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1 *'�	�[ (E, d) d/R=&�v� A d/R84E� D(A) DYE� R(A) 19Y� Alber–

Delabriere J	� [1] `84'S�1V%u9Y� A �"�V%u1�S\)J7R1m}y ϕ(t) > 0, ∀t ∈ (0,+∞) D ϕ(0) = 0 G'PM1!"_l ϕ : [0,+∞) → [0,+∞), # 
d(Ax,Ay) ≤ d(x, y) − ϕ(d(x, y)), ∀x, y ∈ D(T ). (1.1)�O�%u
l� k ∈ (0, 1) 1%u9YdÆ= ψ(t) = (1 − k)t 1V%u9Y�U ϕ(t) ≡ 0,L A
�"�H�Q1�S\ ϕ d?��!"1�L ψ(t) = t−ϕ(t)d?X�!"1�(1.1)a�� d(Ax,Ay) ≤ ψ(d(x, y)). &^�9Y A ��"� Boyd-Wong �%u [2−3]. Rhoades[4]V_'S�V%u9Y1�oA Banach %uH�1�\�|� 1.1[4, Theorem 2] 84J��=&�v E X1V%uk9Y A =�/1�:6 p,�G>3/R x ∈ E, {Anx} �Ee". p.

Rhoades[4] -J Banach �v E `)�' Mann 7, (1.2) 1e"�� Chidume et al[5]D Alber et al[6] < 5f/' Rhoades �\1Hk9Y��GS%'7, (1.3) 1e"-Uo�
xn+1 = xn − αn(xn −Axn), (1.2)

xn+1 = Q(xn − αn(xn −Axn)), (1.3)C` Q d/R( E . D(A) 1�*H�Qeu9Y�n
�J/[�G/[Ye1 Banach�v`� Zeng et al[7] 6T'z
 Q - V%uHk9Y A 1N?� i.e., )J kn ∈ (0,∞) 1m lim
n→∞

kn = 1,

‖A(QA)nx−A(QA)ny‖ ≤ kn‖x− y‖ − ϕ(‖x− y‖), ∀x, y ∈ D(A),fORB�2007-12-20; �9RB�2009-04-15
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No.3 q4\3�WAV%usi1�J�3a�1N^�
sA 657�G)�'/R�17,sA (1.4) 1S.&�9Y1�:6�
xn+1 = Q(xn − αn(xn −A(QA)nxn)). (1.4)

Moudafi J	� [8] `h'>H�Q9Y T `%u9Y f 6T'S�1N^�
sA
xn+1 = αnf(xn) + (1 − αn)Txn. (1.5)

Xu[9] �Z Moudafi 1�\./R/[Ye1 Banach �v`�n
�q4\3J	� [10–

19] `>T/
1 Banach �vf/'N^�
sA (1.5) 1Ee"�\� Suzuki[20] `;
Meir-Keeler %u9Y Φ ,| (1.5) a`1 f V6'�oX5{.1�\��	j. Zeng et al[7], Suzuki[20] D Rhoades[4] 3	�1D��kO>H�Q9Y )
{Tn} `V%u9Y A 6T$aN^�
sA (1.6)–(1.7),

xn+1 = αnAxn + (1 − αn)Tnxn, (1.6)

xn+1 = Tn(αnAxn + (1 − αn)xn). (1.7)�O� (1.6) a
� (1.2) a (Tn ≡ I, 
3si) D (1.5) a (Tn ≡ T , /RH�Q9YD A d/R%u9Y) o�z��?G (1.7)a-d (1.2)(Tn ≡ I)` (1.3)a (Tn = Q)1�Z��4{J'P�GÆ=/[ Gâteaux��Dl1 Banach�v E �t;��dA1X$aN^�
sAL
o�
WAV%usi1�J�3a� (〈Ax∗ − x∗, J(p− x∗)〉 ≤ 0, ∀p ∈ Fix(T ))�G-f/'�71e"-Uo�
2 .p4�J�	`� E ldZ_lE1 Banach �v��G1 ‖ · ‖ � E∗ J�q�CDl�C>��v� x∗ ∈ E∗ J y ∈ E 1Yq� 〈y, x∗〉, E . 2E∗ 1U[>�9Yq� J , l� J(x)

= {f ∈ E∗ : 〈x, f〉 = ‖x‖‖f‖, ‖x‖ = ‖f‖}, ∀ x ∈ E. , Fix(T ) = {x ∈ E : Tx = x}, q� T 1�:6k�[ S(E) := {x ∈ E; ‖x‖ = 1}. �v E �"�= (i) Gâteaux ��Dl (-" E dYe1), S\j�
lim
t→0

