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1 okd-*z�l�y/$:kZ p - . G.y/ T3: /�P�$ x, y ∈ G, -� [x, y] 6= 1, y� |〈x, y〉| = p3.b9�$g�%�$.�b T3 - .�dA�$A T?Rgdp [2]. _�h��
Cn �C n n~X.� Cm

n �C m F n n~X.$+`�/� p3 n:kZ.� p b#K�h�� Mp3 T Np3 <��C�~X$(xT:�~X$(x�. G �b7. A � B $0w`�7 G = AB & [A, B] = 1, � A ∗ B �C� A(m) �C m F�7 A $0w`�
2 qBvb�p0�h�jH�	vl���$A T����r:kZ p - . G �b�TH p - .�5O G′ = Z(G) = Φ(G) = p.�dp [3] $(M!*� 4.18 b"(���JY 2.1

(1) �TH p - . G E r ≥ 1 F p3 n:kZ7.$0w`�; p b#K�7 expG = p, G = N
(r)
p3 ; 7 exp G = p2,  G = Mp3 ∗ N

(r−1)
p3 . 7 p = 2,  exp G = 4 & G = Q

(r)
8 ℄

G = D8 ∗ Q
(r−1)
8 ,

(2) Q8 ∗ Q8 = D8 ∗ D8.nY 2.2[3] ; G E p - .�"0 |G′| = p & G/G′ E�&kZ$� G = E ∗ A, "0
E E�TH p - .� A EkZ.�7 A �E�&kZ$� E

⋂
A = Z(E) = ℧1(A).FC4!�2007-10-15; z+4!�2008-12-10
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3 T3 - ^IMX\ 3.1 ; G E T3 - .� G $��� c(G) ≤ 3. 7 p 6= 3,  c(G) = 2.u /2$ a, b ∈ G, 7 [a, b] 6= 1,  [a, b, b] = 1. �b |〈x, y〉| ≤ p3, J G �= 2 - 2D5Zh��dp [2, III, Statz 6.5], q�℄��\ 3.2 ; G E T3 - .� 
(1) exp G ≤ p2,

(2) /2$ a ∈ G, "0 o(a) = p2,  〈a〉 � G. T�'� ap ∈ Z(G),

(3) 7 o(a) = p2 & a /∈ Z(G),  CG(〈a〉) E G $a�7.�u
(1) �b G E:kZ$� �	F�� Z(G)0$ G$?Bn� a. > �7 a ∈ Z(G),*	F:0w$� b,  ab /∈ Z(G) & ab �?Bn�Æ b ∈ G �= [a, b] 6= 1. ; o(a) ≥ p3. |〈a, b〉| ≥ p4. �1�
(2) /2$ b ∈ G, 7 [a, b] = 1,  b 'MW a. 7 [a, b] 6= 1, �b 〈a, b〉 E p3 $:kZ.� b �'MW a. J 〈a〉 � G,

(3) � N/C -*��NG(〈a〉)/CG(〈a〉) = G/CG(〈a〉) . Aut(〈a〉) p%&� |Aut(〈a〉)| =

p(p − 1). q���℄��o��h��<� T3 - .��l
# exp G = p � exp G = p2 �2(�S��JY 3.3 ; exp G = p.  G E T3 - .!&u!l�*	��
(1) p = 3 & c(G) ≤ 3,

(2) p > 3 & c(G) = 2.u 7 p = 2,  exp G = 2 �Q5 G EkZ$��1�J p > 2. ��W 3.1, 7 G E T3

- .� (1) ℄ (2) ���8*�7 (1) ℄ (2) ���h�j(� G E T3 - .�(x 1 * a, b ∈ G �= [a, b] 6= 1. Æ H = 〈a, b〉. �b exp G = p,  G E' $��dp [2, III, Statz 10.3b])�H ′ E~X$�%�Q5 |H ′| = 3, �4 |H | = 33. #P)q��(x 2 �b c(G) = 2 & exp G = p, q�E�n$��lh�f; expG = p2.nY 3.4 p - . G E T3 - .!&u! G × Cn
p E T3 - .�u -{(�<y�Æ H = G×Cn

p .  H 02�F:kZ�z�xB� x = ac1, y =

bc2, �"0 a, b ∈ G, c1, c2 ∈ Cn
p . �b c1, c2 ∈ Z(H), J [a, b] 6= 1 & |〈a, b〉| ≤ p3, ���#

|〈x, y〉| ≤ p3.�����h�-{-*���&kZ+�7$ T3 - .�%�$ T3 - .�b^$ T3

- .�b9�$g�h���6	FA �; AEkZ.�= exp A > 2. Æ α : a −→ a−1, ∀a ∈

A E A $9\I� 
+` A ⋊ 〈α〉 �bz�S A $L�7�Y.�JY 3.5 ; exp G = p2.  G E T3 - .!&u!l�*	��
(1) p = 2: G Ez�S Cs

4(s ≥ 1) $L�7�Y.�℄�TH p - . E, ℄ E ∗ C4,

(2) p ≥ 3: G E,Kb p2 $�TH p - . E, ℄ E ∗ Cp2 .u ; p = 2. 
#�2(�S�
(i) / G $2�F:kZ� x, y ,� 〈x, y〉 ∼= D8.�f;�* G $7. 〈a, b | a4 = b2 = 1, ab = a−1〉 ∼= D8. ���W 3.2(2) )� CG(a) E

G $a�7.��4 G = CG(a) ⋊ 〈b〉.Gmh�.�� CG(a) kZ& exp Z(G) = 2.



