , B/

(jl, kl) ∈ Se12i , }O (kl, jl) ∈ Se12i .;�NhuO 3.1 ∼ NhuO 3.4, 2oW Ah,3 W3GQN? V 3
h N V 1

h R Na ×N jioW P lc , r67�oc:2� 3.3. (ji%y)

ne = 0

For i = 1 to N

If(irr(i) = 1) O
ne = ne + 1;P lc(ne, i) = 1

P lc(ne, kc) = 1
3 i*3 kc ∈ Sci

P lc(ne, k) = 1
3 ;P lc(ne, j) = 2

3 i*3 (j, k) ∈ Se12i

End If

End Forc2~oW P cl = (P lc)
T

, @�Pv3R`�oW AH = P lcAh,3(P
l
c)
T
, &<W3}QN__t=3j?v3 (2.4) RF���Pq. �.h3R AMG q (h") __@�Pv3, fmQN__t=3j?v3 (2.4) R AMG q.
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)

(1) ;�oW Ah,3, ��.%q 3.2, _Q���~ irr, fm_Qd�<& Sa, Se, Sc;

(2) i*3Rd� i ∈ Sa, �.NhuO 3.2, _Qd�<& Sci ;

(3) �.NhuO 3.4, _Qd�<& Se12i ;

(4) �.%q 3.3, _QjioW P lc ;

(5) _2~oW P cl = (P lc)
T ;

(6) _@�Pv3`�oW AH := P lcAh,3P
c
l .! 1. Z�.: uh,3 := uh,3 + S(fh,3 −Ah,3uh,3), j = 1, · · · ,m1.! 2. �.h3R AMG q (h") __c�@�Pv3:

AHeH := P lc(fh,3 −Ah,3uh,3) (3.23)! 3. yY: uh,3 := uh,3 + P cl eH .! 4. +�.: uh,3 := uh,3 + S(fh,3 −Ah,3uh,3), j = 1, · · · ,m2.W3 Tw� AMGq<2N@Z�Fw$�R���aqQ
 Hypre [16] k.N��Z%q 3.4 i__t=3j?v3R3{�#&��, W39 Hypre [16] kRj[ AMG _qY
BoomerAMG [17] f���X, Vk Boomer AMG _qYkR[s�;pawcN α = 0.5.c!c�a�y:{ Ω = [0, 1] × [0, 1] × [0, 1], `� a(x) = 1, if_N u(x) = sin(πx1)sin(πx2)sin(2πx3).ib< Ω f� 56J�R{, {N T h, +};�!c�!QN: �e, Tb< Ω {��
x1�x2 # x3 vvf�TtR{, {2�vvRR{g�wN n; V=, TW�!QNR2�%56I?�gVR{N%� 56I?. E3j?_ uh 9if_^LR�vZ,N
||u− uh||0,Ω =

√∑
nnm

i=1
(u(i)−uh(i))2

nnm
, Vk, nnm N|z2e.K�a��k, W3ez(If3^�, ? P = 1. {��. Boomer AMG #
S�MR AMG q__[Y6ct=3j?v3 (2.4), n(R�a]�o� 1 *�, �l AMG qR^F�iiewN ‖rk‖/‖r0‖ < 10−6, Vk rk # r0 {��LZR#7�RZ,v�. ��kR CPU �L
�*3J�>;
#k(J�^F*�B%�LR|#. K AMG %q 3.4k, Z�+�.=�{�cN m1 = 3 # m2 = 3, \.�= Boomer AMG _qY__@�Pv3 (3.23). � 1 &N AMG �+��
�:-	E<G���1L����

Boomer AMG ÆT�NS AMG r
n iter CPU/s ||u − uh||0,Ω iter CPU/s ||u − uh||0,Ω

8 17 1.24 1.18E-4 11 0.29 1.18E-4

16 23 16.88 7.53E-6 9 2.39 7.50E-6

32 30 216.58 4.92E-6 10 26.07 4.89E-6P 3.3. K�%�k, 27W3iJ�[Y%.��l1��"�
, ?eM*3R{[Y, JM*3�EY (eM�fYt�N 1/3 RY, JM"��Y), �+M*35EY, �QKNa��d�9*�@%[Y	�Ri(�`!>faji%y P lc �RH%{)DD2�, &mQNR AMG q__$e(�.
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S*�MR AMG qR�{�#&��,W31iK{(6cQNRt=3j?v3f��__. {K{(6 (HB)[18,19] c, n(Rt=3j?v3N
AHBh,3 u

HB
h,3 = fHBh,3 ,{��. Boomer AMG #
S�MR AMG q__w�t=3j?v3,�a]�o� 2*�, VkK AMG %q 3.4 k, Z�+�.=�{�cN m1 = 5 # m2 = 5.� 2 &N AMG �+����:-	E<G���1L����

Boomer AMG ÆT�NS AMG r
n iter CPU/s ||u − uh||0,Ω iter CPU/s ||u − uh||0,Ω

8 57 8.38 1.41E-4 16 0.61 1.41E-4

16 87 175.54 8.76E-6 17 6.88 8.75E-6

20 90 328.94 3.61E-6 17 13.88 3.58E-6

32 119 > 1000.00 5.48E-7 17 56.25 5.42E-7!w�a]��9: ;.R AMG q, o Boomer AMG, `Y(.7t=3j?v3R�a__, 1��__{(6cRt=3j?v3�, VÆ��DD�,. m
S�MR AMGq���__[Y61�{(6cRt=3j?v3,wr3( RH%{)#&��,}(.7�FD�<t=3j?B%.P 3.4. Kw�	��k, “iter”NCN�a�iie*��R^F=�, Vk,i Boomer

AMG qN*��RF�k(J� V- �0R=�, mi
S�MR AMG qm�, “iter”NCN�a�iie*��RF���P^FvqR=�.P 3.5. L%.{(6�, }`Y2�bJ�oW AHBh,3 QN@�Pv3 AH , <��J��}2J�s2oW P lc > P cl , 
S�MR AMG q�T�Q�INI.

4. 0%@�9
[�8__tOEAU4t=3j?v3 (2.4) R AMG %q 3.4 RÆ��{[. ij���aR 56J�R{ T h, # V1 = V 1
h ⊂ H1

0 (Ω) Nl�3j?~L, V3 := V 3
h ⊂ H1

0 (Ω)Nt=3j?~L, n := dim(V3), m γi (i = 1(1)n) N9[Y xi ni(R6��.a$?~L H1
0 (Ω) N Vk RG�@+%y Pk, k = 1 5 3, +.}

a(Pku, vk) = a(u, vk) ∀vk ∈ VkVk a(·, ·) �2� (2.3) a$RG�E:.f�!, Ey~L V i3 = span{γi}, i = 1(1)n, W3a$? H1
0 (Ω) N V i3 R@+%y P

i
3, ?i ∀v ∈ H1

0 (Ω), .}:

a(Pi3v, γi) = a(v, γi)J{ T h ���tYO (shape-regular)(a$OS [11]) R 56J�R{, �\KU4
(2.1) k, ij� 56I? τ ∈ T h, (Lh) `� a(x) := aτ , x ∈ τ , Vk aτ �.�.c5, W3�0+ AMG %q 3.4 RÆ��. NNIXO, {K�%qk, W3c m1 =

1,m2 = 0. K__n(R@�Pv3 (NEN A1u1 = f1) �, e\.�= Boomer AMG qf�h"__, V^F��N:

u1 := u1 +B1(f1 −A1u1)



288 �bC&:C&8)/ 2008 KVk B1 �1N__@�Pv3R^F%y.{ Boomer AMG qRÆ�) δ1 < 1, ?i T1 = B1A1P1, 3:

‖ (I − T1)v1 ‖a=‖ (I −B1A1)v1 ‖a≤ δ1 ‖ v1 ‖a ∀v1 ∈ V1 (4.1)2� (4.1) }Q:

‖ v1 ‖a − ‖ T1v1 ‖a≤‖ (I −B1A1)v1 ‖a≤ δ1 ‖ v1 ‖a ∀v1 ∈ V12<}!M8
(1 − δ1) ‖ v1 ‖a≤‖ T1v1 ‖a ∀v1 ∈ V1&<, W3QN T1 RI%y T−1

1 R�B�:

‖ T−1
1 v1 ‖a≤ (1 − δ1)

−1 ‖ v1 ‖a ∀v1 ∈ V1 (4.2)2S [13] }], %q 3.4 RÆ�) δ .}!c�B�:

δ2 =
C0

1 + C0
,Vk

C0 = sup
v∈V3, ‖v‖a=1

inf
v=v1+

n∑
i=1

vi

3

((T1T̄
−1
1 T ∗

1w1, w1) +

n∑

i=1

‖ P i3

n∑

j=i+1

vj3 ‖2
a) (4.3)m%y

T̄1 = T ∗
1 + T1 − T ∗T1; w1 =

n∑

i=1

vi3 + v1 − T−1
1 v1 (4.4)C$ 4.1. K (4.1) RJ{c, W3}Q

a(T̄−1
1 v1, v1) ≤ (1 − δ21)