‖x+ ty‖ − ‖x‖
t

(2.1)>3/R x, y ∈ S(E)�)J�(ii) /[ Gâteaux��Dl�U>3R y ∈ S(E), j� (2.1)>
x ∈ S(E);)J�E �"� (iii)'P�1�S\ ‖x‖ = ‖y‖ = 1, x 6= yI^g ‖x+y

2 ‖ < 1; (iv)/[�1�S\P31 ε ∈ [0, 2], ∃δε > 0 `/ ‖x‖ = ‖y‖ = 1G ‖x− y‖ ≥ ε I^g ‖x+y‖
2 <

1 − δε.[ C d E 1/RH���ikD D ⊂ C, L P : C → D �"�( C . D 1eu9Y�S\ P d!"1G F (P ) = D;P : C → D �"�d�*1�S\ P (Px+ t(x − Px)) =

Px, ∀x ∈ C, 3- Px + t(x − Px) ∈ C ` t > 0. C 1/RH�ik D �"�x1�*H�Qeuik�S\)J/R( C . D �*H�Qeu9Y�&N?� Reich }iJ	�
[21] 6T�`;�WAx1�Æ1�℄�1-�	� [21–23].)� 2.1[24, Proposition 2.1.31(e)] S\�A�v E 1N� {zt} 13/Ri���S./Ri�e". x∗ ∈ E, 92 zt → x∗.



658 l # � � # Æ Vol.29A)� 2.2[25, Lemma 5.1.6] [ C dYe Banach �v E 1H���ik� D ⊂ C, P :

C → D d/Reu9Y�L P d/R�*H�Q9Y-G�-�)�3a# 
〈x − Px, J(y − Px)〉 ≤ 0, ∀ x ∈ C, y ∈ D.)� 2.3[26, Lemma 9.3.6] V��!"_l f : E → R J Banach �v E X13RV��ik;=K.n�Y�)� 2.4[26, Lemma 9.3.7] J'P� Banach �v E X13RV��ik K ;d Cheby-

shev k�l ∀x ∈ E, )J�/1Gr y ∈ K `/
‖x− y‖ = d(x,K) = inf

y∈K
‖x− y‖.�����4`;Xk�\V6�51�\�xdMoudafi[8] �Xu[9] � Suzuki[20] 3	��7�\1�Z��$h�P�|� 2.5 [ T d'P�GÆ=/[ Gâteaux ��Dl1 Banach �v E `1V��ik K X1H�Qk9YG Fix(T ) 6= ∅. A : K → K d/RWA_l ϕ 1V%u9Y�92 (i) >3/R t ∈ (0, 1), )J�/1 zt 1m

zt = tAzt + (1 − t)Tzt; (2.2)

(ii) - t→ 0 ^� zt Ee".�5�J�3a1�/� x∗

〈Ax∗ − x∗, J(p− x∗)〉 ≤ 0, ∀p ∈ Fix(T ).3 >3/R t ∈ (0, 1), , St < St := tA+ (1 − t)T 84` ψ(s) = tϕ(s), L ∀x, y ∈ K,2/
‖Stx− Sty‖ = ‖(tAx+ (1 − t)Tx) − (tAy + (1 − t)Ty)‖

≤ (1 − t)‖Tx− Ty‖+ t‖Ax−Ay‖
≤ (1 − t)‖x− y‖ + t‖x− y‖ − tϕ(‖x− y‖)
= ‖x− y‖ − ψ(‖x− y‖).l� St d/RWA_l ψ 1V%u9Y�w1�<8� 1.1 �/ St J K =�/1�:6

zt. T
V6' (i).�5`;6� 2.1 V6 (ii). < K 1V��2/ M = sup
t∈(0,1)

‖Azt − Tzt‖ < +∞ (x	�
[24, Corollary 2.5.7]), 5&

lim
t→0

‖zt − Tzt‖ = lim
t→0

t‖Azt − Tzt‖ = 0. (2.3), {ztn
} ⊂ {zt} D lim

n→∞
tn = 0, 92�4=84_l f : K → (0,+∞) S�
f(x) = lim sup

n→∞
‖ztn

− x‖2, ∀x ∈ K.<	� [27, Chapter 1(Proposition 1.3.5)], 2W f(x) d K X1���!"_l�w1xdV��!"1�<6� 2.3 W)J v ∈ K `/ f(v) = inf
x∈K

f(x). [
K1 = {y ∈ K : f(y) = inf

x∈K
f(x)},
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sA 659L v ∈ K1. �O� K1 d K 1/RV��ik�( (2.3) a��4-= ∀y ∈ K1,

