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3Iq�S&^=;�8GB�i}?B�i_�m.0}G%#^MÆ�xf*`b(?m#��;�	S& (1) ���Cu
Φ(x, t) = Φ(ξ), ξ = k(x − ct) + ξ0, (2)D^ k ��m� c ��t� ξ0 �X.$m	=;

−cΦ′ + ΦΦ′ + Pk2Φ′′′ = 0. (3)� (3) 
g9 ξ |Y*0��P|Y$m�+�=;
Φ′′ + AΦ + BΦ2 = 0, (4)D^ A = −

c

Pk2
, B =

1

2Pk2
.f:? Boussinesq S&
Φtt − λ2Φxx − µΦxxxx − ν(Φ2)xx = 0 (5)� (2) 
��Cus�Fg9 ξ |Y&0��P|Y$m�+�)=;) (4) 
?�
	D^ A =

λ2 − c2

µk2
, B =

ν

µk2
.�6�3 “/&” ^wlSOM� (4) 
	�^

Φ =

n
∑

i=1

aiu
i +

n
∑

i=1

bivui−1 + c0 (6)L u, v 3lZ�?�VGS&m�
u′2 = v2(v2 − m2), (7)

v′2 = u2(v2 − m2), (8)D^ u = u(ξ), v = v(ξ) �8Eim� ai, bi(i = 1 . . . n), c0, n �8E$m	 m �;m	: m2 < 1 a� (7) � (8) 
7z�
u =

cn(ξ)

sn(ξ)
, v =

1

sn(ξ)
.6 (6) − (8) 
=;

Φ′′ = 2nanun+2 + . . . , (9)

Φ2 = a2
nu2n + . . . , (10) 3F0?p=K�=

n = 2. (11)3L�^ Φ �Z��

Φ = a2u

2 + a1u + b1v + b2uv + c0. (12)
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=;
Φ′′ = 2a2u

′2 + 2a2uu′′ + a1u
′′ + b1v

′′ + b2u
′′v + 2b2u

′v′ + b2uv′′. (13)

Φ2 = a2
2u

4 + a2
1u

2 + b2
1v

2 + b2
2u

2v2 + c2
0

+2a1a2u
3 + (2a2b1 + 2a1b2)u

2v + 2a2b2u
3v + 2a2c0u

2

+(2a1b1 + 2b2c0)uv + 2b1b2uv2 + 2a1c0u + 2b1c0v,

(14)�L6 (7) − (8) �=;Z�g�
u′′ = 2u3 + (2 − m2)u, (15)

v′′ = 2v3 − (1 + m2)v, (16)

u′v′ = uv(v2 − m2), (17)

u2 = v2 − 1. (18)� (7) − (8) 
7[ (13) � (14) 
�� 3 (15) − (18) 
��u���=;
Φ′′ = 6a2u

4 + 6b2u
3v + 2a1u

3 + 2b1u
2v + 4a2(2 − m2)u2

+(5b2 − 4b2m
2)uv + a1(2 − m2)u + b1(1 − m2)v + 2a2(1 − m2).

(19)

Φ2 = (a2
2 + b2

2)u
4 + 2a2b2u

3v + 2(a1a2 + b1b2)u
3

+2(a2b1 + b2a1)u
2v + (2c0a2 + a2

1 + b2
2 + b2

1)u
2 + 2(c0b2 + a1b1)uv

+2(c0a1 + b2b1)u + 2c0b1v + c2
0 + b2

1.

(20)� (12) � (19) � (20) 
7[ (4) 
��Y�. u4, u3, u2, u, u3v, u2v, uv, v ?�mm$m��+�=;g9 ai, bi, (i = 1, 2), c0 ?7mS&m
6a2 + B(a2

2 + b2
2) = 0, (21)

6b2 + B(2a2b2) = 0, (22)

a1 + B(a1a2 + b1b2) = 0, (23)

b1 + B(b1a2 + a1b2) = 0, (24)

4a2(2 − m2) + B(2c0a2 + a2
1 + b2

2 + b2
1) + Aa2 = 0, (25)

b2(5 − 4m2) + Ab2 + 2B(c0b2 + a1b1) = 0, (26)

a1(2 − m2) + Aa1 + 2B(c0a1 + b2b1) = 0, (27)

b1(1 − m2) + b1A + 2Bc0b1 = 0, (28)