−1 ‖ v1 ‖2
a, ∀v1 ∈ V1 (4.5)

‖ T1 ‖a≤ 1 + δ1, ‖ T ∗
1 ‖a. (1 + δ1) (4.6)K'. &OS [12].ij�R v ∈ V3, W3�oc{_:

v = v1 + v3, v1 := I1v ∈ V1, v3 := v − v1 =

n∑

i=1

vi3 ∈ V3 (4.7)Vk vi3 ∈ V i3 , i = 1(1)n, m I1 �? H1
0 Nl�?~L V1 R*a%y.K{_� (4.7) c, �.'
 4.1, W33:

(T1T̄
−1
1 T ∗

1w1, w1) = (T̄−1
1 T ∗

1w1, T
∗
1w1) ≤ (1 − δ21)−1 ‖ T ∗

1w1 ‖2
a

. (1 − δ21)−1(1 + δ1)
2 ‖ w1 ‖2

a= (1 − δ1)
−1(1 + δ1) ‖ w1 ‖2

a

(4.8)m\, �.� (4.2), (4.4) #� (4.7), ij#R v ∈ V3 w3:

‖ w1 ‖2
a =‖

n∑
i=1

vi3 + v1 − T−1
1 v1 ‖2

a=‖ v − T−1
1 I1v ‖2

a

≤ 2(‖ v ‖2
a +(1 − δ1)

−2 ‖ I1v ‖2
a)

(4.9)]&� (4.8) #� (4.9) Q:

(T1T̄
−1
1 T ∗

1w1, w1) . 2(1 + δ1)(1 − δ1)
−1(‖ v ‖2

a +(1 − δ1)
−2 ‖ I1v ‖2

a) (4.10)
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‖ v − I1v ‖a.‖ v ‖a (4.11)�\, i ∀τ ∈ T h

‖ v − I1v ‖0,τ. hτ | v |1,τ . (4.12)Vk, hτ �� 56I? τ R`k, �\ | v |21,τ=
∫
τ
| ∇v |2 dx.�.'
 4.2, W3}M8

‖ I1v ‖a.‖ v ‖a + ‖ v − I1v ‖a.‖ v ‖a . (4.13)]&� (4.10) #� (4.13) W3}QNC$ 4.3. K{_� (4.7) #J{8Q (4.1) c, ij#R v ∈ V3, W3QN:

(T1T̄
−1
1 T ∗

1w1, w1) .
1 + δ1

(1 − δ1)3
‖ v ‖2

a (4.14)Vk%y T̄1 #�� w1 2� (4.4) *a$.C$ 4.4. { T h ���tYOR 56J�R{, Oi ∀v ∈ V3, 3:
n∑

i=1

‖ P i3

n∑

j=i+1

vj3 ‖2
a.‖ v ‖2

a (4.15)Vk v3 = v − I1v =
n∑
i=1

vi3, vi3 ∈ V i3 , i = 1(1)n.K'. i ∀v ∈ V3, �. vi3(x) = v3(xi)γi(x), i = 1(1)n >6�� γi Rd[<�j#'

4.2, W3}!QN:

n∑
i=1

‖ P i3
n∑

j=i+1

vj3 ‖2
a =

n∑
i=1

‖ P i3
n∑

j=i+1

vj3 ‖2
a,Ωi

≤
n∑
i=1

‖
n∑

j=i+1

vj3 ‖2
a,Ωi

.
n∑
i=1

‖ vi3 ‖2
a,Ωi

=
n∑
i=1

∑
xi∈τ

‖ vi3 ‖2
a,τ

.
∑
τ∈Th

∑
xi∈τ

‖ vi3 ‖2
a,τ.

∑
τ∈Th

∑
xi∈τ

aτhτ | v3(xi) |2

=
∑
τ∈Th

aτh
−2
τ

∑
xi∈τ

h3
τ | v3(xi) |

2.
∑
τ∈Th

aτh
−2
τ ‖ v3 ‖2

0,τ

=
∑
τ∈Th

aτh
−2
τ ‖ v − I1v ‖2

0,τ

.
∑
τ∈Th

aτ | v |21,τ=‖ v ‖2
a .

(4.16)

]&'
 4.3, 4.4, W3}!QN
SRo�
+]�:Æ$ 4.1. { T h ���tYOR 56J�R{, o�__@�Pv3R AMG qRÆ�) δ1 9v3R�<#`�RLh�X�, O__t=3j?v3R AMG %q 3.4 RÆ�)9v3R�<#`�RLh�X�.M>: ip,D�'x#Iyf�R=�K
S�a��k*�8R�p����.� ! 6 ;
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