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THE DISCONTINUOUS FINITE DIFFERENCE STREAMLINE DIFFUSION
METHOD FOR TIME DEPENDENT FIRST-ORDER HYPERBOLIC
PROBLEM AND ITS ERRORESTIMATES

Zhang Yang
(School of Mathematics, Nankai University, Tianjin 300071, China)

Abstract

In this paper, a new finite element method, discontinuous finite difference
streamline diffusion method is studied for first-order linear hyperbolic problems. A
discontinuity-type explicit finite element scheme with artificial diffusion parameter
is constructed, the stability and convergence in proper norm are established for the
considered scheme. Finally, a numerical example is provided to show the highly
efficiency of the new scheme.
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§1. 53] &
AT, SR XU R Galerkin 47 FRICT %, ALEA EAR L2~ Wbt
H Galerkin AR 2B BMEIRY. AEEETHERRE STENE, 182 Ehrih oo

% 2005 4£ 6 J1 28 Hilic#).
1) HRARBFEEE (9H % 5:103016).
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HEAHAER H, H A AW (Discontinuous) Galerkin ARtk (A F#E#H DG Hi) S5H&d
f# (Streamline Diffusion) F Rk (BLTFRFR SD 32) & BfEA 8 8RS, BRI HE
% By, DG 7k — Mol WA BUEE, EMARLL R TG, WhisJim, 8 B ET
U, BT S, THERE B AT REIFAT. SD 77 —Ff Petrov-Galerkin ZY
ALHGVER:, BT EERSETT M5 (080 3, O E3 R AR RIFmfae . SD
Ji kR — PR T7 vk, TE T X AR AR BT UL T AR 4L, TAEREK. X [1] &% DG
5k SD J5 kb Ade— 2, T SR — Bl AR 5B (Discontinuous
Streamline Diffusion FEM), LI Ffij#k2 4 DSD ¥k, HA MR DG Sk AL
¥, ABAE M WA T A B oo E W E I, # Galerkin HEZRICA SD HEZR. X RHEBELRFF
T DG ik, BaNres s, Xl —5iae SD gifase k. T3¢ [1] 46/ DSD ik
PRAEEH B, R AR RS AR RSE R, RN SH Ry sk, X —4a BT
TE v A5 SR A i) R P 2 B0 T — 0, xR e e SR S e e i L Ak PR T R VF 2 RV

FT LA B4 Hr, AR SCHE 3 0T I 7] 4% 5 A 22 43 B 10O 0 28 Al AR B AE DSD B it 42 BY
[a] F i 28 b (Discontinuous Finite Difference Streamline Diffusion Method), fi#k
DEFDSD 75, Xf—Br & X0 th 2 o) f kA7 T Be 00 5 B it H-

§2. —Rr X [ERERY) DFDSD #%3X
B QA THREHIBXER, [0, T] Ak X, HhFoA T, 2 58— X0

% + B(x,t) - Vu+o(x,t)u = f(x,t), (x,t) € Qx(0,T), (2.1)
u(z,t) = g(x,t), (x,t) eT_(t) x (0,T), (2.2)
u(z,0) = up(x), =z €, (2.3)

Her 8= (81,02),V ABREEESRF. T =T_(t) UT (7).

L (t) ={x el': B(z,t) - y(z) <0}, y(z) A T % = iy sfishkm, T (1) = {z €
[:pB(x,t)-vy(x) 20 =T \T_(t). K - AHFE (2.1) E£NZ ¢ BN (A) RAFR, Ty
AITZ t W (Ah) TR

B 01, B2, 0 € WH(Qx[0, T))NC(Qx[0,T)), f € L=(L*()),g € L®(L*(T-(t))),
Uy € L2(Q).