2a2(1 − m2) + Ac0 + B(c2
0 + b2

1) = 0. (29) 3~u{7m��Y
 (21) − (29) 
�=;Z�*m�
a2 = −

3

B
, b2 = ±

3

B
, c0 =

4m2 − 5 − A

2B
, a1 = b1 = 0 (30)
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16m4 − 16m2 + 1 − A2 = 0, (31)6 (7) � (8) � (12) � (30) 
��4=;)���Cus?S& (4) ? Jacobi ��im�

Φ(ξ) = −
3

B
(
cnξ

snξ
)2 ±

3

B

cnξ

sn2ξ
+

4m2 − 5 − A

2B
, (32)D^ 16m4 − 16m2 + 1 − A2 = 0, m �;m	/� KdV S&� Boussinesq S&?��
?

Jacobi ��im�	z�C�: m2 → 0 a�=;S& (3) ?��
Φ(ξ) = −

3

B
cot2(ξ) ±

3

B
cot(ξ)csc(ξ) −

3

B
(33)y

Φ(ξ) = −
3

B
cot2(ξ) ±

3

B
cot(ξ)csc(ξ) −

2

B
. (34): m2 → 1 a�=;S& (3) ?-*���

Φ(ξ) = −
3

B
csch2(ξ) ±

3

B
csch(ξ)coth(ξ) −

1

B
(35)y

Φ(ξ) = −
3

B
csch2(ξ) ±

3

B
csch(ξ)coth(ξ). (36)

3 *� KGS ~x){��Æ Jacobi �"���rn Klein-Gordon-Schrödinger S&m
i
∂

∂t
Ψ +

1

2
∆Ψ = −ΦΨ, t ∈ R, X ∈ R3, (37)

∂2

∂t2
Φ − ∆Φ + M2Φ = |Ψ|2, t ∈ R, X ∈ R3 (38)7l)*_�j?Z=il# Ψ :*_b^�
i# Φ ?�tq3?fD Yukawa;��U&_#f�'#	 M f
i?℄' [7,8]..

X = (x, y, z),K (37) m (38) 
�-\��
i
∂

∂t
Ψ +

1

2
(Ψxx + Ψyy + Ψzz) + ΦΨ = 0, (39)

∂2

∂t2
Φ − (Φxx + Φyy + Φzz) + M2Φ − |Ψ|2 = 0. (40)�^

Ψ(x, y, z, t) = eiθu(ζ), (41)

Φ(x, y, z, t) = v(ζ), (42)
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u(ζ), v(ζ), a, b, e, d, α, β, γ, δ 8E	K (37) m (38) 
�-\��

1

2
(a2 + b2 + e2)u′′ − (

1

2
α2 +

1

2
β2 +

1

2
γ2 + δ)u + uv + i(d + aα + bβ + eγ)u′ = 0, (43)

(d2 − a2 − b2 − e2)v′′ + M2v − u2 = 0. (44).
d + aα + bβ + eγ = 0, (45)=;

1

2
(a2 + b2 + e2)u′′ − (

1

2
α2 +

1

2
β2 +

1

2
γ2 + δ)u + uv = 0, (46)

(d2 − a2 − b2 − e2)v′′ + M2v − u2 = 0. (47)/a� 3F0?p=K���^ u, v 3l
u = a2u

2 + a1u + b1v + b2uv + c0, (48)

v = c2u
2 + c1u + d1v + d2uv + e0. (49)D^ a2, a1, b1, b2, c0, c1, c2, d1, d2, e0 �8E$m	L u, v 3l “VGS&m”(7) � (8).w-

u′′ = 6a2u
4 + 6b2u

3v + 2a1u
3 + 2b1u

2v + 4a2(2 − m2)u2

+(5b2 − 4b2m
2)uv + a1(2 − m2)u + b1(1 − m2)v + 2a2(1 − m2),

(50)

uv = (a2c2 + b2d2)u
4 + (a2c1 + a1c2 + b1d2 + b2d1)u

3

+(c2c0 + a2e0 + a2c1 + b1d1 + b2d2)u
2 + (b1d2 + b2d1)u

+(a2d2 + b2c2)u
3v + (a2d1 + a1d0 + b1c0 + b2c1)u

2v + (b1e0 + d1c0)v

+(a1d1 + b1c1 + b2e0 + d2c0)uv + (a1e0 + c1c0 + b1d1 + c0e0),

(51)

u2 = (a2
2 + b2

2)u
4 + 2a2b2u

3v + 2(a1a2 + b1b2)u
3

+2(a2b1 + b2a1)u
2v + (2c0a2 + a2

1 + b2
2 + b2

1)u
2 + 2(c0b2 + 2a1b1)uv

+2(c0a1 + b2b1)u + 2c0b1v + c2
0 + b2

1,

(52)

v′′ = 6c2u
4 + 6d2u

3v + 2c1u
3 + 2d1u

2v + 4c2(2 − m2)u2

+(5d2 − 4d2m
2)uv + c1(2 − m2)u + d1(1 − m2)v + 2c2(1 − m2).