f(Ty) = lim sup
n→∞

‖ztn
− Ty‖2

≤ lim sup
n→∞

(‖ztn
− Tztn

‖ + ‖Tztn
− Ty‖)2

≤ lim sup
n→∞

‖ztn
− y‖2

= f(y).(?� Ty ∈ K1. <A y dP31�w1 T (K1) ⊂ K1. < Fix(T ) 6= ∅, K q ∈ Fix(T ), `;6� 2.4 �/)J�/1 x∗ ∈ K1 1m
‖q − x∗‖ = inf

x∈K1

‖q − x‖.< q = Tq ` Tx∗ ∈ K1, 2/
‖q − Tx∗‖ = ‖Tq − Tx∗‖ ≤ ‖q − x∗‖.w1`; x∗ ∈ K1 1�/�
/. x∗ = Tx∗. �V
lim inf
n→∞

〈Ax∗ − x∗, J(ztn
− x∗)〉 ≤ 0. (2.4), ys = x∗ − s(x∗ −Ax∗), C` s ∈ (0, 1), L ys ∈ K ` ys → x∗(s→ 0). (?� f(x∗) ≤ f(ys)

(5� x∗ ∈ K1). <A
‖ztn

− ys‖2 = 〈ztn
− x∗, J(ztn

− ys)〉 + s〈x∗ −Ax∗, J(ztn
− ys)〉

≤ ‖ztn
− x∗‖2 + ‖ztn

− ys‖2

2
− s〈Ax∗ − x∗, J(ztn

− ys)〉,w1
‖ztn

− ys‖2 ≤ ‖ztn
− x∗‖2 − 2s〈Ax∗ − x∗, J(ztn

− ys)〉.5&
f(ys) ≤ f(x∗) − 2s lim inf

n→∞
〈Ax∗ − x∗, J(ztn

− ys)〉.l
lim inf
n→∞

〈Ax∗ − x∗, J(ztn
− ys)〉 ≤

f(x∗) − f(ys)

2s
≤ 0. (2.5)< J dDl�A.V��A1/[!"��W

lim
s→0

〈Ax∗ − x∗, J(ztn
− ys)〉 = 〈Ax∗ − x∗, J(ztn

− x∗)〉> tn d/[1�(?� ∀ε > 0, ∃δ ∈ (0, 1) `/ ∀s ∈ (0, δ), >w=1 tn, =
〈Ax∗ − x∗, J(ztn

− x∗)〉 < 〈Ax∗ − x∗, J(ztn
− ys)〉 + ε.5&( (2.5) a�/

lim inf
n→∞

〈Ax∗ − x∗, J(ztn
− x∗)〉 ≤ lim inf

n→∞
〈Ax∗ − x∗, J(ztn

− ys)〉 + ε ≤ ε.



660 l # � � # Æ Vol.29A<A ε dP31�5& (2.4) a�V_'��V {zt} d )�1�
_X�< (2.2) a2/
‖ztn

− x∗‖2 = tn〈Aztn
−Ax∗, J(ztn

− x∗)〉 + tn〈Ax∗ − x∗, J(ztn
− x∗)〉

+(1 − tn)〈Tztn
− x∗, J(ztn

− x∗)〉
≤ tn‖ztn

− x∗‖2 − ϕ(‖ztn
− x∗‖)‖ztn

− x∗‖
+tn〈Ax∗ − x∗, J(ztn

− x∗)〉 + (1 − tn)‖ztn
− x∗‖2.5&

ϕ(‖ztn
− x∗‖)‖ztn

− x∗‖ ≤ 〈Ax∗ − x∗, J(ztn
− x∗)〉. (2.6)( (2.4) � (2.6) a=

0 ≤ lim inf
n→∞

ϕ(‖ztn
− x∗‖)‖ztn

− x∗‖ ≤ lim inf
n→∞

〈Ax∗ − x∗, J(ztn
− x∗)〉 ≤ 0,(?� lim inf

n→∞
ϕ(‖ztn

− x∗‖)‖ztn
− x∗‖ = 0. 5&�< ϕ 1�℄/. {ztn

} )Ji)Qq�
{ztn

} Ee".7R x∗ ∈ Fix(T ).�5��4V6 {zt}13/Ri��=/Ri�e". x∗ . sS)J+/Ri� {zsn
} ⊂

{zt}, 1m zsn
→ z( sn → 0), L z ∈ Fix(T ). (? z = x∗. 
_X�>3R p ∈ Fix(T ), <

(2.2) a2/
〈Azt − zt, J(p− zt)〉 =

1 − t

t
〈zt − p+ Tp− Tzt, J(p− zt)〉

≤ 1 − t

t
(‖Tp− Tzt‖‖p− zt‖ − ‖p− zt‖2)

