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1 pl" 1 ≤ p <∞. p
‖f‖pp,λ = sup

y∈Rn,r>0

1

rλ

∫

B(y,r)

|f(x)|pdx,14 B(y, r) N� y h4�� r > 0 h��48� λ ∈ (0, n). "
Lp,λ(Rn) = {f ∈ Lploc : ‖f‖p,λ <∞},*% Lp,λ N� ‖ · ‖p,λ hDT4 Banach �t�7[8.� 1938 +� Morrey[1] �A� Lp,λ(Rn) �t�1�t%	�.fGE!4
��43=F�6
4F� (Æw��lx [2–4]). 1991 +� Mizuhara[5] �A���W�4 Morrey�t Lp,Φ �N"� Hardy-Littlewoodl)X?�m Calderón-Zygmund2�kGX?% Lp,Φ �tB4���� 1994 +� Nakai [6] 
lx [5] 4~Z
W/P��4W�

Morrey�t Lp,ω(Rn). 2006+� Softova[7] N"�*��_4,q�2�kGX?m1zf?% Lp,ω(Rn) �tB4����h�N"lx [7] 4~Z�o&N"�}=��p Sn−1 = {x ∈ R
n : |x| = 1}h R

n B4-k8'�" α1, · · · , αn hU=4IT�αi ≥ 1.AU=4 x = (x1, · · · , xn) ∈ R
n, \T F (x, ρ) =

n
∑

i=1

xi
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No.3 ��/6�W� Morrey �tB*��_4 Littlewood-Paley X? 631hE! F (x, ρ) = 1 4g��� 1966+� Fabes a Rivière [8] -(� ρ(x) N R
n B4DT�A µ > 0 �m x ∈ R

n, =� R
n 44EZ

δµ : (x1, x2, · · · , xn) −→ (µα1x1, µ
α2x2, · · · , µ

αnxn).*%?�2/ ρ(δµx) = µρ(x) �m ρ(tx) ≤ ρ(x), t ≤ 1. C6�t'4lH��K x =

δρx
′,x′ ