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xwawx = x, (3)

awx = xwa, (4)�� x d a 4 w - m7 Drazin -��ld x = ad,w. > i = 1, �� a 4 w - m7 Drazin -d a 4 w - m7:-��ld x = a♯,w. �4> w = idX , a : X −→ X , +� x = ad.�:� 1.2, h �m$43�|/�℄g 1.1 > ad,w )����:
��z >=$#Q k1 ℄ k2, x1 ℄ x2 �= (2)–(4) J�� k = max(k1, k2). �
x1 = x1wawx1 = x1wawx1wawx1 = awx1wawx1wx1 = awawx1wx1wx1

= (aw)2x1(wx1)
2 = · · · = (aw)kx1(wx1)

k = (aw)k+1x2wx1(wx1)
k

= x2(wa)k+1wx1(wx1)
k = x2(wa)kwawx1wx1(wx1)

k−1

= x2(wa)kwx1wawx1(wx1)
k−1 = x2(wa)kwx1(wx1)

k−1

= · · · = x2wawx1.�T9� x2 = (aw)k+1x2(wx2)
k+1.� awx2 = x2wa 3 awx2w = x2waw, R

x2w = (aw)k+1(x2w)k+2 = (x2w)k+2(aw)k+1.4
x1 = x2wawx1 = (x2w)k+2(aw)k+1awx1 = (x2w)k+2(aw)k+1x1wa

= (x2w)k+2(aw)ka = (x2w)k+1x2(wa)k+1 = (x2w)kx2wx2wa(wa)k

= (x2w)kx2wawx2(wa)k = (x2w)kx2(wa)k

= · · · = x2wx2wa = x2wawx2 = x2.tX 1.1 E a : X −→ Y , w : Y −→ X Mm?C"04WB�+�m�(\7q
(1) (wa)d )�

(2) (aw)d )�

(3) ad,w )��z (1) =⇒ (2) � i = ind(wa), � (wa)d �=

(wa)i+1(wa)d = (wa)i, [(wa)d]2wa = (wa)d, (wa)dwa = wa(wa)d.6 x = a[(wa)d]2w, �M�
(aw)i+2x = (aw)i+2a[(wa)d]

2w = a(wa)i+2[(wa)d]2w = a(wa)iw = (aw)i+1,

x2aw = {a[(wa)d]
2w}2aw = a(wa)d(wa)dw = x,

xaw = a[(wa)d]2waw = awa[(wa)d]2w = awx,(>3� x = (aw)d ℄ ind(aw) ≤ i + 1.

(2) =⇒ (3) � y = [(aw)d]2a, ��
(aw)i+1yw = (aw)i+1[(aw)d]2aw = (aw)i,
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ywawy = [(aw)d]2awaw[(aw)d]2a = (aw)d(aw)da = y,

awy = aw[(aw)d]2a = [(aw)d]2awa = ywa,�M	3� y = ad,w.

(3) =⇒ (1) 6 z = wad,w, (>	3
(wa)i+2wad,w = (wa)i+1wawad,w = (wa)i+1wad,wwa

= w(aw)i+1ad,wwa = w(aw)ia = (wa)i+1,

wad,wwa = wawad,w ,

wad,wwawad,w = wad,w,R� z = (wa)d.tX 1.2 E a : X −→ Y , w : Y −→ X Mm?C"04WB�> i = ind(wa), �M
(1) (aw)d = a[(wa)d]

2w, ind(aw) ≤ i + 1;

(2) w(aw)d = (wa)dw, (aw)da = a(wa)d;

(3) ad,w = [(aw)d]2a = a[(wa)d]2;

(4) (aw)d = ad,ww, (wa)d = wad,w.Gs 1.3 �m?C" £ �4�q�"C" M£ :�=m�=tdC" £ 4�q��
(X1, · · · , Xm); WBd.� ai,j : Xi −→ Yj 4�q�" (ai,j) : (X1, · · · , Xm) −→ (Y1, · · · , Yn);=�G?d^��"4m?℄!?�
2 TwNFf
F w - Pa Drazin _��x�h 6�����[4WB4 w - m7 Drazin -�
��[4WB4 Drazin-`T1���[4WB4 w - m7 Drazin -�31�m?C" £ 0��[4WB4 w -m7 Drazin -4�x3�yX�GX 2.1 E a : X −→ Y , w : Y −→ X dm?C" £ 04WB�=$#Q i, j, pE
k1 : K1 −→ X M (aw)i : X −→ X 4[� k2 : K2 −→ Y M (wa)j : Y −→ Y 4[�+�m�(\7q

(1) a � £ 0� w - m7 Drazin - ad,w;

(2) λ1 : X −→ L1M (aw)i4�[�k1λ1 : K1 −→ L1℄ (aw)i+1+λ1(k1λ1)
−1k1 : X −→ X	-


(3) λ2 : Y −→ L2M (wa)j 4�[�k2λ2 : K2 −→ L2℄ (wa)j+1+λ2(k2λ2)
−1k2 : Y −→ Y	-�'H� γ1 = λ1(k1λ1)

−1 M (aw)i 4�[� γ2 = λ2(k2λ2)
−1 M (wa)j 4�[��4

awad,ww + γ1k1 = 1X , wawad,w + γ2k2 = 1Y ,

ad,w = [(aw)i+1 + γ1k1]
−1(aw)i = (aw)i[(aw)i+1 + γ1k1]

−1, (5)

ad,w = (wa)j [(wa)j+1 + γ2k2]
−1 = [(wa)j+1 + γ2k2]

−1(wa)j . (6)z (1) =⇒ (2) pE ad,w )���Æ
 1.1 ( (aw)d )����fp [2, :
 2] (� λ1M (aw)i 4�[� k1λ1 ℄ (aw)i+1 + λ1(k1λ1)
−1k1 M	-4�
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(2) =⇒ (1) E λ1 : X −→ L1 M (aw)i 4�[� k1λ1 : K1 −→ L1 ℄ (aw)i+1 +

λ1(k1λ1)
−1k1 : X −→ X M	-4�(>3
[(aw)i+1 + λ1(k1λ1)

−1k1](aw)i = (aw)2i+1 = (aw)i[(aw)i+1 + λ1(k1λ1)
−1k1].R

(aw)i = [(aw)i+1 + λ1(k1λ1)
−1k1]

−1(aw)2i+1

= (aw)2i+1[(aw)i+1 + λ1(k1λ1)
−1k1]

−1(aw)i[(aw)i+1 + λ1(k1λ1)
−1k1]

−1

= [(aw)i+1 + λ1(k1λ1)
−1k1]

−1(aw)2i+1[(aw)i+1 + λ1(k1λ1)
−1k1]

−1

= [(aw)i+1 + λ1(k1λ1)
−1k1]

−1(aw)i.�fp [2, :
 2] (
(aw)d = (aw)i[(aw)i+1 + λ1(k1λ1)

−1k1]
−1,��Æ
 1.2 3

ad,w = [(aw)d]2a = (aw)i[(aw)i+1 + λ1(k1λ1)
−1k1]

−1(aw)i[(aw)i+1 + λ1(k1λ1)
−1k1]

−1a

= [(aw)i+1 + λ1(k1λ1)
−1k1]

−1[(aw)i+1 + λ1(k1λ1)
−1k1]

−1(aw)2i+1

= [(aw)i+1 + λ1(k1λ1)
−1k1]

−1(aw)i = (aw)i[(aw)i+1 + γ1k1]
−1.'H� γ1 = λ1(k1λ1)

−1 M (aw)i 4�[� awad,ww + γ1k1 = 1X , �4
ad,w = [(aw)i+1 + γ1k1]

−1(aw)i = (aw)i[(aw)i+1 + γ1k1]
−1.�T9�h 	3 (1) ⇐⇒ (3). 'H�γ2 = λ2(k2λ2)

−1M (wa)j 4�[�wawad,w+γ2k2 =

1Y , �4
ad,w = (wa)j [(wa)j+1 + γ2k2]

−1 = [(wa)j+1 + γ2k2]
−1(wa)j .�:
 2.1, h 	31m$4`��jZ 2.1 E a : X −→ Y , w : Y −→ X Mm?C" £ 04WB�pE k1 : K1 −→ X M

aw : X −→ X 4[� k2 : K2 −→ Y M wa : Y −→ Y 4[��m�(\7q
(1) � £ � a � w - m7:- a♯,w;

(2) λ1 : X −→ L1 M aw 4�[� k1λ1 : K1 −→ L1 ℄ aw + λ1(k1λ1)
−1k1 : X −→ X 	-


(3) λ2 : Y −→ L2 M wa 4�[� k2λ2 : K2 −→ L2 ℄ wa + λ2(k2λ2)
−1k2 : Y −→ Y 	-�'H�γ1 = λ1(k1λ1)

−1 M aw4�[�γ2 = λ2(k2λ2)
−1 M wa4�[�awa♯,ww+γ1k1 =

1X , wawa♯,w + γ2k2 = 1Y , >4
a♯,w = [aw + γ1k1]

−2aw = aw[aw + γ1k1]
−2. (7)

a♯,w = wa[wa + γ2k2]
−2 = [wa + γ2k2]

−2wa. (7)′z �:
 2.13�0 i = j = 1H� (1) ⇐⇒ (2) ⇐⇒ (3). 'H� γ1 = λ1(k1λ1)
−1 M aw4�[� γ2 = λ2(k2λ2)

−1 M wa 4�[�>4 awa♯,ww + γ1k1 = 1X , wawa♯,w + γ2k2 = 1Y ,

a♯,w = [(aw)2 + γ1k1]
−1aw = aw[(aw)2 + γ1k1]

−1 = wa[(wa)2 + γ2k2]
−1 = [(wa)2 + γ2k2]

−1wa.
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 (aw + γ1k1)(a♯,ww + γ1k1) = awa♯,ww + γ1k1 = 1X , (a♯,ww + γ1k1)(aw + γ1k1) = 1X , R
aw+γ1k1 M	-4�4 (aw+γ1k1)

−1 = a♯,ww+γ1k1. �
 [(aw)2+γ1k1]
−1 = (a♯,ww)2+γ1k1,

(a♯,ww + γ1k1)
2 = (a♯,ww)2 + γ1k1, (>	3 [(aw)2 + γ1k1]

−1 = [aw + γ1k1]
−2, h3

a♯,w = [aw + γ1k1]
−2aw = aw[aw + γ1k1]

−2.�T9	3 wa+γ2k2 M	-4�4 (wa+γ2k2)
−1 = wa♯,w+γ2k2. �
 [(wa)2+γ2k2]

−1 =

(wa♯,w)2 +γ2k2, (wa♯,w +γ2k2)
2 = (wa♯,w)2 +γ2k2,(>	3 [(wa)2 +γ2k2]

−1 = [wa+γ2k2]
−2,h3

a♯,w = wa[wa + γ2k2]
−2 = [wa + γ2k2]

−2wa.~ 0 a : X −→ X , w = idX H�	3fp [2] 4r�y��GX 2.2 E a : X −→ Y , w : Y −→ X Mm?C" £ 04WB�pE k1 : K1 −→ X ,

λ1 : X −→ L1 H�M aw : X −→ X 4[℄�[
 k2 : K2 −→ Y , λ2 : Y −→ L2 H�M
wa : Y −→ Y 4[℄�[� a � £ 0� w - m7:- a♯,w )�04~0 m =





waw λ2

k1 0



 :

(Y, K1) −→ (X, L2) � M£ 0	-�4
m−1 =





a♯,w λ1(k1λ1)
−1

(k2λ2)
−1k2 0



 : (X, L2) −→ (Y, K1). (8)z > a � £ 0� w - m7:- a♯,w, �`� 2.1 (� k1λ1, k2λ2 M	-4��
x =





a♯,w λ1(k1λ1)
−1

(k2λ2)
−1k2 0



 ,^Y+wkU3
mx =





wawa♯,w + λ2(k2λ2)
−1k2 wawλ1(k1λ1)

−1

k1a♯,w k1λ1(k1λ1)
−1



 ,� k1, λ1 H�M aw 4[℄�[	f`� 2.1 3
wawλ1(k1λ1)

−1 = 0, k1a♯,w = 0, wawa♯,w + λ2(k2λ2)
−1k2 = 1Y , k1λ1(k1λ1)

−1 = 1K1
.R mx =





1Y 0

0 1K1



, ^Y�T4GJ	3 xm =





1X 0

0 1L2



. (>3 m � M£ 0	-�4 m−1 = x.B*�> m 	-�E m−1 =





α β

γ δ



, �




wawα + λ2γ wawβ + λ2δ

k1α k1β



 =





1Y 0

0 1K1



 ,





αwaw + βk1 αλ2

γwaw + δk1 γλ2



 =





1X 0

0 1L2



 .
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 αwaw+βk1 = 1X , k1α = 0,(>3 αwawα = α;�
 k1M aw4[�λ2M wa4�[�	f
αwaw+βk1 = 1X , wawα+λ2γ = 1Y , (>3 αwawaw = aw, wawawα = wa,R αwawawα =

awα, αwawawα = αwa, h awα = αwa; > (aw)2αw = awαwaw = αwawaw = aw, (>	3 α = a♯,w. ��`� 2.1 (� k1λ1, k2λ2 M	-4��+wkU	3 β = λ1(k1λ1)
−1,

γ = (k2λ2)
−1k2. � γλ2 = 1L2

, wawβ + λ2δ = 0 	f k2 M wa 4[	3 δ = −γwawβ =

−(k2λ2)
−1k2wawλ1(k1λ1)

−1 = 0, h
m−1 =





a♯,w λ1(k1λ1)
−1

(k2λ2)
−1k2 0



 .GX 2.3 E a : X −→ Y , w : Y −→ X Mm?C" £ 04WB�=$#Q i, j, pE k1 : K1 −→ X , λ1 : X −→ L1 H�M (aw)i : X −→ X 4[℄�[
 k2 : K2 −→ Y ,

λ2 : Y −→ L2 H�M (wa)j : Y −→ Y 4[℄�[�> a � £ �� w - m7 Drazin - ad,w,� m =





waw λ2

k1 0



 : (Y, K1) −→ (X, L2) � M£ 0	-�4
m−1 =





ad,w λ1(k1λ1)
−1

(k2λ2)
−1k2 −(k2λ2)

−1k2wawλ1(k1λ1)
−1



 : (X, L2) −→ (Y, K1). (9)z > a � £ 0� w - m7 Drazin - ad,w, �:
 2.1 (� k1λ1, k2λ2 M	-4��
y =





ad,w λ1(k1λ1)
−1

(k2λ2)
−1k2 −(k2λ2)

−1k2wawλ1(k1λ1)
−1



 ,^Y+wkU�	3
my =





wawad,w + λ2(k2λ2)
−1k2 wawλ1(k1λ1)

−1 − λ2(k2λ2)
−1k2wawλ1(k1λ1)

−1

k1ad,w k1λ1(k1λ1)
−1



 .�:
 2.1, 
3
wawad,w + λ2(k2λ2)

−1k2 = 1Y , k1ad,w = 0, k1λ1(k1λ1)
−1 = 1K1

,_H
−λ2(k2λ2)

−1k2wawλ1(k1λ1)
−1 = (wawad,w − 1Y )wawλ1(k1λ1)

−1

= wawad,wwawλ1(k1λ1)
−1 − wawλ1(k1λ1)

−1.?
�h 		31
wawad,wwawλ1(k1λ1)

−1 = wawawad,wwλ1(k1λ1)
−1,

ad,wwλ1 = (aw)i[(aw)i+1 + λ1(k1λ1)
−1k1]

−1awλ1

= [(aw)i+1 + λ1(k1λ1)
−1k1]

−1(aw)i+1λ1

= 0,
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my =





1Y 0

0 1K1



 .^Y�T4GJ	3
ym =





1X 0

0 1L2



 ,(>3 m � M£ 0	-�4 m−1 = y.JUmg �:
 2.3 0�pE m =





waw λ2

k1 0



 	-� ad,w MK)��!,3h ������
3 f
F w - Pa Drazin _F}p\YIR��x�h [���� {1} - -4$`m?C" £ 0WB4 w - m7 Drazin -47y!�Hz�&&�2)�|��31�WB4 w - m7 Drazin -47y!�Hz4�l�yX�tX 3.1[3] =X f : X −→ X M�� {1} - -4$`m?C" £ 04WB�+�
Im(f i+1) = Im(f i) 04~0 f i+1x = f i ℄ xf i+1 = f i <�z�GX 3.1 E a : X −→ Y , w : Y −→ X M�� {1} - -4$`m?C" £ 04WB�
i = ind(aw) = ind(wa). �h �

a = t





a11 0

0 a22



 s−1, w = s





w11 0

0 w22



 t−1, (10)

ad,w = t





(w11a11w11)
−1 0

0 0



 s−1, (11)20 s, t, a11, w11 M	-WB� a22, w22 M!�-Qd i 4!�WB�z �fp [3] 3� aw, wa H��7y!�Hz
aw = t





h1 0

0 h2



 t−1, wa = s





g1 0

0 g2



 s−1,20 t, s, h1, g1 M	-WB� h2, g2 M!�WB�
a ℄ w H�=m

a = t





a11 a12

a21 a22



 s−1, w = s





w11 w12

w21 w22



 t−1,<
�&
(aw)ia = t





hi
1 0

0 0









a11 a12

a21 a22



 s−1 = t





hi
1a11 hi

1a12

0 0



 s−1.
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a(wa)i = t





a11 a12

a21 a22









gi
1 0

0 0



 s−1 = t





a11g
i
1 0

a21g
i
1 0



 s−1.� (aw)ia = a(wa)i 3
hi

1a12 = 0 ℄ a21g
i
1 = 0.h

a12 = 0 ℄ a21 = 0.�Yt/4kU�		31
wa = s





w11a11 w12a22

w21a11 w22a22



 s−1 = s





g1 0

0 g2



 s−1,

aw = t





a11w11 a11w12

a22w21 a22w22



 t−1 = t





h1 0

0 h2



 t−1.(>		`%
a11w11 = h1 M	-4� w11a11 = g1 M	-4�h a11 ℄ w11 M	-4�( a11w12 = 0 ℄ w21a11 = 0 0�	3� w21 = w12 = 0. ?
��fp [3] 3

(aw)d = t





h−1
1 0

0 0



 t−1, (wa)d = s





g−1
1 0

0 0



 s−1.��Æ
 1.2 	3
ad,w = t





h−2
1 a11 0

0 0



 s−1 = t





a11g
−2
1 0

0 0



 s−1.h h−2
1 a11 = a11g

−2
1 . <*

a = t





a11 0

0 a22



 s−1, w = s





w11 0

0 w22



 t−1,

ad,w = t





(w11a11w11)
−1 0

0 0



 s−1.GX 3.2 E a : X −→ Y , w : Y −→ X M�� {1} --4$`m?C" £ 04WB�>4 i = ind(aw) = ind(wa) > 0. �)�Hz aw = α1 + β1, wa = α2 + β2, waw = α + β, 20
α1, β1 : X −→ X , α2, β2 : Y −→ Y , α, β : Y −→ X , >4 α1β1 = β1α1 = 0, α2β2 = β2α2 = 0,

αβ = βα = 0, ind(α1) ≤ 1, ind(α2) ≤ 1, α1 = [(aw)d]♯, α2 = [(wa)d]♯. =X i > 0, � β1, β2 M!�-Qd ind(β1) = ind(β2) = i 4!�WB�
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 i = ind(aw) = ind(wa) > 0, � (10) J	3
a = t





a11 0

0 a22



 s−1, w = s





w11 0

0 w22



 t−1,

aw = t





a11w11 0

0 a22w22



 t−1, wa = s





w11a11 0

0 w22a22



 s−1,

waw = s





w11a11w11 0

0 w22a22w22



 t−1.20 s, t, a11, w11 M	-WB� a22w22, w22a22 M!�-Qd i 4!�WB��fp [3] 3
(aw)d = t





(a11w11)
−1 0

0 0



 t−1, (wa)d = s





(w11a11)
−1 0

0 0



 s−1.�
α1 = t





a11w11 0

0 0



 t−1, β1 = t





0 0

0 a22w22



 t−1,

α2 = s





w11a11 0

0 0



 s−1, β2 = s





0 0

0 w22a22



 s−1,

α = s





w11a11w11 0

0 0



 t−1, β = s





0 0

0 w22a22w22



 t−1.+� aw = α1 + β1, wa = α2 + β2, waw = α + β, >4 α1, β1 : X −→ X , α2, β2 : Y −→ Y ,

α, β : Y −→ X , α1β1 = β1α1 = 0, α2β2 = β2α2 = 0, αβ = βα = 0.
d α2
1(aw)d = (aw)dα1 = α1,�Æ
 3.1h ��Im(α1)

2 = Imα1,(>3 ind(α1) ≤ 1.�T9		31 ind(α2) ≤ 1.�
 α1(aw)dα1 = α1, (aw)dα1(aw)d = (aw)d, (aw)dα1 = α1(aw)d, R� α1 = [(aw)d]♯.�T9h �� α2 = [(wa)d]♯.�
 βn
1 = t





0 0

0 (a22w22)
n



 t−1, a22w22 M!�-Qd i 4!�WB�(>3 β1 M!�-Qd ind(β1) = i4!�WB��T9		31 β2 M!�-Qd ind(β2) = i4!�WB�&�� C V k n
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The w-weighted Drazin Inverse of Morphisms with Kernels

1Liu Xiaoji 2Zhang Shiguang
(1College of Mathematics and Computer Science, Guangxi University for Nationalities,

Guangxi Nanning 530006;
2Department of Mathematics and Information, Hengshui University, Hebei Hengshui 053000)

Abstract: Let a : X −→ Y , w : Y −→ X be morphisms in an additive category, k1 : K1 −→ X

be a kernel of (aw)i, k2 : K2 −→ Y be a kernel of (wa)j . Then the following propositions are

equivalent: (1) a has a w -weighted Drazin inverse ad,w in £; (2 � λ1 : X −→ L1 is cokernel

of (aw)i, k1λ1 and (aw)i+1 + λ1(k1λ1)
−1k1 are invertible; (3) λ2 : Y −→ L2 is cokernel of

(wa)j , k2λ2 and (wa)j+1 +λ2(k2λ2)
−1k2 are invertible. And the Core-Nilpotent decomposition

of w-weighted Drazin inverse of morphisms in the exact additive category £ with {1}-inverse

is studied, the existence for the Core-Nilpotent decomposition of w-weighted Drazin inverse of

morphisms is proved. The extension of Drazin inverse of morphisms with kernels and its Core-

Nilpotent decomposition are introduced and representations for its w-weighted Drazin inverse

and Core-Nilpotent decomposition are derived.

Key words: Exact additive category; w-weighted Drazin inverse; Core-nilpotent decomposi-

tion.
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