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Abstract

For the operational efficiency on the numerical multiplication of points on ellip-
tic curves to be heighten, in this paper, a better fast redundant binary algorithm
for the elliptic curves discrete logarithm problem (ECDLP) is presented. A new bi-
nary redundant representation which is necessity and suitability to transformation
for a very large integer is defined. This algorithm has obtained the speed improve-
ment as compared with the essential one which was presented in the paper?® by
decreasing the addition computing steps.
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§1. 5]

Neal Koblitz!!! #1 Victor Miller2! F|H#6RE 2 b SR Abelian IERE, MWET
W 125 F BBt 805 8 (ECDLP), 314 ECDLP T S& G AH . M M
FE S Rk, BT ERM T B TER KA LSRR A
MRS, T2 Z5%E Bl scih R, 7 e i i gk cp A 160bits fE 8 al
5 1024bits # 5K RSA Bk arAny Y, HMEEEmMA, TN MmeEREe £
BEAH I A, 53 A5 A A6 B ot 2 R (s e AT LA FRC B/ INB & AR BRI AN A K 1, $R 4L
BRI, EHcH, HEs s P SR ReE TR, TR kB Bod K
B PR AR T AR S SR, R R T R, BT T,
#7%5 ECDLP S s, Moy 1L m i .

i1

—KEEH S TS, B S =a 128 4 ar 02 4 a2 +ap2. oy £ 0.
id B(s) = ai—104—2 - arag. Hp a; € {0.1}.5 =0.---. ¢t ~ 1. HHRAME E £ L
ke X, SP Bh

SP = (a;-12"7" + @1—22""2 4+ -+ + @12 + ag) P
=a;_ 12" 'P 4+ @492 2P + -« + a12P + aoP. (1.1)

it (1.1) R SP 2EMRNEEEBIRT B(s) KEM4M, 5F B(s) $IFF
TR, ZHEITTARFSIRE B(s) F3IA—1FHE (-1)(FERER, BTH (-1)
Wk 1) RGRFES (idk B'(s)), 8 B'(s) FEZTTHMNKELD, NIRRT ZEE.
GRS R, BANEES, N—gERE S MoHEFS B(s), B [5] sl M EH—IT
RFEF| B'(s). BE¥EFINEERTIHE SP, NERRKEHEMREMS, ZEERGRH
B'(s) TR GMEEABER. & B(s) 11 X TFIESRN B'(s) iy 101
5, HAXRGEEBIETTERD, KA JEEEMNFFMERES T —KX, ZEEYE
m. wEESCER [B] P ARKRIAHT - MEEMAT R, ERBEMRA L FR S

). Pl — RS B(s) = 10110011, gi3cik [5) A ER® B'(s) = 11010101

W, £ B(s) 5 B'(s) AFHE SP, MEEABHRR0 R, £HAMN0EHSR
RERKN. ASUHMBEX — 8, HHT MR RMEREILRFS, HETTEEREY
Fifie.

§2. HXE®R

EX L S ME—F8E, Bls) 4 S MR % S FANEARLERS B/(s)
mER, WH B(s) 5 B'(s) RBHE, iak B(s) = B'(s).
EX 2. ® S WE—ERE, UE

S = bt_12t_1 +bt_22t_2+"'+b12+bo, (2.1)
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B,(S) = bt_lbt_g e blbo.

SIE. % n H—FEBH, NHMEEEES A, F 20Th + 20D 4o pontl 4 oon =
2n—+—(h+1) —on

r M
BB, & S W#HEFS B(s) HEE—-FF Bi(s) =11------ L, Wjhf—xt
1A
h—11M0 )
RHTL AT Bi(s) =100--- - 01, 4% Bi(s) = B{(s)-

EX 3. B'(s) = bbby A S @ THEITUARRER, EZFFIFR L&
() bi1bi—obi_y M TEEWREERE 14, HEEERMAHSHEDTE bibibioi (0 =
Lot =5) iBAH A% 0, WFR B'(s) S W #BITTAREMNFES, A S wiEn
5, idHh B(s).