(53)� (48) − (53) 
Y�7[ (46) � (47) 
��. u4, u3, u2, u, u3v, u2v, uv, v ?�mm$m��+�=;g9 ai, bi, ci, di(i = 1, 2), c0, d0 ?7mS&m
3a2(a

2 + b2 + e2) + a2c2 + b2d2 = 0, (54)

a1(a
2 + b2 + e2) + a2c1 + a1c2 + b1d2 + b2d1 = 0, (55)

2a2(2 − m2)(a2 + b2 + e2) − (
1

2
α2 +

1

2
β2 +

1

2
γ2 + δ)a2

+(c2c0 + a2e0 + a2c1 + b1d1 + b2d2) = 0,
(56)
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1

2
a1(2 − m2)(a2 + b2 + e2) − (

1

2
α2 +

1

2
β2 +

1

2
γ2 + δ)a1 + (b1d2 + b2d1) = 0, (57)

3b2(a
2 + b2 + e2) + (a2d2 + b2c2) = 0, (58)

b1(a
2 + b2 + e2) + a2d1 + a1d0 + b1c0 + b2c1 = 0, (59)

1

2
(5b2 − 4b2m

2)(a2 + b2 + e2)− (
1

2
α2 +

1

2
β2 +

1

2
γ2 + δ)b2 + a1d1 + b1c1 + b2e0 + d2c0 = 0, (60)

1

2
b1(1 − m2)(a2 + b2 + e2) − (

1

2
α2 +

1

2
β2 +

1

2
γ2 + δ)b1 + (b1e0 + d1c0) = 0, (61)

a2(1 − m2)(a2 + b2 + e2) − (
1

2
α2 +

1

2
β2 +

1

2
γ2 + δ)c0 + (a1e0 + c1c0 + b1d1 + c0e0) = 0, (62)

(d2 − a2 − b2 − e2)6c2 − (a2
2 + b2

2) = 0, (63)

(d2 − a2 − b2 − e2)2c1 − 2(a1a2 + b1b2) = 0, (64)

(d2 − a2 − b2 − e2)4c2(2 − m2) + M2c2 − (2c0a2 + a2
1 + b2

2 + b2
1) = 0, (65)

(d2 − a2 − b2 − e2)c1(2 − m2) + M2c1 − 2(c0a1 + b2b1) = 0, (66)

(d2 − a2 − b2 − e2)6d2 − 2a2b2 = 0, (67)

(d2 − a2 − b2 − e2)2d1 − 2(a2b1 + b2a1) = 0, (68)

(d2 − a2 − b2 − e2)(5d2 − 4d2m
2) + M2d2 − 2(c0b2 + 2a1b1) = 0, (69)

(d2 − a2 − b2 − e2)d1(1 − m2) + M2d1 − 2c0b1 = 0, (70)

(d2 − a2 − b2 − e2)2c2(1 − m2) + M2e0 − (c2
0 + b2

1) = 0. (71)M� (54) − (71) 
�=;�
a1 = b1 = c1 = d1 = 0, (72)

a2 = b2 = ±

√

−
9

2
(d2 − a2 − b2 − e2)(a2 + b2 + e2), (73)

c2 = d2 = −
3

2
(a2 + b2 + e2), (74)

c0 =
5 − 4m2 + M2

(d2−a2−b2−e2)

6
a2, (75)

e0 =
(1

2
α2 +

1

2
β2 +

1

2
γ2 + δ

)

+
(a2 + b2 + e2)

4

[ M2

(d2 − a2 − b2 − e2)
− (5 − 4m2)

]

(76)L`$mX�3l (45) 
mZ�g�
24(m2 − 1) =

( M2

(d2 − a2 − b2 − e2)

)2

− (5 − 4m2)2, (77)