WFSC (3], AAEBE AL b8 G Ab B0 b5 R ¢ T 28 A 20 X A PR T 28 1) Je F e 5
BT LB M, BAVBCEAES AT L, Bz, t) B8 RAKE t AL TAS L (45 H,
2 Bz, t) 5t TR, BRWER), Wi T-(t) A—EErfi&E, ida T tfifaass ¢
EEH BB, % At = 7 ARFEEK, " =nr, n=0,1,--- ,N = [T/7]. 3K Q
AT S =/, T = {k: k € Q}, k X Ty, W¥IT, k KR4 Ok, MESEA h
(0<h<hy<l).

H Pr(k) &k BB < r FZTEE. g X

Vi, = {v € L*(Q),v |x€ P.(k),Yk € T;,}, r > 0.
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id B (z) = Bz, t"), X Vk € T, #% Ok Bk [;(j = 1,2,3) 4K A v(2) £ Ok
HIRALANE ). A ¢ =t I, X VE € Ty, X

= 1
B?:W/lﬂ%)ds, =123 (1] &l wkE),
J J

Br(z) =07, MVrel;, j=1,2,3,
Ok™ = {x € Ok, "(z) - v(x) < 0}, Ok% = Ok\Ok™.
FHILHE, OK™ 1 OKY 4 BIFRAHIT b NG H a5
HEEEY v € Vi, v|or ATREMINT, 76 ¢ = " B2, XF v,w € Vj, #1 x € Ok, X

V@) = lim oo+ s3(2)) 0" (@) = lim oo+ 53°(2)), 0" (@)] = elh(z) — o7 (@),

<’U’w>8k’_‘ = /ak ’UUJ|Bn "}/|d8, |U|%k'r_z = <’U,U>ak7_z,

(wyrn = Y (v, worn,  [0[fn = (v, V).
Ok™CI'_

KA, AT E X (v, w)akn , |v]okn , (v, w)rn, [vlr: . 38
(vl = [ vuds, lolle = @0), (vw) = [ vude, [} = (v,0)
k Q

Ao (x) = v(x, t"), Apw™ = (0" =" ) /7, vg = B(x) - Vo, AL t =" W%, H
5 (2.1)-(2.3) ATLLIE K

Aw™ +ugn +o"u" = f"+ EY, n=12,---,N, (2.4)
ulp_ =g", (2.5)
u® = ug, z €Q, (2.6)
ou
XHE EY = A" — (E)" AR ZE.

M (2.4) shamg BT, 9% DSD #t U 952 3, MM (2.1)-(2-3) # Euler % DFDSD
WREXARK U € Vi, n=0,1,2,--- N, i} Vk € T, &

(AU + UL 40" U™, v+0ugn )i+ (G U], v Yok = (7, v+0vgn )i, Yo € Pr(k), (2.7)
Ullor. =g, M4 0k_eT_, (2.8)
(U —ug,v), =0, Yo e P.(k), (2.9)
XH 6" =1+ 00".7=Ch,C >0 E&HE 6=Ch0<C <C/A
8 (2.7)-(2.9) XA HIT k € T, #m, B2 (2.7)-(2.9) f#4IE L

(AU™ + Up + 0"U™ v+ Sugn )+ Y (6" U], 01 )on_ = (f",v + dupn ), Vv € Vi,
keT
(2.10)
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Ullr_ = 49", (2.11)

(U° —ug,v) =0, Vo€V, (2.12)

§3. DFDSD #9547

HTHERARFE FE N2 S US U . #Et=1" F, 4 Q" = Udk", Q" = Udk™,
keTy keT,
Iid <v7w>Q7_l = Z(%W@kza <v7w>Qf_ = Z<v7w>aki7
B(w",v;w™™ 1) 2 Z(Atw" + win + 0" w", v+ dvg)p + (" [w"], vy )gn - (3.1)
3132 3.10) 7545 k h,n TERIGHE C* F1 O™ > 0, ffif5 Vv € Po(k),

ol z2or) < C*h 72 |lvllg,  Vk € Th, (3.2)

< O™ o2, ke Th. (3.3)

[
ok

3138 3.2. fE{ES k h,n EREHE Co,C1 > 0, i Y™, w"™! € V, Hl Vol |r_
e L*(T),

_ 01 1
B(w", w";w" ) + Collw" | + g\w’il%_ 23 [At\\u)’”‘H2 + oo[w"]|Hn + oolw” [,

1
+C10lwgn|* + g1l A", (3-4)
A _ . ~ ~
K AJw [ = (Jw"|* = w" ) /7, 00 = inf |5 (2, )], o1 = sup|o(z, )]
WL (3.1),
B(w", w™;w" 1) = Z (Aw™ + whn + 0w, w" + (5wg)k + (" [w"],wl)gn.  (3.5)
5% )
(A", w") = o (T A" [[* + Adllw™[2) ;- (wfn, 6wfn) = dlwpa %,

[(Agw ,5w5n)| < ZHAtw 1% + ?5||wﬁn||2,

1
(whn + U”w”,w”)k + (a”w”,éwgn)k = ((o" — idivﬂn)w”,w”)k

J 1
—5((0fn + o"divA ) w", W) + 5 / " (w")?B" - s,
2 2 Jok

| anwnarads = [ ahwnaads+ [ o wnen - 5 -ads,
ok ok ok

/é)k‘}"(wn)%”ﬁds:/ 5”(w’1)25"-7ds—/ " (wh )25 - | ds

oK™ ok™
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PO TN (3.5), HELC) < 1— g #

_ 1 1.
B(w",w";w" ) > §At||w”||2 + C18|[whn | — [lo™ — §dlvﬁn||L°°(L°°(Q))”wnH2

0 . 1 1 .
S l0fn — iV o uoe o 0" I + LTI AP 4+ S5 ) g

| e - ) ads.
ok

1, N 1
—5{d"wl, wiior + (6" [w"], wh)or — 5 >

ERE (0 0w, wl)gn = (0"wl, wl)on — (6 w,w)p_ + (6 w, w)r, X "
ok

_ 1 §
(w™)? (B — ") - vds BiA (3.3) HEL Co = [jo™ — §diVﬁ"||L°°(Loo(Q)) + §||0'Zn -
1
03" div " || oo (oo (q)) + 5O, WA (3.4) FHE.
FH 3.1. X TR/ At(=7), Euler DFDSD #= (2.10)-(2.12) HMe— {U™}Y_,,
HA T H KA E VAL

N N
max [|U" + z_:l (\[Un”gﬂ + |Uf|%+) T+ 2_:1 (T AU + |UE|12) 7
< CU e zz@) + 9200 2 _yy + lluoll?), (3.6)
XB C 57 h IR
O (2.10)-(2.12), &
B(Un)UnaUn_l) = (fn)Un + 5Ug”)) n= 1)27 e 7N' (37)
i e R
n n n 1 T n|2 n|2 52 n |12
(fU" +0Ugn) < (7 + DI+ I + — 11U 117 (3.8)
FH5IH 3.2 8 (2.11), F
AU + 200/ [U™)3n + 200[U7 2. + (1 — 220Uz 2 + T A" 2
tlUI7 + 200l[U"]IGgn + 200lUZ 0, + (1 = —)dl|Ugn [ + S 1AU™|

ERBAFRLL 7, I 1] n, BRAH Gronwall R, HEEE |U° < luoll, ATLA
3 & 1 BB DR 1 -2(1+ Co)T > po > 0, IFH.

N N
ST < TN ez D19 PT < TUAG ez (3.10)

n=1 n=1
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liEs)
HU”W—%}Z( UW|QI+¢U”“+)T4-§: (FIAT™ + 5| U8 12) 7

< CIF I e r2gy) + 1907 2y + luoll?), n=1,2,--- | N. (3.11)
M (3.6) AAHE.