§3. TREERITIE

% R R 4ATFIIR LRSS, HER 1, B 0. B(s) = ar101-2---a1a0 A
S W #HIFS. 4

B(s) { 143G142Q441 - a1ag, 41 ABEE, a3 =aq2=aq1=a =0
3, =

aty2a141a¢ - @100, HEAFEN, a0 =an=a =0
AHA.
WiE—. (Hiikt 4B &S, WERE MBI E ¢ #AL o1 Bpa))
Begin
R=0
For i=0 to t step 2 do[case (a;+3ai+2a;+1a; and R ) of |

If R’=R then
If a; =0 then
If a;11 = 0 then begin b,y = 0;b; = 1: R=0 end
Else if a;419 = 0 then begin b;1; = 1;b; = 1;R=0 end
Else begin b;1) = 0;b; = 1; R=1 end
Else if a;+1 = 1 then begin b;1; = 0;6; = 0;:R=1 end
Else if a;,9 =0 then begin b;.; = 1;b; = 0; R=0 end
Else if a;+3 = 0 then begin b1 = 1;b; = 0;R=0 end
Else begin b;1; = 1;b; = 0;R=1 end
Else if a; = 1 and a;41 = 1 and a;49 = 1 then begin b;;1 = 0;b; = 1;R=1 end
Else if a; = 0 and a;;.1 = 1 and a;.9 = 1 and a;+3 = 1 then begin b;1,
=T1;b; = 0;R=1 end
Else begin b; 11 = a;+1;b; = a;;R=0 end
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Ifby = land by—1 = 0 and by_9 = 0 and b;_3 = 1 then B'(s); = 111b;_ybs_5 - - - bibg
Else B'(8)i+1 = bibi—1 -~ bibg
End
TE. %S AME—FEBE, HE—8H >0 Wbk S HHFES B'(s) = B(s),.
. 7S MTHERIFIA B(s) = a—1ai-2 - - a1a0, FFIKER t. BHEE 588
TCRFFFNA B'(8)1v1 = bibe1be_o - bibg, Hep by % 1 824 0.
KPP ¢ FRBCEREAER. Y =2 1, ZIRBRML. Rt =k, & B'(s), =
B(s).

Wt = k+2 0, B(s)pao =

7 T IR R E B i
a. F B(s)e = B'(s)e, MERAHBRAHRA

[ 000000bs_1by_o - - byby.
0000011064 _3bg—y - - - by by.
000001110bg_4bg_5 - - - b bg.
0000006y, 1bg_s - - - bibo kot o
000001111064 _5bg_g - - - by bo.
’ 000001bk_1 bk,Q e b] b()
B (S)k—{—‘z = = OOOOIObk-lbk_Q -+ bbg.
000010bk—1bk-—2 te [)1 b()
, 0000101110b; _5bs_g - - - b1 bg.
000011bg_1bg_s - - - by by
00001110bg_3bj—_y - -+ b1bg.
000011110bg_4bj_5 - - - by by,
0000111110bg _5bg_g - - - b1bg.

be_1bg—2 -+ brbg,

1100k —3bg—q - - - b1 bg,

1110bg_4bg_5 - - - b1 by,

1000106y _5bg—¢ - - - by by,
B'(8)gto = 10bg_1bg_ - - - bibg,
1100106 _5bg_g - - - b1 by,
1110bg_3bg_y - - - bybo,
100010b_4bg_5 - - - b1 by,
1000010by, _5bg_g - - - by by.
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518, B B'(9)k+2 = B(8)kto.
b, # B(s)r = B'(s)i — 1, IR A EEE — B BRI IS0, FR5 045
BB EL 1. B'(s)y PR —IZTE be=1, 3B b_1=0, BPEHA

OOOOOOIObk_Qbk_g te b1b0 IObk_Qbk_g e blbo,
B,(s)k+2 _ OOOOOIIObk_Qbk_g cee blbO _ IIObk_Qbk_;; cee blbO-

00001010bg—2bg—3 - - - b1bg 1010bg _obg—5 - - - by by.

000011106k _2bg—3 -+ bybg 1110bg_obg_3 - - - by bg.

WA B'(3)ir2 = B(s)kyo. FILHIER ¢, & B'(s): = B(s),. iEH.