≤ 0.w1
〈Aztn

− ztn
, J(p− ztn

)〉 ≤ 0 D 〈Azsn
− zsn

, J(p− zsn
)〉 ≤ 0. (2.7)(?�>!l L ≥ ‖zt − p‖, =

|〈Aztn
− ztn

, J(p− ztn
)〉 − 〈Ax∗ − x∗, J(p− x∗)〉|

= |〈Aztn
− ztn

− (Ax∗ − x∗), J(p− ztn
)〉 + 〈Ax∗ − x∗, J(p− ztn

) − J(p− x∗)〉|
≤ ‖Aztn

−Ax∗ + (x∗ − ztn
)‖‖ztn

− p‖ + |〈Ax∗ − x∗, J(p− ztn
) − J(p− x∗)〉|

≤ L(2‖x∗ − ztn
‖ − ϕ(‖x∗ − ztn

‖)) + | + |〈Ax∗ − x∗, J(p− ztn
) − J(p− x∗)〉| → 0.5&�< (2.7) a�/

〈Ax∗ − x∗, J(p− x∗)〉 = lim
n→∞

〈Aztn
− ztn

, J(p− ztn
)〉 ≤ 0. (2.8)�o5� z -1m (2.8) a�<A z, x∗ ∈ Fix(T ), (?

〈Ax∗ − x∗, J(z − x∗)〉 ≤ 0 D 〈Az − z, J(x∗ − z)〉 ≤ 0.$a�r
/.
ϕ(‖x∗ − z‖)‖x∗ − z‖ ≤ 〈(x∗ − z) − (Ax∗ −Az), J(x∗ − z)〉 ≤ 0.
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sA 661< ϕ 1�℄2/ z = x∗.5&<6� 2.1 
/ {zt} Ee". x∗. ~^� x∗ -d�J�3a
〈Ax∗ − x∗, J(p− x∗)〉 ≤ 0>w=1 p ∈ Fix(T ) 1��UK Ax = u ∈ K, 92�0Q# �, Pu = lim

t→0
zt, (6� 2.2 �W P d( K .

Fix(T ) 1�*H�Qeu9Y� � 2.6 [ T d'P�GÆ=/[ Gâteaux ��Dl1 Banach �v E `1V��ik K X1H�Qk9YG Fix(T ) 6= ∅. 92 Fix(T ) d K 1�*H�Qeuik� � 2.7 [ T dkC'P�GÆ=/[ Gâteaux ��Dl1 Banach �v E `1H���ik K X1H�Qk9YG Fix(T ) 6= ∅. U {zt} < (2.2) a84�L {zt} Ee".
x∗ = PAx∗, C` P d( K . Fix(T ) 1�*H�Qeu9Y�3 K p ∈ Fix(T ), 92

‖zt − p‖ ≤ t‖Azt −Ap+Ap− p‖ + (1 − t)‖Tzt − p‖
≤ t‖zt − p‖ − tϕ(‖zt − p‖) + t‖Ap− p‖ + (1 − t)‖zt − p‖
= ‖zt − p‖ − tϕ(‖zt − p‖) + t‖Ap− p‖.5& ϕ(‖zt − p‖) ≤ ‖Ap− p‖. (? {zt} d=�1�w1� {zt} dV�1 [24, Corollary 2.8.9]. C�1V6D8� 2.5 /+��4d/X�

3 �-�&�+�z16r��~��J{h�y0 Halpern �7, [28](3.1) 1Ee"�	?)�WAV%u9Y1N^�
sA (3.2) 1e"��-S%�71e"-Uo�
yn+1 = αnu+ (1 − αn)Tnyn, u ∈ K, y0 ∈ K, (3.1)

xn+1 = αnAxn + (1 − αn)Tnxn, x0 ∈ K. (3.2)�'V6
,�\��4-�,�516��x4J�� Bruck[29] D Alber 3 [5−7,30]V_�`;℄�)� 3.1[29, Lemma 3] [ K d'P� Banach�v E 1/RH���ik�Tn : K → Ed/)H�Q9Y�92)J/RH�Q9Y T : K → E 1m F (T ) =
∞
⋂

n=0
F (Tn). z�5�U ∞

⋂

n=0
F (Tn) 6= ∅, L9Y T =

∞
∑

n=0
βnTn 
=*.Xk,J�C` {βn} dU_l )�1m� ∞

∑

n=0
βn = 1.)� 3.2 [ {λn}D {βn}d$RHL_l )�{αn}dU_l )�1mS�}y�

∞
∑

n=0
γn = ∞ � lim

n→∞

βn

αn

= 0 D
λn+1 ≤ λn − αnψ(λn) + βn, n = 0, 1, 2, · · · ,



662 l # � � # Æ Vol.29AC` ψ(λ) d λ ≥ 0 ^1!"1'PM_lG ψ(0) = 0. 92 (i) {λn} Ee". 0; (ii) )J
{λnk

} ⊂ {λn}, k = 1, 2, · · · , 1m
λnk

≤ ψ−1

(

1
nk
∑

m=0
αm

+
βnk

αnk

)

,

λnk+1 ≤ ψ−1

(

1
nk
∑

m=0
αm

+
βnk

αnk

)

+ βnk
,

λn ≤ λnk+1 −
n−1
∑

m=nk+1

αm

θm

, nk + 1 < n < nk+1, θm =

m
∑

i=0

αi,

λn+1 ≤ λ0 −
n
∑

m=0

αm

θm

≤ λ0, 1 ≤ n ≤ nk − 1,

1 ≤ nk ≤ smax = max
{

s;

s
∑

m=0

αm

θm

≤ λ0

}

.|� 3.3 [ {Tn}d'P�GÆ=/[ Gâteaux��Dl1 Banach�v E `1V��ikK X1H�Qk9Y )G F =
∞
⋂

n=0
Fix(Tn) 6= ∅. , {yn}< (3.1)a \� ∞

∑

n=1
αn = ∞.S\3R m ≥ 0, lim

n→∞
‖yn − Tmyn‖ = 0, L {yn} Ee". x∗ = Pu ∈ F , C` P d( K. F 1�*H�Qeu9Y�	?�)J {ynk

} ⊂ {yn}, k = 1, 2, · · · D ∃{εn} ⊂ (0,+∞) `
lim

n→∞
εn = 0 `/

‖ynk
− x∗‖2 ≤ 1

nk
∑

m=0
αm

+ 2εnk
,

‖ynk+1 − x∗‖2 ≤ 1
nk
∑

m=0
αm

+ 2εnk
(1 + αnk

),

‖yn − x∗‖2 ≤ ‖ynk+1 − x∗‖2 −
n−1
∑

m=nk+1

αm

θm

, nk + 1 < n < nk+1, θm =

m
∑

i=0

αi,

‖yn+1 − x∗‖2 ≤ ‖y0 − x∗‖2 −
n
∑

m=0

αm

θm

≤ ‖y0 − x∗‖2, 1 ≤ n ≤ nk − 1,

1 ≤ nk ≤ smax = max
{

s;

s
∑

m=0

αm

θm

≤ ‖y0 − x∗‖2
}

.3 <6� 3.1 �W)JH�Q9Y T =
∞
∑

i=1

βiTi `/ Fix(T ) =
∞
⋂

i=1

Fix(Ti) = F, C`
∞
∑

i=1

βi = 1. ∀x ∈ K, Tix ∈ K, ∀i ≥ 1. < K 1���D ∞
∑

i=1

βi = 1 �/ n
∑

i=1

βiTix + (1 −
n
∑

i=1

βi)x ∈ K, w1 Tx =
∞
∑

i=1

βiTix ∈ K. 5&� T (K) ⊂ K. `;}y lim
n→∞

‖yn − Tmyn‖ = 0,2/
lim

n→∞
‖yn − Tyn‖ = 0. (3.3)
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sA 663(�0 2.6, �4=84 zt = tu+ (1 − t)Tzt, (? {zt} → x∗ = Pu ∈ F . �V
lim sup

n→∞
〈u− x∗, J(yn − x∗)〉 ≤ 0. (3.4)
_X�<A

‖zt − yn‖2 = (1 − t)〈Tzt − yn, J(zt − yn)〉 + t〈u− yn, J(zt − yn)〉
= (1 − t)(〈Tzt − Tyn, J(zt − yn)〉 + 〈Tyn − yn, J(zt − yn)〉)

+t〈u− x∗, J(zt − yn)〉 + t〈x∗ − zt, J(zt − yn)〉 + t〈zt − yn, J(zt − yn)〉
≤ ‖yn − zt‖2 + ‖Tyn − yn‖M + t〈u− x∗, (zt − yn)〉 + t‖zt − x∗‖M,w1

〈u − x∗, J(yn − zt)〉 ≤
‖yn − Tyn‖

t
M +M‖zt − x∗‖,C` M d1m M ≥ ‖yn − zt‖ 1!l�5&�`; (3.3) a` zt → x∗, =

lim sup
t→0

lim sup
n→∞

〈u− x∗, J(yn − zt)〉 ≤ 0. (3.5)+/G5�<A J 1�℄D zt → x∗(t → 0), �4=�>3/R n, - t→ 0 ^�
|〈u − x∗, J(yn − x∗) − J(yn − zt)〉| → 0.(? ∀ε > 0, ∃δ > 0 `/ ∀t ∈ (0, δ) D n ≥ 0, =

〈u− x∗, J(yn − x∗)〉 < 〈u− x∗, J(yn − zt)〉 + ε.5&
lim sup

n→∞
〈u− x∗, J(yn − x∗)〉 ≤ lim sup

t→0
lim sup

n→∞
(〈u − x∗, J(yn − zt)〉 + ε) ≤ ε.<A ε dP31� (3.4) a
/.'�[ εn = max{〈u− x∗, J(yn+1 − x∗)〉, 0}, L

lim
n→∞

εn = 0 D 〈u− x∗, J(yn+1 − x∗)〉 ≤ εn.

‖yn+1 − x∗‖2 = αn〈u − x∗, J(yn+1 − x∗)〉 + (1 − αn)〈Tnyn − x∗, J(yn+1 − x∗)〉

≤ (1 − αn)
‖Tnyn − x∗‖2 + ‖J(yn+1 − x∗)‖2

2
+ αn〈u− x∗, J(yn+1 − x∗)〉.5&

‖yn+1 − x∗‖2 ≤ ‖yn − x∗‖2 − αn‖yn − x∗‖2 + 2αn〈u− x∗, J(yn+1 − x∗)〉.5&��4
/.WA λn = ‖yn − x∗‖2 1�3a
λn+1 ≤ λn − αnψ(λn) + βn,C` ψ(t) = t D βn = 2αnεn. <6� 3.2 
/. yn → x∗ = Pu De"-Uoa�|� 3.4 [ {Tn} d'P�GÆ=/[ Gâteaux ��Dl1 Banach �v E `1V��ik K X1H�Qk9Y )G F =

∞
⋂

n=0
Fix(Tn) 6= ∅. , {xn} < (3.2) a \�
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∞
∑

n=1
αn = ∞. S\ A d K X1V%uk9Y�3R m ≥ 0, lim

n→∞
‖xn − Tmxn‖ = 0, L

{yn} Ee". x∗ = P (Ax∗) ∈ F , C` P d( K . F 1�*H�Qeu9Y�	?�>
ψ(t) = 2

√
tϕ(

√
t) D!l M ≥ 0, )J {xnk

} ⊂ {xn}, k = 1, 2, · · · D ∃{εn} ⊂ (0,+∞) `
lim

n→∞
εn = 0 `/

‖xnk
− x∗‖2 ≤ ψ−1

(

1
nk
∑

m=0
αm

+Mαnk
+ 2εnk

)

,

‖xnk+1 − x∗‖2 ≤ ψ−1

(

1
nk
∑

m=0
αm

+Mαnk
+ 2εnk

)

+ αnk
(Mαnk

+ 2εnk
),

‖xn − x∗‖2 ≤ ‖xnk+1 − x∗‖2 −
n−1
∑

m=nk+1

αm

θm

, nk + 1 < n < nk+1, θm =

m
∑

i=0

αi,

‖xn+1 − x∗‖2 ≤ ‖x0 − x∗‖2 −
n
∑

m=0

αm

θm

≤ ‖x0 − x∗‖2, 1 ≤ n ≤ nk − 1,

1 ≤ nk ≤ smax = max
{

s;

s
∑

m=0

αm

θm

≤ ‖x0 − x∗‖2
}

.3 `;8� 3.3 1V6mF�/)J( K . F 1�*H�Qeu9Y P , L PAd K X1V%uk9Y�5&�<8� 1.1, )J�/1 x∗ ∈ K `/ x∗ = P (Ax∗). `;8� 2.5 `6� 2.2 2/ x∗ ∈ F . �oA8� 3.3 1V6 (K u = Ax∗), �4= εn =

max{〈Ax∗ − x∗, J(xn+1 − x∗)〉, 0} 1m lim
n→∞

εn = 0.

‖xn+1 − x∗‖2 ≤ 〈(1 − αn)(Tnxn − x∗) + αn(Axn −Ax∗), J(xn+1 − x∗)〉
+αn〈Ax∗ − x∗, J(xn+1 − x∗)〉

≤ ‖(1 − αn)(Tnxn − x∗) + αn(Axn −Ax∗)‖2 + ‖xn+1 − x∗‖2

2
+αn〈Ax∗ − x∗, J(xn+1 − x∗)〉

≤ (‖xn − x∗‖ − αnϕ(‖xn − x∗‖))2 + ‖xn+1 − x∗‖2

2
+αn〈Ax∗ − x∗, J(xn+1 − x∗)〉.5&

‖xn+1 − x∗‖2 ≤ ‖xn − x∗‖2 − 2αnϕ(‖xn − x∗‖)‖xn − x∗‖ + α2
n(ϕ(‖xn − x∗‖))2 + 2αnεn.

‖xn+1 − x∗‖ ≤ ‖xn − x∗‖2 − 2αnϕ(‖xn − x∗‖)‖xn − x∗‖ + αn(Mαn + 2εn),C` M d1m M ≥ (ϕ(‖xn − x∗‖))2 1!l�5&��4
/.WA λn = ‖yn − x∗‖2 1�3a
λn+1 ≤ λn − αnψ(λn) + βn,C` ψ(t) = 2

√
tϕ(

√
t) D βn = αn(Mαn + 2εn). <6� 3.2 
/. xn → x∗ = P (Ax∗) De"-Uoa�
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4 �-�&�+�z��16r��~��J{)�WAV%u9Y1||N^�
sA (4.1) 1e"��-S%�71e"-Uo�
xn+1 = Tn(xn − αn(xn −Axn)), x0 ∈ K, (4.1)|� 4.1 [ {Tn} d'P�GÆ=/[ Gâteaux ��Dl1 Banach �v E `1V��ik K X1H�Qk9Y )G F =

∞
⋂

n=0
Fix(Tn) 6= ∅. , {xn} < (4.1) a \�

∞
∑

n=1
αn = ∞. S\ A d K X1V%uk9Y�3R m ≥ 0, lim

n→∞
‖xn − Tmxn‖ = 0, L

{yn} Ee". x∗ = P (Ax∗) ∈ F , C` P d( K . F 1�*H�Qeu9Y�	?�>
ψ(t) = 2

√
tϕ(

√
t) D!l M ≥ 0, )J {xnk

} ⊂ {xn}, k = 1, 2, · · · D ∃{εn} ⊂ (0,+∞) `
lim

n→∞
εn = 0 `/

‖xnk
− x∗‖2 ≤ ψ−1

(

1
nk
∑

m=0
αm

+Mαnk
+ 2εnk

)

,

‖xnk+1 − x∗‖2 ≤ ψ−1

(

1
nk
∑

m=0

αm

+Mαnk
+ 2εnk

)

+ αnk
(Mαnk

+ 2εnk
),

‖xn − x∗‖2 ≤ ‖xnk+1 − x∗‖2 −
n−1
∑

m=nk+1

αm

θm

, nk + 1 < n < nk+1, θm =

m
∑

i=0

αi,

‖xn+1 − x∗‖2 ≤ ‖x0 − x∗‖2 −
n
∑

m=0

αm

θm

≤ ‖x0 − x∗‖2, 1 ≤ n ≤ nk − 1,

1 ≤ nk ≤ smax = max
{

s;

s
∑

m=0

αm

θm

≤ ‖x0 − x∗‖2
}

.3 `;8� 3.4 1V6mF�/)J( K . F 1�*H�Qeu9Y P D)J�/1 x∗ ∈ K `/ x∗ = P (Ax∗). , yn = xn − αn(xn − Axn) = (1 − αn)xn + αnAxn, L
xn+1 = Tnyn. < K 1=���/

lim
n→∞

‖xn − yn‖ = lim
n→∞

αn‖xn −Axn‖ = 0.>3R m > 0, =
‖yn − Tmyn‖ ≤ ‖yn − xn‖ + ‖xn − Tmxn‖ + ‖Tmxn − Tmyn‖

≤ 2‖yn − xn‖ + ‖xn − Tmxn‖,w1
lim

n→∞
‖yn − Tmyn‖ = 0.�oA8� 3.3 (taking u = Ax∗), �4-= εn = max{〈Ax∗ − x∗, J(yn − x∗)〉, 0} `/
lim

n→∞
εn = 0.
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‖yn − x∗‖2 ≤ 〈(1 − αn)(xn − x∗) + αn(Axn −Ax∗), J(yn − x∗)〉
+αn〈Ax∗ − x∗, J(yn − x∗)〉

≤ ‖(1 − αn)(xn − x∗) + αn(Axn −Ax∗)‖2 + ‖yn − x∗‖2

2
+αn〈Ax∗ − x∗, J(yn − x∗)〉

≤ (‖xn − x∗‖ − αnϕ(‖xn − x∗‖))2 + ‖yn − x∗‖2

2
+αn〈Ax∗ − x∗, J(yn − x∗)〉.5&

‖yn − x∗‖2 ≤ ‖xn − x∗‖2 − 2αnϕ(‖xn − x∗‖)‖xn − x∗‖ + α2
n(ϕ(‖xn − x∗‖))2 + 2αnεn.