No.3 "'P&�2�F:kZ�}<� p3 n7.$�r p - . 739; expZ(G) = 2 �kZ� R�7. 〈c, d〉 ∼= D8 & o(c) = 4, o(d) = 2. ���#
o(ad) = 4 & [ad, c] 6= 1. �b D8 -�	F 4 n7.�J 〈ad, c〉 ≇ D8. �1�; expZ(G) > 2. Æ g ∈ Z(G) & o(g) = 4.  [a, gb] 6= 1, �4 〈a, gb〉 ∼= D8.  〈a, gb〉 $
4 n7.�E	F��1�"���b CG(a) kZ& expG = 22, h��; CG(a) = H ×K, "0 H = 〈a1〉× 〈a2〉×

· · · × 〈as〉, K = 〈c1〉 × 〈c2〉 × · · · × 〈ct〉, o(ai) = 4, o(cj) = 2, i ≥ 1, j ≥ 0. h�.��/2$ cj ,� [b, cj ] = 1. > � 〈b, cj〉 ∼= D8. Æ cj = hb.  o(h) = 4 & [h, b] = h2. 	9�� 1 = [cj , a] = [hb, a] = [h, a]b[b, a] �Q5 [h, a] 6= 1. ���# 〈h, a〉 ≇ D8. �1��E
K ≤ Z(G) & G = (H ⋊ 〈b〉) × K. �bh�f; G E^$�J K = 1 & G = H ⋊ 〈b〉.�� b� H 9$���; h ∈ H & o(h) = 4. �b exp Z(G) = 2,J h /∈ Z(G)& hb 6= h.� 〈h〉 � G & o(b) = 2, h�� hb = h−1. ���# G Ez�S H $L�7�Y.�8*�9I-*$.E T3 -.�D�9�Æ x, y ∈ G& [x, y] 6= 1.  xT y 0$	F�Æ5L�y �� H 0� o(y) = 2. 7 x ∈ H , 〈x, y〉 ∼= D8. 7 x /∈ H , xy ∈ H & o(xy) = 4.%E�b7 o(xy) = 2,  xy ∈ CG(y). � [x, y] 6= 1 �1�%�	�℄� 〈x, y〉 ∼= D8. J GE T3 - .�

(ii) G .:�	F7. Q = 〈a, b〉 ∼= Q8.Gmh�.�� ℧1(G) = G′ &E 2 n$�> �/ G $2 4 n� g, ; g2 6= a2 = b2. |〈g, a〉| > 8, �4 [g, a] = 1. �N'� [g, b] = 1. Æ H = 〈ga, b〉. �b (ga)2 = g2a2 6= b2, J
|H | > 8. %�1� [ga, b] 6= 1. �E |℧1(G)| = 2. 	9��4" G′ = 〈[x, y] | x, y ∈ G〉.7 [x.y] 6= 1,  〈x, y〉 ∼= D8 ℄ Q8. �2V(�l� [x, y] ∈ ℧1(〈x, y〉) ≤ ℧1(G). �E.�������#� G/G′ E�&kZ$���� 2, G = E∗A,"0 E E�TH.�AEkZ$�7 AE�&kZ$� A ≤ Z(G).�bh�f; G E^$�J A ≤ E, �4 G = E. 7 A ��&kZ$& G E^$���� 2.2 )� ℧1(A) = E

⋂
A = Z(E). ���# A ∼= C4. J G = E ∗ C4.b	qJ (1) $(��h�{�(� E T E ∗ C4 E T3 - .��n'��TH. E E

T3 - .�f; G = E ∗ C4. Æ a, b ∈ G & [a, b] 6= 1. �Æ a = a1c
i & b = b1c

j . "0
a1, b1 ∈ E, c ∈ Z(G) & i, j = ±1.  [a1, b1] 6= 1. ��(�7 〈a1, b1〉 ∼= Q8,  〈a, b〉 ∼= D8. 7
〈a1, b1〉 ∼= D8,  〈a, b〉 ∼= D8 ℄ Q8. q�#(�f; p ≥ 3. �b exp G = p2, G �7.� Mp3 \I�4" Mp3 ����F p2 n�<�&%�F�$ p �9t&�� p = 2 $(x (ii) $�(�N�h���# ℧1(G) = G′&E 2 n$ (dOkp>�).��� 2.2 b� (1)(ii) t\$�(�#� G = E ℄ G = E ∗ Cp2 . 8*�7 G = E ℄
G = E ∗ Cp2 , ��( G E T3 - .��(�H-$�<q�9$�I�h��JY 3.6 ; G E T3 - .� G E*� 3.3 0$.℄E	F�&kZ p - .�*� 3.50$2	F.$+`��b*� 3.6 $+m℄��h�`+r{	 Y. Berkovich �dp [1] 0U�$fW 237/�P�$ x, y ∈ G, �w�=Zh |〈x, y〉| ≤ p3 $ p - . G.JY 3.7 ; G E p - .� G �=Zh�/�P�$ x, y ∈ G, |〈x, y〉| ≤ p3.  G El�.*	

(1) kZ. Cp3 , Cp2 × Cn
p ℄ Cn

p , n b'&K�
(2) *� 3.3 0$.�
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(3) 	F�&kZ p - .�*� 3.5 0$2	F.$+`� /�*� 3.5(1) 0$L�7�Y.� s = 1. E V f h
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Finite p-groups in which any Two Noncommutative Elements

Generate a Subgroup of Order p3

Zhang Qinghai Den Lijun Xu Mingyao
(School of Mathematical and Computer Science of Shanxi Normal University, Shanxi Linfen 041004)

Abstract: In this note we classify finite p-groups in which any two noncommutative elements

generate a subgroup of order p3. As a consequence, we solve the research problem No. 237 in

[1]: Study the p-groups G such that |〈x, y〉| ≤ p3 for all x, y ∈ G.
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