−
3

2
(1 − m2)(a2 + b2 + e2)(d2 − a2 − b2 − e2) + M2e0 = c2

0. (78)K�= KGS �1?Z��
? Jacobi ��im�
Ψ(x, y, z, t) = a2

[( cn(ζ)

sn(ζ)

)2

+
( cn(ζ)

sn2(ζ)

)

+
5 − 4m2 + M2

(d2−a2−b2−e2)

6

]

ei(αx+βy+γz+δt+θ0), (79)
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Φ(x, y, z, t) = c2

[( cn(ζ)

sn(ζ)

)2

+
( cn(ζ)

sn2(ζ)

)]

+ (
1

2
α2 +

1

2
β2 +

1

2
γ2 + δ)

+
(a2 + b2 + e2)

4

[ M2

(d2 − a2 − b2 − e2)
− (5 − 4m2)

]

.

(80)z�C�: m2 → 0 a�6 (72) − (78) 
�=;
a1 = b1 = c1 = d1 = 0, (81)

a2 = b2 = ±

√

−
9

2
(d2 − a2 − b2 − e2)(a2 + b2 + e2), (82)

c2 = d2 = −
3

2
(a2 + b2 + e2), (83)

c0 =
2

3
a2, (84)

e0 = −2
(1

2
α2 +

1

2
β2 +

1

2
γ2 + δ

)

(85)L
M2 = −(d2 − a2 − b2 − e2), (86)

a2 + b2 + e2 = 2
(1

2
α2 +

1

2
β2 +

1

2
γ2 + δ

)

. (87)�1C=;��
Ψ(x, y, z, t) = a2

[

cot2(ζ) +
csc(ζ)

cot(ζ)
+

2

3

]

ei(αx+βy+γz+δt+θ0), (88)

Φ(x, y, z, t) = c2

[

cot2(ζ) +
csc(ζ)

cot(ζ)

]

− 2
(1

2
α2 +

1

2
β2 +

1

2
γ2 + δ

)

(89)L`$mX�3l (45) � (87) � (88) 
	: m2 → 1 a�6 (72) − (78) 
�=;
a1 = b1 = c1 = d1 = 0, (90)

a2 = b2 = ±

√

−
9

2
(d2 − a2 − b2 − e2)(a2 + b2 + e2), (91)

c2 = d2 = −
3

2
(a2 + b2 + e2), (92)

c0 = e0 = 0 (93)L
M2 = −(d2 − a2 − b2 − e2),

a2 + b2 + e2 = 2
(1

2
α2 +

1

2
β2 +

1

2
γ2 + δ

)

.�1C=;��
Ψ(x, y, z, t) = a2[csch

2(ζ) + csch(ζ)coth(ζ)]ei(αx+βy+γz+δt+θ0), (94)

Φ(x, y, z, t) = c2[csch
2(ζ) + csch(ζ)coth(ζ)] (95)L`$mX�3l (45) � (87) � (88) 
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4 ��b�℄�VGS&m (7) � (8) �-P?a�*��Z
u′2 = q4u

4 + q2u
2 + q0, (96)

v′2 = p4v
4 + p2v

2 + p0. (97):"m qi, pi P ~?[a�VGS&m�x7 ~? Jacobi ��im�	"Z: q4 = m2, q2 = −1 − m2, q0 = 1, p4 = p2 = p0 = 0 a� (96) − (97) 
7z��
u(ξ) = snξ, v(ξ) = 0 �( U�:9 Jacobi��imO�O^? sn O�	 3x4M�a�=;N3F0?pSO�pOVKimO�O� Jacobi ��imO�OB=;?5�kW? KdV S&�
Boussinesq S&� KGS S&m [9] ?�	: q4 = 1, q2 = 2−m2, q0 = 1−m2, p4 = 1, p2 = −(1 + m2), p0 = m2 a� (96)− (97) 
7z�� u(ξ) =

cnξ

snξ
, v(ξ) = nsξ �G��^��4GF0?p=K?z+℄ 3U*m�bI)) KdV S&� Boussinesq S&� KGS S&m?��
? Jacobi ��im�	v 	 � �
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Jacobi Elliptic Function Solutions of Nonlinear Evolution Equation
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Abstract: Based on the homogeneous balance principle, a new and effective method is given.

By this method, new exact Jacobi elliptic function solutions of KdV equation, Boussinesq

equation, KGS equations are obtained.

Key words: Homogeneous balance principle; Jacobi elliptic function solution; Disturbed equa-
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