‖xn+1 − x∗‖ ≤ ‖yn − x∗‖ ≤ ‖xn − x∗‖2 − 2αnϕ(‖xn − x∗‖)‖xn − x∗‖ + αn(Mαn + 2εn),C` M d1m M ≥ (ϕ(‖xn − x∗‖))2 1!l�5&��4
/.WA λn = ‖yn − x∗‖2 1�3a
λn+1 ≤ λn − αnψ(λn) + βn,C` ψ(t) = 2

√
tϕ(

√
t) D βn = αn(Mαn + 2εn). <6� 3.2 
/. xn → x∗ = P (Ax∗) De"-Uoa��5S%1m}y lim

n→∞
‖yn − Tmyn‖ = 0 1�i�|� B[31−32, Corollary 1.1] /[� Banach �v E 1H�=���ik C X1H�Qk9Y T 1 Cesàro �Y Tnx = 1

n

n−1
∑

j=0

T jx(3R x ∈ C) /81m
lim

n→∞
sup
x∈C

‖Tnx− T (Tnx)‖ = 0.�9 4.2 >A/[� Banach �v E 1H��=��ik C X1H�Qk9Y
T (Fix(T ) 6= ∅) 1 Cesàro�Y Tnx = 1

n

n−1
∑

j=0

T jx(3R x ∈ C), U ) {xn} < (3.2) h (4.1) a84G lim
n→∞

αn = 0. 92
lim

n→∞
‖xn − Tmxn‖ = 0.3 ( C 1=���=

lim
n→∞

‖xn+1 − Tnxn‖ = lim
n→∞

αn‖Axn − Tnxn‖ = 0.5&�>3R m ≥ 0, =
‖xn+1 − Tmxn+1‖ ≤ ‖xn+1 − Tnxn‖ + ‖Tnxn − Tm(Tnxn)‖ + ‖Tm(Tnxn) − Tmxn+1‖

≤ 2‖xn+1 − Tnxn‖ + ‖Tm(Tnxn) − Tnxn‖
≤ 2‖xn+1 − Tnxn‖ + sup

x∈C

‖Tm(Tnx) − Tnx‖.`;8� B l/�0 (�x	� [12, 15, 18, Example]). � 4.3 >A/[� Banach�v E 1H���ik C X1H�Qk9Y T (Fix(T ) 6=
∅) 1 Cesàro �Y Tnx = 1

n

n−1
∑

j=0

T jx(3R x ∈ C), U ) {xn} < (3.2) h (4.1) a84G
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lim
n→∞

αn = 0 D ∞
∑

n=1
αn = ∞. L {xn} Ee". x∗ = P (Ax∗) ∈ F , C` P d( K . F 1�*H�Qeu9Y�	?�> ψ(t) = 2

√
tϕ(

√
t)D!lM ≥ 0,)J {xnk

} ⊂ {xn}, k = 1, 2, · · ·D ∃{εn} ⊂ (0,+∞) ` lim
n→∞

εn = 0 `/
‖xnk

− x∗‖2 ≤ ψ−1

(

1
nk
∑

m=0
αm

+Mαnk
+ 2εnk

)

,

‖xnk+1 − x∗‖2 ≤ ψ−1

(

1
nk
∑

m=0
αm

+Mαnk
+ 2εnk

)

+ αnk
(Mαnk

+ 2εnk
),

‖xn − x∗‖2 ≤ ‖xnk+1 − x∗‖2 −
n−1
∑

m=nk+1

αm

θm

, nk + 1 < n < nk+1, θm =

m
∑

i=0

αi,

‖xn+1 − x∗‖2 ≤ ‖x0 − x∗‖2 −
n
∑

m=0

αm

θm

≤ ‖x0 − x∗‖2, 1 ≤ n ≤ nk − 1,

1 ≤ nk ≤ smax = max
{

s;

s
∑

m=0

αm

θm

≤ ‖x0 − x∗‖2
}
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Solving Variational Inequality with Weak Contraction by

Using Viscosity Approximation Methods

Song Yisheng Yang Changsen
(College of Mathematics and Information Science, Henan Normal University, Henan Xinxiang 453007)

Abstract: In this paper, under the framework of a strictly convex Banach space with a uni-

formly Gâteaux differentiable norm, we study strong convergence of two explicit viscosity ap-

proximation methods for finding a solution to the variational inequality with weakly contractive

mapping A, and give the estimate of convergence rate.

Key words: Viscosity approximation methods; Nonexpansive mappings sequence; Weak con-

tractions; The estimate of convergence rate; Strictly convex Banach space.
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