§4. DFDSD &RXRIREMEIT
A i (2.1)-(2.3) 1R, IBE

u € L°(H™(Q)NnC(Q x [0,T]), % e L2(H™H(Q)), gt;‘ LA(L2(Q). (4.1
WA F
B(u",v;u™ 1) = (f"+ E' v + ovgn), Yo € Vg, n=1,2,--- N (4.2)
HHEETIRZE BT AT AT
||E1 ||2 < KITH 12 ||L2 tn—=1 tn:L2(Q))> (43)

Hep Ky 5 hr B35 3&F [u*] =0, i (4.2) i1 (2.10)-(2.12) &
Bu" — U™ v;u™t — U™ ) = (B}, v+ dvgn, Y0 € V), n=1,2,--- , N, (4.4)
(u —U™)|p_ =0, (4.5)
(uo — Uo,v) =0, Vv € V. (4.6)
EX a(t) - [0,T] — Vy, i1 VE € T,
(@(t) — u(t),v)=0, Yo € P.(k), t € [0,T). (4.7)
é’\gn:Un_un’,r}n:un_an’en:un_Un:nn_gn’ %Elfb’lh“, :gn’ )r!u
B(gn,wgn_l) = 3(77",?1;77"_1) - (E?vgn + 553”)’ Vo e Vy, n=12-- N, (4'8)
. =0, n’jr_ =0, (4.9)
0 =o. (4.10)
MBI HE 3.2 Fd R4 (4.9), AT LA 5]
1
5 AtIIE”II2 + 00l[€"|gn + o0l 2, | + CrolI€h |1 + EIIAHS”II2
B(E" &™) + Coll€™)”
(™, €"m" 1Y) — (B, €" + 65) + Coll€™ ||
(™€) + Co(e) 1€ 1* + Cal| ET|I* + €615 117 (4.11)

IAN I
T @
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5138 4.1. 7R C > 0, 15

AllE™ 1 + [€"Gn + 1€ [E, + OlIg5 1> + Tl Acg™ ||
< CUIEM P + 0" 117 + Al 7 + 10" [Gn + I B, + | Aen™|* + |ET]*}. (4.12)

IEE. Bk
Bn™, &™) = (A" + 0 + 00", " + 085 )k + (50", € )qn - (4.13)
BT {"w € Pr(k), It o MEX, A

1
(" =" 16" =0, Yk € Ty (4.14)

T

(Atnn ) gn)k
TRy, WA

(M + ™" €M)k = =", )k + (0™ = dive™)n"™, §" )k + /8k n"E§" B - yds

< =", Epn )i + /ak n"&" " - yds + ||o" — divB®|| oo (oo lInlle - €. (4.15)

% Or R8I0 k € Tn BJUHL, WA 6"(Ok)-VE" [k € Pr(k) Fl |B"(2) = 6"(Ok)| < Chy,
1 Br(k) #iftt, arCAf5E)

(0", &5 ) = (1", (6" () = B"(Or)) - VE" )& < Clln" (|1 - 1€" - (4.16)
T8, B UEW]

(o™, 5E5 )i = /8 0" yds = B((of + 0" i)

< [ o€ s + ol + 0" i e eyl (417

(1 865 < O3l - N s < COli™ B + 28R (4.15)
R

| rearadst [ sompesrads= [ arpensads

ok ok ok

= oy = @ o + [ (=) nds, (@19)

M| 3.2 fldb A SR, B
/ e (B — ) - yds < o / (218" — B"lds) - ( / (€)2)8" — B7|ds)
ok ok ok

=

1 n n 1 n n n n
< Chz ||| 2 on) - 1€ e < CRZ ™[ gy - 11€° 1k < €71 + CPRIN™ 13 - (4.20)
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g4 (4.13)-(4.20), HEED (4.9), &
B, &" ") < Ca(ll™[1” + 1€"17) + ed &g |I” + Cahlln™ 1§
", 8 gy — (0", Eon + {0 "], €4 )on
< Calln" 1P+ €71+ hln™ 13)+£l1€5 |2+ % (I[S”]IQn +ErIF, )+ (In’llég+|n’l\%+)-