HE—BRTHERH S 1 - HHF7H B RS0 EN RS 2T

fl. ¥ S A—IERH, HTHHFEFY B(s)=1101110101111001. k5 B(s) %4t
ERFS] B'(s).

#. ER—, fEBA 00001101110101111001. #JHIRA % R=0.
'=0. aszazajag = 1001, R'#R, & biby =01 & R=0.

2. asajazaz = 1110, R’ # R, & b3y =10 & R=1.
i=1. aragasay = 0111, R' =R, £ bsby =00 & R=1,
6. agasazag = 0101, R' =R, H brbg =10 & R=0,

i=8. anapagag = 1101, R'#R, 74 bobg =01 K R=0,

i=10. ajzajpaija = 0111, R'#R, % b;1byp =01 & R=1,

i=12. ajsajjaiza;n = 1101, R’ =R, £ bisbi» =10 & R=1.

i=14. ajraipaisary = 0011, R' =R, £ bisbiy =00 & R=1,

i=16. ajgaigaizars = 0000, R’ =R, FH b;7big = 01 & R=0.

FrLIA B'(s) = 10010010110001001 = 1110010110001001.

it K=GF(2") HHRE. At E, B K LB mEs B o + oy = 28+
ayr’ +ag. Ho roy.a; € K. (1=4,6),a6 20. X E FymeEEemnT.

& PQ€EPQ# OO AXREZES). P = (21.91).Q = (w2.y2). W] P ¥t
P=(ri.y1+x), HP+P=0,.

HEQ#P.Q# PN P+Q=(r3.55), Hip

\ = y2 + 41

.1';3:/\2+)\+1:1+x2+a4, y3 = Mz + z3) + a3 + 414 .
9+ 1)

HQ=P=(r1,41), P # O, M| P+ Q = 2P = (z3.y3), K

1
z3 =N+ Atas ys=zi+ A+ 1)zs, A:‘ElJril'
T

¥, S YPEE # Q=0 M P+Q=P X5 0, & OP = Oy. & S H{E—
SAP
s, N ESP=P+P+...4+ P (-S)P=SP.
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BUT S —HIEE =M RCK SP RITREE.
& B'(s) = bi—1bi—a - - bibo RAHE—MHEIN S WENFF, WL (L1) S4BT
BBk, BN b #£0, % 27 P RBGFITER. BIBSEN P2P, - 271 P RIRIERS
WiE—
Begin

i=0:

R[0]=P:

for i=1 to t-1 do R[i]=2R][i-1]

End
2(t — 1
%E,ﬁEM$wm%x,§z¢L(g )

WiE=.

Jmﬁ%m&ﬁﬁ.

Begin
T= Oy:

for i=t-1 to 0 by -1 do

if b[i]#0 then T=T+bl[i]R][i]
End

§4. & it

M ERHEREANEE, BEE —TET— HEFEFEEA S5 2 ZMENFS. B
W ENFRF R — MR EF L TREA EEE=1 1 4, IR HERSAEHI =4 (8
Plb) #8 1 M #RTTRFER. BEd Z#HEFY B(s) = ai—1ai—2 - ajap. HHH=F
(BELL L) M8 1 R FFIIEE § 4, W8 o, 20, oxy, HEBGHA 2] - 2] -]
BIA |z > 3.(i =1.---,7). H5IH, BEE—MEIHOENFFIMTNEY ] >FHd, £
TFIBAT |1 =24 L EZAFHRDT |22 =241, FjAFHRADT |25 -2
L B ek s A A AR R =4 (BB L) #4E 1 JERH 75, TR
FHEFHRPREAT h A 1L e BEHBIINIENFFH 1 N EED T

(L1 =2) (ol =2)+ =+ (|3 =2) +h = (1] +Hal+ - +agl+h=25) > 3j+h—2j = j+h.

B (L1) 3+ SP s, MELEAT (O + h) KEKIEEE. BRXH#REZ
HNFES K EMmERN 3 ok, 9 OmEM 1 sk, xay j fh BoRe, Bk
£y EE TR & RO 2+ 9 AT .
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