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Abstract

Cointegration analysis for time series involves the solution of a generalized
eigenproblem involving moment matrices and inverted moment matrices. These
formulae are unsuitable for actual computations because the condition numbers
of the resulting matrices are unnecessarily increased. The special structure of the
cointegration procedure is used to achieve numerically stable computations, based
on QR and singular value decompositions.
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TIEFRENEEER, IEXMIELT, FIEFH, LI v A—FrRFAK, 2k u ~ 1(1),
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X TgEatrki, REREMGLEMEE RS (VAR) B8, flw, St—FrE ERER
Y = %ryt—l + &4, & ~ Np(0,9), (1)

Ky A nx1 &, 7k nxnfElE T e MSTFSAR (Lid.) F n B ESH Na(0,9),.
(1) KR MEHEEIEZER (VECM), H ye—1 8 (1) Xid, B Ay, = (m— In)ye-1 + &,
Hp I, A nxn BAEERE. & =7 —In, ATRLER Ay = Hye—1 + . X PEBARERE 1T R
TR y LUEREKERARSE. i II = 0 v, EREsAR BARKE STMx L
RREEKAE. RS HBREEA Ho . rank(Il) <r. EZEETF, II @RS HHAHERE
MR T = o, Hor o F1 B %4 n x r 4. Johansen( 5 H, XPERIZHTTLLARA
LR TT L BEAT S #T.

WA THBER R —A T RE RS, AR BN EBEIRE, BOIZEHE R B
W, EMESRIT T RE T —RENEN, NEEMTHAEHE, BRAFEN,
WM R —EH T, BINESEME, B4ERE. TEMBEANSUEBERIIN
P IE 32 53 .

m X n HiE A MEFFESE (SVD)R rank A =7, A=UZV'. & m > n, N&H
B REEU Amxn, MV nxn UU=VV =1, Hf X = diag(o1,--+,0n),
TREYAL, FAN, HEFH 01> 20 > 01 = =0, =0, i A 8 r X
M A AT FE 1N 4L

Witk m xn 4 A QR 4@ BL BE m>n, B A=QR, XHE Q H mxm,
QQ=1I, T RABEEMATEN mxn =AM, BWRETE - T24E,
i B n TR E =M Ry, Qn B Q B/ n SR, B Q = (Qnix), R = (R,0),
B A = QnR,. FMEFE Q, UEFE Householder ¥ty m x n %5k, R R, & A/A K
Choleski 4}f#&.

§2. thintEs HravsrEE

MEEEEM G E IR, HEAEREESR, i sommasI MEitEnm
ERE, BETRART A RIS SR, 0 R PRI, ER R RS,
B3 —f i W B EEE TR (VECM)

k—1
Azy =Mz} + Y TjAzj+ Pgter, t=1,---,T, (2)
=1
He {2} A n ERENEFF), WHME (218, 20) BE, {e:} BEFEHSE (1id) F
Nn(0,Q), i 25, = (z)_;,dy)’, Hh di F1 ¢ AWEHEEAR, T ARFEESENER
HAAR.

BRI 2 I (R A ALOR A7k By Johansen!! 341, TT W7 LS % B AMAEREROTRAR 1T =
of, K a Bh nxr R, B4 ng X MEFE. FEXMIERT, B n-n MR d RS
FEWFIEZSE, TidERBBE AR g AR 1925 (AR TRERIMH AR &) 7T L
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M Azg F1 2}y B (BIFGMEEFRER). RELE yor l yue
yor = afByie+e, t=1,---,T (3)

B BEHENEEERARBEXERN Y = (Yo, -+, Yor) 1 Y] = (y11,- -, y1r), MG H
(3) AIHERE AT R
Y, = Y;50 + E. (4)

IR BB BO0T B SR AR LA R T SUHRAE ) BB T A AR K,
IAS11 — S10556 So1| = 0, (5)

B Sy =T/ Y, 4,5 = 0,1 @A L@ Sit/? 4Bl 2e e Feiii S A A AR
W N, RS 0 MEEE L > M > - > A > 0, BITFHAER n1 - n MEEENE,
A B xR AGTR R 9 gt U Lg% Ho: rank(IT) <.
i o = B9 F1 B = Ho MEBLRAFUBINORET &, 4 B=QwRy 4 B
K QR 4+®, W (3) RATBH Qhyor = Reb¢' H'yre + Qhes.
HHL T8k #M47 Johansen #2557 [ .
WENE. Yo f1 Y1 AR, W (4) RMBEARRMET (ML) T T SEK
7y
(1) —Hr4E%ERE Soo, So1, S10: Sij « T71Y/ Y.
(2)S11 1 Choleski 4yf#: Si1 = PP'.
(3) MRXHRAFAE M P1S),S00 Sor P~V = HAH', forh A b BAHAEM N w3t A
%, T 8= P VH, &= Soip.
%iE B, M o T &(B) = So1B(8'S1B)~ it W, B 5'Sub = I, #iE & = Sup
HE, ofl B HIEM—HT WEBETRER VA of = (aV1)(VE).
RBEA R, TEEM AR B f UHERE A — B| =0, £—%5% AT
#3) 450, AR T, M A B AESHEH, FILASEIFE EEE, wEE
BRAAEN. FEMGIFE 2R, EEER— S e RN B . ASOBET
A BB b R O B R .

§3. QR HRHEZE
HEHIEXT Johansen P SHIEAMIKAE—E, BAE QR oAl EITH—F1E
52
QR H@EE. # Yo 1 Y1 BAFIHR, W (4) XA MAMST (ML) AT
L EiEE

(DT x(n+n) Y= (Y1 Yo) # QR 4+ Y=QR=Q<

(2) n1 x n 5B Z WiHE:  Z < RioRy;.
(3) Z WA RMES# (SVD): Z=UZV.

Ry1 Ry
0 Ry /)
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PRt v+ 8 A
2
ag; ~ n _
=T Ryf =120, & =T7V2RU,

ﬁq] E=diag(01,~--,gn); Q;FDVZ:%%
EA. % (1) HHM QR MBE Y WoBEFEMEAR S BR

Ry, R1y R} Ry ) _ ( Su Sw )
Ri4Ri1 RiyRi0 + RjyRoo So1 Soo

%

T-v'y =711 (

B D ) Hev AF0 D Wik, WA (A-BD'B)~1 =

A4 A7'B(D - B'A'B)"'B'A™'. % A =1, D = —R\Reo #1 B = Ryo i}, %
[+ Rio(RoopRoo) ™ Rip] ™" = I — Rig(RipRi0 + RpgRoo) ™ Rip.
R LA (5) o, LA H 3 B FRAR1IE 1) R
0 = |AS11 — S10S54 So1|
= |T7Y2Ry, ||AT — Ryo(RigRio + RhoRoo) ™' Rip||T~Y/2Ry,|
= |T7Y2RY, [|(A = DI + [T + Rio(RhRoo) " Rio) Y| T~/2Ryy
= [T=Y2R}||[(A— 1)~ T+ 1+ Rio(RpoRoo) "L Ripl|T =12 Ry, |
= |T~2Ry []A(A = 1)7 + Rio(RbgRoo) "1 R}o||T~/2Ry4 |
= (=)™|T7Y2Ry || = AQA = 1) 711 — Rao(Rfy Roo) " Rip|| T2 Ryy].

ERNTH, FEEXTARAERE MR (0 BRI T R0, Ry B =/, W Ro R
b

A B
HIXT AR RAERE 2518, s X (

ZHRESE -SR] QR 4, Wi REHME (SVD) R0t B 4T (8 i 4.

84. AARESN#E (SVD) Hix

FERW Yo iR Y1 AEFUHR, W ERE SR, A5 A AR Akt P 5o D
THRIOTFES® (SVD) .

HRESME (SVD) ik, (4) RMBALAMGT (ML) T T 5B

(1) ¥i(i =0,1) @& A4 (SVD) . Y; = U;B, V.

(2) ny X n 568 Z WbEL 7 « U{UO.

(3) Z WL RMESM (SVD): Z=UzE;V}.

Pkttt RA A = 02, B =TV2VET Wy, & = T-V2Vy502'Uz(= T-Y2Y UUy),
Hep 57 = diag(a7, -+, 670, T
-1 _ {.ai“l, O; > £y,

a;
0, 0; < gy.

