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ut − ∆um =

∫

Ω

eαu+βvdx, x ∈ Ω, t > 0

vt − ∆vn =

∫

Ω

epu+qvdx, x ∈ Ω, t > 0

u(x, t) = v(x, t) = 0, x ∈ ∂Ω, t > 0

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ Ω

(1.1)T^��E Ω ⊂ RN, �� ∂Ω 'Xhr�!u m,n > 1, VZ!u α, β, p, q �j α, q > 0.LC�V��G��%N�"S%��3ZÆQ%\�5��)N�-��k ( ��
[1, 3] |T !��). T^_0�bp? Philippe Souplet o)� Souplet K� [1] ^-�66^��V��G��%N�"S%�><TQ��ÆQx=KYE�℄9�g{Mm3Z��� [5, 8, 9] 	 Souplet z�,�SQ�i<S%k�
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ut − ∆um =

∫

Ω

vβ eαudx, x ∈ Ω, t > 0

vt − ∆vn =

∫

Ω

up eqvdx, x ∈ Ω, t > 0

u(x, t) = v(x, t) = 0, x ∈ ∂Ω, t > 0

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ Ω

(1.2)q℄^S�2007-12-05; 'I^S�2008-10-16
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2 u + � ) + 
 Vol.29A8 m = n = 1 f� (1.2) m3^3V��G���%N�"S%k�� [9] -� α > 0, q > 0, p ≥ 0, β ≥ 0 X$�><z� lim
t→T∗

∣

∣ ln(T ∗ − t)
∣

∣

−1
u(x, t) = 1/a D

lim
t→T∗

∣

∣ ln(T ∗ − t)
∣

∣

−1
v(x, t) = 1/q K Ω �℄9�g{M3Zp0�� [8] -� α = q = 0, β ≥ 1, p ≥ 1, p · β > 1 X$�><z� lim

t→T∗

(T ∗ − t)
(β+1)/(βp−1)

u(x, t) = C1(!u) D lim
t→T∗

(T ∗ − t)
(p+1)/(βp−1)

v(x, t) = C2(!u) K Ω �℄9�g{M3Zp0�T^ T ∗ �l (u, v) �ÆQf��8 m > 1, n > 1f�(1.2)m�s��� [5]-� α = q = 0, β > m > 1, p > n > 1X$�><ÆQx=D��%N�"S%kÆQx=�
�}z� lim
t→T∗

(T ∗ − t)
(β+1)/(βp−1)

u(x, t) =

C3(!u) D lim
t→T∗

(T ∗ − t)
(p+1)/(βp−1)

v(x, t) = C4(!u) K Ω �℄9�g{M3Zp0�T^ T ∗ �l (u, v) �ÆQf�����a0J�m��,�sN�"S%k (1.1) KYE Ω M�3ZÆQGj��/�ÆQx=�SESQmL Souplet bp�\��7SQD� [5] ���X>
9�m�KO*��sN�"S%kD��%N�"S%kÆQx=���OD m,n �g���DPÆSE6 (1.1) �eF����0K%�6|K��f%ÆQ	D
Æ{?6 (1.1) �eF��2^X4K��f%�fÆQ��0����-� (1.1) ��KYE Ω M��3ZÆQGj�ÆC�e(X u0(x), v0(x) �j�8���
(H1) u0(x), v0(x) ∈ C(Ω)

⋂

C2+µ(Ω), T^ µ ∈ (0, 1); u0(x), v0(x) > 0, x ∈ Ω.

(H2) u0(x)
∣

∣

∂Ω
= v0(x)

∣

∣

∂Ω
= 0, ∂u0(x)

∂γ

∣

∣

∂Ω
< 0, ∂v0(x)

∂γ

∣

∣

∂Ω
< 0. T^ γ m ∂Ω d�6
�Q�4�

(H3) ∆um
0 +

∫

Ω e
αu0+βv0dx > 0, ∆vn

0 +
∫

Ω e
pu0+qv0dx > 0, x ∈ Ω.

(H4) ∆um
0 < 0,∆vn

0 < 0, x ∈ Ω.`)3L�j�� (H1)-(H4) �(Xmu u0 = kϕ
1
m (x) > 0, v0 = kϕ

1
n (x) > 0, T^

k > 0 !u� ϕ m|PX�} −∆ϕ(x) = λϕ(x), x ∈ Ω; ϕ(x) = 0, x ∈ ∂Ω D3|PXL=�|Pmu�_7.S� u0(x), v0(x) �j�� (H1), (H2) o (H4), Z k n82��$6�S (H3) #,���a0�?`���� 1 e u0(x), v0(x) �j�� (H1) − (H2), M
(1) �} (1.1) 0K�3���eFQ� (u(x, t), v(x, t));

(2) 8(Xn82f��} (1.1) �eF� (u, v) K��f%ÆQ��� 2 e u0(x), v0(x) �j�� (H1) − (H4), (u, v) m�} (1.1) �eF��`k u D
v Kf% T ∗ �fÆQ�M

(1) p ≥ α D β ≥ q �f#,	wN (2) p < α D β < q �f#,��� 3 KH) 2 ��eV���8z�jK Ω �℄9�g{d3ZC#,�
(1) `k (p− α)(β − q) > 0, M

lim
t→T∗

u(x, t)
∣

∣ ln(T ∗ − t)
∣

∣

−1
= lim

t→T∗

∥

∥u(x, t)
∥

∥

∞

∣

∣ ln(T ∗ − t)
∣

∣

−1
=

β − q

βp− αq
,

lim
t→T∗

v(x, t)
∣

∣ ln(T ∗ − t)
∣

∣

−1
= lim

t→T∗

∥

∥v(x, t)
∥

∥

∞

∣

∣ ln(T ∗ − t)
∣

∣

−1
=

p− α

βp− αq
;

(2) `k p > α V β = q > 0, M���
lim

t→T∗

u(x, t)
(

ln
∣

∣ ln(T ∗ − t)
∣

∣

)−1
= lim

t→T∗

∥

∥u(x, t)
∥

∥

∞

(

ln
∣

∣ ln(T ∗ − t)
∣

∣

)−1
=

1

p− α
,
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lim
t→T∗

v(x, t)
∣

∣ ln(T ∗ − t)
∣

∣

−1
= lim

t→T∗

∥

∥v(x, t)
∥

∥

∞

∣

∣ ln(T ∗ − t)
∣

∣

−1
=

1

q
;

(3) `k p = α > 0 V β > q, M���
lim

t→T∗

u(x, t)
∣

∣ ln(T ∗ − t)
∣

∣

−1
= lim

t→T∗

∥

∥u(x, t)
∥

∥

∞

∣

∣ ln(T ∗ − t)
∣

∣

−1
=

1

α
,

lim
t→T∗

v(x, t)
(

ln
∣

∣ ln(T ∗ − t)
∣

∣

)−1
= lim

t→T∗

∥

∥v(x, t)
∥

∥

∞

(

ln
∣

∣ ln(T ∗ − t)
∣

∣

)−1
=

1

β − q
;

(4) `k p = α V β = q, M���
lim

t→T∗

u(x, t)
∣

∣ ln(T ∗ − t)
∣

∣

−1
= lim

t→T∗

∥

∥u(x, t)
∥

∥

∞

∣

∣ ln(T ∗ − t)
∣

∣

−1
=

1

α+ β
,

lim
t→T∗

v(x, t)
∣

∣ ln(T ∗ − t)
∣

∣

−1
= lim

t→T∗

∥

∥v(x, t)
∥

∥

∞

∣

∣ ln(T ∗ − t)
∣

∣

−1
=

1

p+ q
.

2 	~
w{3*�30(��r�� QT = Ω × (0, T ], ST = ∂Ω × (0, T ].r��ÆC(0`)`���F)�/� 2.1 e (u(x, t), v(x, t)) ∈ C2,1(QT ) ∩ C(QT ), �j
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
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
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

ut − d1∆u ≥

N
∑

j=1

b1juxj
+ c11u+

∫

Ω

(c12u+ c13v)dx, (x, t) ∈ QT ,

vt − d2∆v ≥

N
∑

j=1

b2jvxj
+ c21v +

∫

Ω

(c22u+ c23v)dx, (x, t) ∈ QT ,

u(x, t) ≥ 0, v(x, t) ≥ 0, (x, t) ∈ ST ,

u(x, 0) ≥ 0, v(x, 0) ≥ 0, x ∈ Ω,T^ cij(x, t)(i = 1, 2; j = 1, 2, 3) D bij(x, t)(i = 1, 2; j = 1, 2, · · · , N) X�mH:K QT d�/*��mu�VK QT M�
cij(x, t) ≥ 0, (i = 1, 2; j = 2, 3), di(x, t) ≥ 0, (i = 1, 2).MK QT d� u(x, t), v(x, t) ≥ 0.SE(wC� [2] ^<) 2.2.1, >�	6SE�} (1.1) ���$�%�ÆC!;�8QMs�}�
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




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

















uεt − ∆um
ε =

∫

Ω

eαuε+βvεdx, x ∈ Ω, t > 0,

vεt − ∆vn
ε =

∫

Ω

epuε+qvεdx, x ∈ Ω, t > 0,

uε(x, t) = vε(x, t) = ε, x ∈ ∂Ω, t > 0,

uε(x, 0) = u0(x) + ε, vε(x, 0) = v0(x) + ε, x ∈ Ω

(2.1)

T^ 0 < ε < 1, e u0(x), v0(x) �j�� (H1) − (H2), I> Schauder �JEH)�U� [3]^H) A.4′ �SESQ�+>� [6] �<) 3.1, 6|� [10]D [11] ^��gd~j�$>�
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 Vol.29A0K T ∗

ε ∈ (0,+∞], i>�} (2.1) K Ω × [0, T ∗

ε ) d�z2H:� (uε(x, t), vε(x, t)), VLI^ µ ∈ (0, 1), � uε, vε ∈ C(QT )
⋂

C2+µ(QT ).+><) 2.1, $6W�SE�} (2.1) �3^��F)�/� 2.2 " (w(x, t), z(x, t)) 	�} (2.1) �3^d� (��), `kmu w(x, t), z(x, t) ∈

C(QT )
⋂

C2,1(QT ) �j�






































wt ≥ (≤)∆wm +

∫

Ω

eαw+βzdx, x ∈ Ω, t > 0,

zt ≥ (≤)∆zn +

∫

Ω

epw+qzdx, x ∈ Ω, t > 0,

w(x, t) ≥ (≤)ε, z(x, t) ≥ (≤)ε, x ∈ ∂Ω, t > 0,

w(x, 0) ≥ (≤)u0(x) + ε, z(x, 0) ≥ (≤)v0(x) + ε, x ∈ Ω�e uε(x, t), vε(x, t) ∈ C(QT )
⋂

C2,1(QT ) m�} (2.1) ���MK QT d��
w(x, t) ≥ (≤)uε(x, t), z(x, t) ≥ (≤)vε(x, t).?<) 2.2, 7>�} (2.1) �� (uε(x, t), vε(x, t)) 	Q�V uε(x, t) ≥ ε, vε(x, t) ≥ ε. ,��u$6SE�/� 2.3 e (H1)− (H2) #,� 1 ≥ ε1 ≥ ε2 > 0, (uε1 , vε1) D (uε2 , vε2) 	�} (2.1) X�L=C ε1 o ε2 �eF��MK Ω × [0, T ∗

ε1
) d� uε1 ≥ uε2 , vε1 ≥ vε2 , V T ∗

ε1
≤ T ∗

ε2
.?<) 2.3, uε(x, t) o vε(x, t) gC ε 6G���V

0 ≤ uε(x, t) ≤ u1(x, t), 0 ≤ vε(x, t) ≤ v1(x, t), (x, t) ∈ Ω × [0, T ∗

1 ). (2.2)fz� T ∗ = lim
ε→0+

T ∗

ε o
u(x, t) = lim

ε→0+
uε(x, t), v(x, t) = lim

ε→0+
vε(x, t) (2.3)0K�VL℄9� (x, t) ∈ Ω × [0, T ∗), z� (2.3) `Ep0�e λ1 m�8|PX�}�D3|PX�

−∆ϕ(x) = λϕ(x), x ∈ Ω; ϕ(x) = 0, x ∈ ∂Ω, (2.4)DVL=�|Pmu�	 ϕ(x), M λ1 > 0 VK Ω M� ϕ(x) > 0. L ϕ(x) 6
s�i>
max
x∈Ω

ϕ(x) = 1.	SE? (2.3) jzH:� (u(x, t), v(x, t)) m (1.1) �QeF��u(0`) uε, vε �3ZQ���?�� (H1) − (H2) U�0KQ!u k, i>
um

0 (x) ≥ 2kϕ(x), vn
0 (x) ≥ 2kϕ(x), x ∈ Ω./� 2.4 e (H1) − (H2) #,�

ρ = max
{

λ1m(k + 1)1−
1
m , λ1n(k + 1)1−

1
n

}

,MLCz� ε ∈ (0, 1], (2.1) �� (uε(x, t), vε(x, t)) �j�K Ω × [0, T ∗

ε ) d
uε(x, t) ≥

[

ke−ρtϕ(x)
]

1
m , vε(x, t) ≥

[

ke−ρtϕ(x)
]

1
n .
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[

ke−ρtϕ(x) + εm

2

]

1
m , v ε(x, t) =

[

ke−ρtϕ(x) + εn

2

]

1
n . 	 (u ε, v ε) 5a

(2.1), >
u εt − ∆u m

ε −

∫

Ω

eαu ε+βv εdx

≤
1

m

[

ke−ρtϕ(x) +
εm

2

]
1
m

−1
(

−ρke−ρtϕ(x)
)

+ λ1ke
−ρtϕ(x)

= −ke−ρtϕ(x)

[

−λ1 +
ρ

m

(

ke−ρtϕ(x) +
εm

2

)
1
m

−1
]

≤ −ke−ρtϕ(x)
[

−λ1 +
ρ

m
(k + 1)

1
m

−1
]

≤ 0, (x, t) ∈ Ω × (0, T ∗

ε ).�)$S
v εt − ∆v n

ε −

∫

Ω

epu ε+qv εdx ≤ 0, (x, t) ∈ Ω × (0, T ∗

ε ).
9< [a+ b]
1
m ≤ [2 max(a, b)]

1
m ≤ (2a)

1
m + (2b)

1
m , z6

u ε(x, 0) ≤ [2kϕ(x)]
1
m + ε ≤ u0(x) + ε, v ε(x, 0) ≤ [2kϕ(x)]

1
n + ε ≤ u0(x) + ε, x ∈ Ω.,��K (x, t) ∈ ∂Ω × (0, T ∗

ε ) d� u ε(x, t) ≤ ε, v ε(x, t) ≤ ε. ;,�?<) 2.2 U�
uε ≥ u ε ≥

[

ke−ρtϕ
]

1
m , vε ≥ v ε ≥

[

ke−ρtϕ
]

1
n , ∀ (x, t) ∈ Ω × [0, T ∗

ε ).., (2.2) j$U�K (x, t) ∈ Ω × [0, T ∗

1 ) d�
[

ke−ρtϕ(x)
]

1
m ≤ uε(x, t) ≤ u1(x, t),

[

ke−ρtϕ(x)
]

1
n ≤ vε(x, t) ≤ v1(x, t).�� 1 |6� (1) ?�d�{?SQ (�� [4] �<) 2.3, w� [5]) �)�8 ε → 0f�K C2

loc(Ω) d� (uε, vε) 3Zp0C (u, v) , V (u, v) K��o t = 0 +/*�OvE?
(2.3) jzH:� (u, v) 	�} (1.1) K Ω× (0, T ∗) d�eFQ��J?�d�SQ$>���3% (� [6]). id�H) 1 ��? (1) #,�

(2) ? (2.3) jD<) 2.4 U�
u(x, t), v(x, t) > 0, (x, t) ∈ Ω × (0, T ),T^ T > 0 m (u, v) �m20Kf��8 α > 0 f��

ut − ∆um ≥

∫

Ω

eαudx, (x, t) ∈ Ω × (0, T ).(wC� [7] ^H) 4.2 �X��7E�8(X u0(x) n82f��} (1.1) �� (u, v) �X4 u K��f%ÆQ��)$S�8 q > 0 f�LC2(X� (1.1) ��K��f%ÆQ�
3 r����Æ-�S%k (1.1) ��KYEM��3ZÆQx=�	6s!S���
g1(t) =

∫

Ω

eαu+βvdx, G1(t) =

∫ t

0

g1(s)ds, g2(t) =

∫

Ω

epu+qvdx, G2(t) =

∫ t

0

g2(s)ds. (3.1)



6 u + � ) + 
 Vol.29A/� 3.1 e u0(x), v0(x) �j�� (H1) − (H4), (u, v) m (1.1) K Ω × (0, T ∗) d���M
∆um(x, t) ≤ 0, ∆vn(x, t) ≤ 0, (x, t) ∈ Ω × (0, T ∗).,��0KQ!u C0u o C0v, i

u(x, t) ≤ C0u +G1(t), v(x, t) ≤ C0v +G2(t), (x, t) ∈ Ω × (0, T ∗). (3.2)6 ?�� (H3) U�K Ω M�
∆um

0 +

∫

Ω

eαu0+βv0dx > 0, ∆vn
0 +

∫

Ω

epu0+qv0dx > 0.�p<) 2.1, 7U�8 ε 'X f�K Ω × (0, T ∗

ε ) M� uεt, vεt ≥ 0.e w = um
ε > εm, z = vn

ε > εn, M? (2.1) jU�
1

m
w

1
m

−1wt = ∆w +

∫

Ω

eαw
1
m +βz

1
n dx, (x, t) ∈ Ω × (0, T ∗

ε ).z6
(∆w)t = mw1− 1

m ∆(∆w) + 2m∇(w1− 1
m ) · ∇(∆w)

+m∆(w1− 1
m )

(

∆w +

∫

Ω

eαw
1
m +βz

1
n dx

)

= mum−1
ε ∆(∆w) + 2m(m− 1)um−2

ε ∇uε · ∇(∆w)

+(m− 1)u−1
ε uεt∆w −m(m− 1)um−3

ε uεt

∣

∣∇uε

∣

∣

2
.;	K Ω × (0, T ∗

ε ) M� uε > 0, vε > 0, uεt > 0, vεt > 0 , V m > 1, Cm
(∆w)t −mum−1

ε ∆(∆w) − 2m(m− 1)um−2
ε ∇uε · ∇(∆w)

≤ (m− 1)u−1
ε uεt∆w, (x, t) ∈ Ω × (0, T ∗

ε ).93SD�? (2.1) U�8 (x, t) ∈ ∂Ω × (0, T ∗

ε ) f� uεt(x, t) = vεt(x, t) = 0. z6
∆w = −

∫

Ω

eαuε+βvεdx < 0, (x, t) ∈ ∂Ω × (0, T ∗

ε ).?�� (H4) �)�K Ω M�
∆w(x, 0) = ∆(u0 + ε)m → ∆um

0 (ε→ 0+).;O ε 'X f�K Ω M� ∆w(x, 0) < 0. Cm?m2XF)U�K Ω × (0, T ∗

ε ) M�
∆w(x, t) < 0, } ∆um

ε (x, t) < 0. ;,K Ω × (0, T ∗

ε ) M� ∆um(x, t) ≤ 0. (w$>�K
Ω × (0, T ∗) M� ∆vn(x, t) ≤ 0.K (0, t) dyX (1.1) ^�S%�>

u(x, t) = u0 +

∫ t

0

∆um(x, s)ds+G1(t) ≤ C0u +G1(t), (x, t) ∈ Ω × (0, T ∗).(w$>
v(x, t) ≤ C0v +G2(t), (x, t) ∈ Ω × (0, T ∗),
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x∈Ω

u0(x), C0v = max
x∈Ω

v0(x)./� 3.2 e u0(x), v0(x) �j�� (H1) − (H4),(u, v) m (1.1) K Ω × (0, T ∗) d�QeF��� Kρ = {y ∈ Ω : dist(y, ∂Ω) ≥ ρ > 0}, M0K C > 0, i>K Kρ × (0, T ∗) d��
u(x, t) ≥ G1(t) −

C

ρN+1

(

1 +

∫ t

0

Gm
1 (s)ds

)

, v(x, t) ≥ G2(t) −
C

ρN+1

(

1 +

∫ t

0

Gn
2 (s)ds

)

. (3.3)6 H:
z(x, t) = G1(t) − u(x, t), β(t) =

∫

Ω

z(x, t)φ(x)dx, (x, t) ∈ Ω × (0, T ∗) (3.4)T^ φ(x) m�} (2.4)�D3|PX λ1 zL=�|Pmu�V ∫

Ω φ(x)dx = 1. ? (3.4), (1.1)jo Green 
j>
β′(t) =

∫

Ω

(g1(t) − ut(x, t))φ(x)dx = −

∫

Ω

(∆um(x, t))φ(x)dx

= λ1

∫

Ω

φ(x)um(x, t))dx = λ1

∫

Ω

φ(x) (G1(t) − z(x, t))
m

dx

≤ λ1 · 2
m−1

∫

Ω

φ(x)
[

Gm
1 (t) + (z−(x, t))m

]

dx

= λ1 · 2
m−1

[

Gm
1 (t) +

∫

Ω

φ(x)(z−(x, t))mdx

]

, t ∈ (0, T ∗), (3.5)T^ z−(x, t) = max{−z, 0}. z6? (3.2) U�L t ∈ (0, T ∗), �
z(x, t) = G1(t) − u(x, t) ≥ −C0u, inf

Ω
z(x, t) ≥ −C0u. (3.6)OvE z−(x, t) ≤ C0u, (x, t) ∈ Ω × (0, T ∗). J? (3.5) j>

β′(t) ≤ C1G
m
1 (t) + C2, t ∈ (0, T ∗),T^ C1 = λ1 · 2

m−1, C2 = λ1 · 2
m−1Cm

0u. K (0, t) dyXdj�>
β(t) ≤ C3

(

1 +

∫ t

0

Gm
1 (s)ds

)

, t ∈ (0, T ∗).., (3.6) j��
∫

Ω

∣

∣z(x, t)
∣

∣φ(x)dx =

∫

Ω

zφ+ 2

∫

Ω

z−φ ≤ β(t) + 2C0u ≤ C4

(

1 +

∫ t

0

Gm
1 (s)ds

)

.;	K Ω × (0, T ∗) M� −∆z(x, t) = ∆u(x, t) ≤ 0, J?� [1] <) 4.5, >
sup

x∈Kρ

z(x, t) ≤
C5

ρN+1

(

1 +

∫ t

0

Gm
1 (s)ds

)

, t ∈ (0, T ∗)}0K C > 0, i>K Kρ × (0, T ∗) d�����
u(x, t) ≥ G1(t) −

C

ρN+1

(

1 +

∫ t

0

Gm
1 (s)ds

)

.
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v(x, t) ≥ G2(t) −

C

ρN+1

(

1 +

∫ t

0

Gn
2 (s)ds

)

./� 3.3 e u0(x), v0(x) �j�� (H1) − (H4), (u, v) m (1.1) K Ω × (0, T ∗) d�eF��M
(1) lim

t→T∗

max
x∈Ω

u(x, t) = ∞ 8V�8 lim
t→T∗

G1(t) = ∞, ,f�K Ω �℄9�g{M3ZC�
lim

t→T∗

u(x, t)

G1(t)
= lim

t→T∗

∥

∥u(t)
∥

∥

∞

G1(t)
= 1. (3.7)

(2) lim
t→T∗

max
x∈Ω

v(x, t) = ∞ 8V�8 lim
t→T∗

G2(t) = ∞, ,f�K Ω �℄9�g{M3ZC�
lim

t→T∗

v(x, t)

G2(t)
= lim

t→T∗

∥

∥v(t)
∥

∥

∞

G2(t)
= 1. (3.8)6 K (1.1) �S%�2K�$6 φ(x), [qK Ω dyX�>

∫

Ω

φ(x)ut(x, t)dx = −λ1

∫

Ω

φ(x)um(x, t)dx +

∫

Ω

eαu(x,t)+βv(x,t)dx, (x, t) ∈ Ω × (0, T ∗),T^ φ(x) m�} (2.4) �D3|PX λ1 zL=�|Pmu��j�K Ω M� φ(x) > 0, V
∫

Ω
φ(x)dx = 1. / 0 < t yX$U�L t ∈ (0, T ∗), �

G1(t) = −

∫

Ω

φ(x)u0(x)dx +

∫

Ω

φ(x)u(x, t)dx + λ1

∫ t

0

∫

Ω

φ(x)um(x, s)dxds,

G2(t) = −

∫

Ω

φ(x)v0(x)dx +

∫

Ω

φ(x)v(x, t)dx + λ1

∫ t

0

∫

Ω

φ(x)vn(x, s)dxds.

(3.9)

(1) e lim
t→T∗

G1(t) = ∞, M? (3.9) U�
lim

t→T∗

[
∫

Ω

φ(x)u(x, t)dx + λ1

∫ t

0

∫

Ω

φ(x)um(x, s)dxds

]

= ∞,Cm
lim

t→T∗

∫

Ω

φ(x)u(x, t)dx = ∞ w lim
t→T∗

∫ t

0

∫

Ω

φ(x)um(x, s)dxds = ∞.f lim
t→T∗

max
x∈Ω

u(x, t) = +∞, } u(x, t) Kf% T ∗ ÆQ�Rl'�e lim
t→T∗

max
x∈Ω

u(x, t) = +∞. M? (3.2) jU�	S lim
t→T∗

G1(t) = +∞, Y0vE
(3.7) #,�	S (3.7), �S

G1(t) ∼

∫

Ω

φ(x)u(x, t)dx, t→ T ∗. (3.10)K (3.9) j^� ∫ t

0

∫

Ω φ(x)um(x, s)dxds K (0, T ∗) M6G���;,�`kK (0, T ∗) M�
∫ t

0

∫

Ω
φ(x)um(x, s)dxds <∞, M? (3.9)U�(3.10)#,	̀ k lim

t→T 8

∫ t

0

∫

Ω
φ(x)um(x, s)dxds =
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∞, 
9<
G1(t) =

∫ t

0

∫

Ω

eαu(x,s)+βv(x,s)dxds ≥

∫ t

0

∫

Ω

eαu(x,s)dxds

≥
1

(2m)!

∫ t

0

∫

Ω

[αu(x, s)]2mdxds ≥ c0

[
∫ t

0

∫

Ω

um(x, s)dxds

]2

,T^ c0 Q!u�LB��
lim

t→T∗

∫ t

0

∫

Ω
φ(x)um(x, s)dxds

G1(t)
= 0.Cm? (3.9) U�,f (3.10) 2#,�z6+> (3.10) j�UdtSE�$>

lim
t→T∗

∫ t

0 G
m
1 (s)ds

G1(t)
= lim

t→T∗

∫ t

0

(∫

Ω φ(x)u(x, s)ds
)m

ds
∫ t

0

∫

Ω
eαu(x,s)+βv(x,s)dxds

= 0. (3.11)?<) 3.1 D<) 3.2, >
G1(t) −

C

ρN+1

(

1 +

∫ t

0

Gm
1 (s)ds

)

≤ u(x, t) ≤ C0u +G1(t).Cm
lim

t→T∗

u(x, t)

G1(t)
= lim

t→T∗

∥

∥u(t)
∥

∥

∞

G1(t)
= 1.(w$S�? (2).�. e f(t) D g(t) m [0, T ∗) d�hXmu�`k ∃K∗ ≥ k > 0 o t0 < T ∗, i>

∀ t ∈ [t0, T
∗), � kf(t) ≤ g(t) ≤ K∗f(t), M"8 t→ T ∗ f�mu f(t) D g(t) LB��	

f(t) ≃ g(t) (t→ T ∗).�f�ÆC> f(t) ∼ g(t) '�l lim
t→T∗

f(t)/g(t) = 1. ��[�LBg���8%\�
1. e f D g mVZmu�`k f ≃ g, !u µ ∈ R, M fµ ≃ gµ;

2. b f ≃ g, V g ≃ h, M f ≃ h;

3. e f, g, ϕ D ψ mVZmu�`k f ≃ g, ϕ ≃ ψ, M ϕf ≃ ψg;

4. b lim
t→T∗

f(t)/g(t) = C > 0, M f ≃ g (t → T ∗);

5. b f ≃ g (t→ T ∗), M0K A ∈ [0, T ∗), i ∫ t

A f ≃
∫ t

A g, t→ T ∗;

6. �e t→ T ∗ f� f → ∞, g → ∞ w f → 0+, g → 0+. `k f ≃ g (t→ T ∗), M
ln f ∼ ln g (t → T ∗), } lim

t→T∗

ln f

ln g
= 1./� 3.4 e (H1)− (H4) #,� (u, v) m (1.1) K Ω× (0, T ∗) d�eF��b u D v Kf% T ∗ �fÆQ�M

G′

1(t) = g1(t) ≃ eαG1(t)+βG2(t), G′

2(t) = g2(t) ≃ eqG2(t)+pG1(t), t→ T ∗.



10 u + � ) + 
 Vol.29A6 ?<) 3.1 U�K Ω × (0, T ∗) d��
0 ≤ eαu+βv ≤ eα[C+G1(t)]+β[C+G2(t)] = e(α+β)CeαG1(t)+βG2(t).K Ω dyXdj�>�

g1(t) =

∫

Ω

eαu+βvdx ≤ e(α+β)C
∣

∣Ω
∣

∣eαG1(t)+βG2(t).Z K∗ =
∣

∣Ω
∣

∣max
{

e(α+β)C , e(p+q)C
}

> 0, M
G′

1 = g1(t) =

∫

Ω

eαu+βvdx ≤ K∗eaG1(t)+βG2(t), ∀ t ∈ (0, T ∗). (3.12)�)$>
G′

2(t) = g2(t) =

∫

Ω

epu+qvdx ≤ K∗epG1(t)+qG2(t), ∀ t ∈ (0, T ∗).93SD�?<) 3.2 U� ∀(x, t) ∈ kρ × (0, T ∗), �
eαu+βv ≥ e

αG1(t)+βG2(t)−
αC

ρN+1 (1+
R

t

0
Gm

1 (s)ds)− βC

ρN+1 (1+
R

t

0
Gn

2 (s)ds),

epu+qv ≥ e
pG1(t)+qG2(t)− pC

ρN+1 (1+
R

t

0
Gm

1 (s)ds)− qC

ρN+1 (1+
R

t

0
Gn

2 (s)ds).djnKK Ω dyX�BKK kρ dyX�>
g1(t) ≥

∣

∣kρ

∣

∣e
αG1(t)+βG2(t)−

αC

ρN+1 (1+
R

t

0
Gm

1 (s)ds)− βC

ρN+1 (1+
R

t

0
Gn

2 (s)ds). (3.13)�)�����
g2(t) ≥

∣

∣kρ

∣

∣e
pG1(t)+qG2(t)− pC

ρN+1 (1+
R

t

0
Gm

1 (s)ds)− qC

ρN+1 (1+
R

t

0
Gn

2 (s)ds). (3.14)?H: 1, �p (3.12) D (3.13) j�0S G′

1(t) = g1(t) ≃ eαG1(t)+βG2(t), Y0S
∫ t

0

Gm
1 (t)ds ≤ C,

∫ t

0

Gn
2 (t)ds ≤ C, t ∈ (0, T ∗). (3.15)? (3.11) jU��0K t1 ∈ (0, T ∗), i> ∀t ∈ [t1, T

∗), �
αG1(t) + βG2(t) −

αC

ρN+1

(

1 +

∫ t

0

Gm
1 (s)ds

)

−
βC

ρN+1

(

1 +

∫ t

0

Gn
2 (s)ds

)

≥
1

2
[αG1(t) + βG2(t)],

pG1(t) + qG2(t) −
pC

ρN+1

(

1 +

∫ t

0

Gm
1 (s)ds

)

−
qC

ρN+1

(

1 +

∫ t

0

Gn
2 (s)ds

)

≥
1

2
[pG1(t) + qG2(t)].J+> (3.13) j�>
G′

1(t) = g1(t) ≥
∣

∣kρ

∣

∣e
1
2 [αG1(t)+βG2(t)] ≥

∣

∣kρ

∣

∣e
αG1(t)

2 , ∀t ∈ [t1, T
∗).
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G′

2(t) = g2(t) ≥
∣

∣kρ

∣

∣e
1
2 [pG1(t)+qG2(t)] ≥

∣

∣kρ

∣

∣e
qG1(t)

2 , ∀t ∈ [t1, T
∗).yXdj�>

G1(t) ≤
2

α

∣

∣ ln(T ∗ − t)
∣

∣ −
2

α
ln
α
∣

∣kρ

∣

∣

2
≤ c

∣

∣ ln(T ∗ − t)
∣

∣, ∀ t ∈ [t1, T
∗).

G2(t) ≤
2

q

∣

∣ ln(T ∗ − t)
∣

∣ −
2

q
ln
q
∣

∣kρ

∣

∣

2
≤ c

∣

∣ ln(T ∗ − t)
∣

∣, ∀ t ∈ [t1, T
∗).?C

∫ T∗

t1

Gm
1 (s)ds ≤ c

∫ T∗

0

∣

∣ ln(T ∗ − s)
∣

∣

m
ds = −c

∫

−∞

ln T∗

∣

∣y
∣

∣

m
eydy = c

∫ ln T∗

−∞

∣

∣y
∣

∣

m
eydy <∞,;,

∫ t

0

Gm
1 (s)ds ≤

∫ t1

0

Gm
1 (s)ds+

∫ T∗

t1

Gm
1 (s)ds <∞.(w$> ∫ t

0 G
n
2 (s)ds <∞. ;,� (3.15) j#,�+>H: 1, �p (3.12)D (3.13) j�$>

G′

1(t) = g1(t) ≃ eαG1(t)+βG2(t).�)$S�8 t→ T ∗ f�
G′

2(t) = g2(t) ≃ eqG2(t)+pG1(t).�� 2 |6� ?<) 3.4 U�8 t→ T ∗ f�
G′

1(t) ≃ eαG1(t)+βG2(t), G′

2(t) ≃ eqG2(t)+pG1(t),;,
G′

1(t)

G′

2(t)
≃
eαG1(t)+βG2(t)

eqG2(t)+pG1(t)
, t→ T ∗. (3.16)

(3.16) j�2K�$6 e(p−α)G1(t)G′

2(t), �yX�>
∫ t

t0

e(β−q)G2(s)G′

2(s)ds ≃

∫ t

t0

e(p−α)G1(s)G′

1(s)ds, t→ T ∗. (3.17)

(1) 8 p ≥ α f��e β < q, M? (3.17) j>
1

β − q
e(β−q)G2(s)

∣

∣

∣

t

t0
≃











1

p− α
e(p−α)G1(s)

∣

∣

∣

t

t0
, p > α,

G1(s)
∣

∣

t

t0
, p = α.?C lim

t→T∗

G1(t) = lim
t→T∗

G2(t) = ∞, ;,bKdj^: t→ T ∗, M$:)AM�z6� β ≥ q.(wC$S�8 β ≥ q f� p ≥ α.?�? (1) }$�)�? (2). S��	6`)H) 3 �SE��SE3^<)
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(1) b (p− α)(β − q) > 0, M e(p−α)G1(t) ≃ e(β−q)G2(t);

(2) b p > α V β = q, M e(p−α)G1(t) ≃ G2(t);

(3) b p = α V β > q, M G1(t) ≃ e(β−q)G2(t);

(4) b p = α V β = q , M G1(t) = G2(t).6 a� (3.17) j��W�~yU�b β > q , M
1

β − q
e(β−q)G2(s)

∣

∣

∣

t

t0
≃











1

p− α
e(p−α)G1(s)

∣

∣

∣

t

t0
, p > α,

G1(s)
∣

∣

t

t0
, p = α.

(3.18)b β = q, M
p > α f, G2(s)

∣

∣

t

t0
≃

1

p− α
e(p−α)G1(s)

∣

∣

∣

t

t0
; p = α f, G2(s)

∣

∣

t

t0
≃ G1(s)

∣

∣

t

t0
.
9< lim

t→T∗

G1(t) = lim
t→T∗

G2(t) = ∞, Cm
p > α f, 1

p− α
e(p−α)G1(s)

∣

∣

∣

t

t0
≃ e(p−α)G1(t); p = α f, G1(s)

∣

∣

t

t0
≃ G1(t);

β > q f, 1

β − q
e(β−q)G2(s)

∣

∣

∣

t

t0
≃ e(β−q)G2(t); β = q f, G2(s)

∣

∣

t

t0
≃ G2(t);;,<)��? (2)–(3) #,�`k p = α V β = q, M G′

1(t) = G′

2(t). yX> G1(t) = G2(t). z6��? (4) 8#,�8 p < α V β < q f� (3.16) j�2K�$6 e(p−α)G1(t)G′

2(t) q�JyX�>
∫ T∗

t

e(β−q)G2(t)G′

2(s)ds ≃

∫ T∗

t

e(p−α)G′

1(t)G1(s)ds, t→ T ∗,}
1

β − q
e(β−q)G2(t) ≃

1

α− p
e(p−α)G1(t).;,�., (3.18) D (3.19) U�<)��? (1) #,�S���� 3 |6� (1) `k (p− α)(β − q) > 0, M?<) 3.4 D<) 3.5(1) U�

G′

1(t) ≃ eαG1(t)+βG2(t) = eαG1(t)
[

e(β−q)G2(t)
]

β
β−q ≃ e(α+

β(p−α)
β−q )G1(t) = e

βp−αq
β−q

G1(t).2K�$6 e−
βp−αq

β−q
G1(t), �yX�>

T ∗ − t ≃
β − q

βp− αq
e−

βp−αq
β−q

G1(t) ≃ e−
βp−αq

β−q
G1(t)./O8 t→ T ∗ f� −βp−αq

β−q G1(t) ∼ ln(T ∗ − t). z6
lim
t→T

G1(t)
∣

∣ ln(T ∗ − t)
∣

∣

−1
= (β − q)/(βp− αq).JI><) 3.3(1), }$�)�K Ω �℄9�g{d3ZC#,

lim
t→T∗

u(x, t)
∣

∣ ln(T ∗ − t)
∣

∣

−1
= lim

t→T∗

∥

∥u(x, t)
∥

∥

∞

∣

∣ ln(T ∗ − t)
∣

∣

−1
=

β − q

βp− αq
.
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lim

t→T∗

v(x, t)
∣

∣ ln(T ∗ − t)
∣

∣

−1
= lim

t→T∗

∥

∥v(x, t)
∥

∥

∞

∣

∣ ln(T ∗ − t)
∣

∣

−1
=

p− α

βp− αq
.

(2) `k p > α V β = q > 0, M?<) 3.4 D<) 3.5(2) U�
G′

2(t) ≃ epG1(t)+qG2(t) = eqG2(t)
[

e(p−α)G1(t)
]

p
p−α ≃ eqG2(t)[G2(t)]

p
p−α .2K�$6 e−qG2(t)[G2(t)]

−
p

p−α �yX�>
∫ T∗

t

e−qG2(τ)[G2(τ)]
−

p
p−αG′

2(τ)dτ ≃ T ∗ − t._7.S�
∫ T∗

t

e−qG2(τ)[G2(τ)]
−

p
p−αG′

2(τ)dτ ∼
1

q
e−qG2(t)[G2(t)]

−
p

p−α , t→ T ∗.;O
T ∗ − t ≃

1

q
e−qG2(t)[G2(t)]

−
p

p−α ≃ e−qG2(t)[G2(t)]
−

p
p−α , t→ T ∗.Cm ln(T ∗ − t) ∼ −qG2(t) − p

p−α lnG2(t) ∼ −qG2(t). z6 G2(t) ∼ 1
q

∣

∣ ln(T ∗ − t)
∣

∣, }
lim

t→T∗

G2(t)
∣

∣ ln(T ∗ − t)
∣

∣

−1
= 1

q . JI><) 3.3(2), }$�)�K Ω �℄9�g{d3ZC#,
lim

t→T∗

v(x, t)
∣

∣ ln(T ∗ − t)
∣

∣

−1
= lim

t→T∗

∥

∥v(x, t)
∥

∥

∞

∣

∣ ln(T ∗ − t)
∣

∣

−1
= 1/q.93SD�+><) 3.5(2) D (3.20) j�>

e(p−α)G1(t) ≃ G2(t) ∼
1

q

∣

∣ ln(T ∗ − t)
∣

∣ ≃
∣

∣ ln(T ∗ − t)
∣

∣,} (p− α)G1(t) ≃ ln
∣

∣ ln(T ∗ − t)
∣

∣. ;,?<) 3.3(1) U�K Ω �℄9�g{d3ZC#,
lim

t→T∗

u(x, t)
(

ln
∣

∣ ln(T ∗ − t)
∣

∣

)−1
= lim

t→T∗

∥

∥u(x, t)
∥

∥

∞

(

ln
∣

∣ ln(T ∗ − t)
∣

∣

)−1
=

1

p− α
.

(3) 8 p = α > 0 V β > q f�(wC�? (2) �SE$U��? (3) #,�
(4) `k p = α V β = q , ?<) 3.4 D<) 3.5(4) U�

G′

1(t) ≃ eαG1(t)+βG2(t) = e(α+β)G1(t).2K�$6 e−(α+β)G1(t) �yX�>
T ∗ − t ≃

1

α+ β
e−(α+β)G1(t) ≃ e−(α+β)G1(t)./O8 t → T ∗ f� −(α + β)G1(t) ∼ ln(T ∗ − t), z6 lim

t→T
G1(t)

∣

∣ ln(T ∗ − t)
∣

∣

−1
= 1

α+β . JI><) 3.3(1), }$�)�K Ω �℄9�g{d3ZC#,
lim

t→T∗

u(x, t)
∣

∣ ln(T ∗ − t)
∣

∣

−1
= lim

t→T∗

∥

∥u(x, t)
∥

∥

∞

∣

∣ ln(T ∗ − t)
∣

∣

−1
=

1

α+ β
.�)$S�K Ω �℄9�g{d3ZC#,

lim
t→T∗

v(x, t)
∣

∣ ln(T ∗ − t)
∣

∣

−1
= lim

t→T∗

∥

∥v(x, t)
∥

∥

∞

∣

∣ ln(T ∗ − t)
∣

∣

−1
=

1

p+ q
.
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Uniform Blow-up Properties for a Degenerate Parabolic

System with Nonlocal Sources
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Abstract: This paper deals with the blow-up properties of positive solutions to degenerate

parabolic systems with nonlocal sources, subject to null Dirichlet boundary conditions. Under

appropriate hypotheses, we establish the local existence of the solution and the finite time blow-

up. Moreover, we obtain a necessary condition for which the two components of the solution

blow up simultaneously, and then establish the uniform blow-up profiles in the interior.
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