B ERARN (4.11), FFEL e BB/, BLE C1 — 2e > 0, MfER (4.12) BHE.
I 4.1, % u, (U™} 40RIE S (2.1)-(2.3) 1 DFDSD #3% (2.10)-(2.12) Hfi, 1]
FEMBERM (4.1) BOLI&HT, A4S 7,h BRFEE C > 0, XFTFEB/IG 7, F

n||2 n|2 2r+1
e [ +§j o + )+ Y A+l )7 < O+ 72,
n=

(4.21)
XEMET Ullr, =ul}|r, =a]|r, =0.

L. ¥ (4.12) WBBARRLL 7, RIEX n AN, BEAI Gronwall R4k, 3 ¢° =0,
XA /ANK T, BROE

€™+ D AN, + €217, + 8lleh 1P + 7|2 |*)r
j=1

< Cs5 Y (I 1P + Bl I + [l 12 + 177, + 1207 |1 + | E{|P)r. (4.22)
j=1
i (4.3), &
"~ Jn2 8 u 2 8 u
SOER < K23 |20 e i1 ey < Kar S 2 ey (429
7j=1 7j=1 7j=1
I, i (4.22)

N
max P+ S (B + 1€ B, + Sl + Tl A"
- n=1

N
< Ce Y _(IIn™ 1> + hlln™1F + I |2 s R, A+ AP+ )T (4.24)
n=1

1
In" || < Fah™, [In" [l < K3h”, |[n"]lgn < Kah™*2, (4.25)

N
1
I on < Ksh™ 2, > ||Am™|*r < Kh™ 2, (4.26)

n=1
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TR (4.22), A =MAARER, Bglfhir (4.21) BT EE.
146 =0, #%30 (2.10)-(2.12) B4 [3] A Euler # FDDG #X, M5#r
WA LAE Y, X B ANSIET EIR A R

§5. HEHEBHI

RO u(o,.t) = (1 — exp(—(1 — o — )t/2)/(1 — exp(—1/¢)) % =4Il
%%+g%+g§+u::ﬂ (z,y,t) € Q% (0,2], u(z,y,t)lpr_ = g(z,y,t), t € [0,2],
u(z,y,0) = uo(z,y), (z,y) € Q WP XE QH=ZF£ELK 2 =0y=1Uky=12
B = A X, FRATE ) E X, BARARLREN 2 =00 <y <1). FEH fu,g
HOAM u(r,y,t) Bl XTHWXE, RAYSNEEEMA =/AEHS (Bol&aFa7T
Xk f3a ), M Euler # DFDSD #%3(, 58] ¢t = 1.05 i —2% 5 1 B85 1 g 1(H
e =0.001).

x1
oy h=rT :_0.05, 6 =0.01 h=1= 2.005, 6 =0.01
Higu | ARTRU | REuw-U | A v | ARTHU | REw-U
(0.050,0.100) | 1.0000 1.0335 -0.0335 1.0000 0.9956 0.0044
(0.050,0.150) | 1.0000 0.9673 0.0327 1.0000 0.9950 0.0050
(0.050,0.200) | 1.0000 0.9558 0.0402 1.0000 0.9950 0.0050
(0.050,0.250) | 1.0000 0.9572 0.0428 1.0000 0.9950 0.0050
(0.050,0.300) | 1.0000 0.9559 0.0441 1.0000 0.9950 0.0050

HfE I HLY], Euler B DFDSD # A% T DG & EHE KA, B DSD J5ik
FRFP S8 By SEBL. Y55 B2 A 0 9 5 b BB HA SR T Kt BEAR AL i R B (s [1] iy
#1F), e Galerkin ARt 2R ERBHERY, DG g™ EAK, i DFDSD
J7S DSD J5dk—rE, BA REFHRES 2R

2 % X M
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