EW. 5 QR MREEEY, & [T7Y2VZ4||\M — ULUUSUL|| T~ Y25, V]| = 0.
&y KIBEBUKE TSR, B ey = 107° | V1|, , XX F RS B L R4
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55. EHITH

#R# Golub and Van Loan F7 & i As 8t gk ], st — A, Reiifeb—

Golub and Van Loan £5HT m % n 4698 Householder QR 4R 05 IR EH
2mn?- 2n3 /3. FEASCH, m xRREASR T, BB BZE AT n, 4 QR SEHEERE
B 2Tn?. 24 A % T x q 55fEnt, F] Householder A5#i2 Q'A WSS 4 Tngldl.
ERBBERTFEEE Q(Q Wl g 5l), BERFCERA 4gmn — 2(m + n)g*+ 4¢3/3. 4
m=T BEKX, Hq=n,38REEIH 2Tn?, x5 QR /MRS EIREAMRE.

B T BEK, BAERHEHE (SVD) WBEREY 6Tn 0. 4 Af1 BEH T xn
WRERY, A'BZEWEA 2Tn?, AA WhH kR Tn?

RSB E R, BR n =n ARARE T 28X, DE Tn? HHh%, BTHF
WHHEELW 4 BB S (4,5 =0,1), #3tE 4Tn? KiBH.

QR IMREIEHGEE RS, — A Tx2n 5 QR 4, & 27(2n)? = 8Tn® Kiz4.

WRESE (SVD) BEEMBE RS, F 2 NMTRMEMR (SVD) fi—4 Z WitHE, %
1% 14Tn? WGEH.

WA EEERE, FREEEIERNR, A 4Tn? 1 QR SMREEREFR, X 8Tn? 1K
SVD 4y 3.5 4%, & 14Tn? k.

FEH AT ENEEEERBMIREERT, TEEREAEFENE, FERZENEE
PEMERYE. T — 39k =M = AR e A BRI

86. WRAFILEIL
AT B S KN AR E MERLE S IE, BAM —4Em g B EH VAR(2) AR

Tt
= ug ~ N(0, 1),
Yi <$t+utlo_m>’ t (0,1)

R BB ERY (VECM) BAHEm, A Ay = of'y-1 + Aye-1 + e

AR Ox version 2.20 HREERIINLGEIE [ 1EH o0, ue BRI IESHINISR
ERAE, Ym =0/, B (2, v+ ue) BFEE A (0.35091938503, 0.00450356266),
bEE m KK, REBLUN (2, z), BOY—4E B EEER, EARE(E 0.00487801748.
AT R EFERNARREENERME, AT AR m E SMERORAREE, X
REIRIWE 1 B,

% 1 VAR(2) MRS AISERE

B m =1 m =3 m =5 m =10

b :3 0.35091940555 | 0.35089570155 | 0.05949553867 | M

QR 4 0.35091938503 0.35091938503 0.35091938540 S

SVD 4% | 0.35091938503 0.35091938503 0.35091938494 0.00487801748T|
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ER 1| PAREFOETH BAI TS R ¥ sy S0 —4 B B IR AL,

HEAR m HEFMERIEER 14, BAWESEL QR S#EEFM SVD 4HHE
ERRE R EE.

PREESEIETE m =5 B, BEERMFHEE, MELILPRKT, HEHEEH 2R
58 MM m =6 Jrth, He i Choleski rMITHR S, HAEZHRIK.

QR SBEEMN m =6 A F IR HFAIBBAIIE R, TARERE MR, BEHZ
B, #BAIERK.

SVD SE AT LUGBARIE 75 m =6 ZH#REMN, %4 m =6 if, BAKEM
2 0.350017. m =7 &, AN 0.004914, D —4 A RART, WERANSFENE
B. M m =10 FEs T e A oA —4 A ERER, mMBHERNESR, HRXEERR
& UIEH.

QR Zr#HE:H SVD SRS B TR, B m =5 W —H4% HIEHNE
£, RAMNEE Bk, BIFH SVD 4mEE, HHT QR SMEER SVD 4#
HEER, XF Monte Carlo FHELIRARK, #MUAH QR 2@HE.
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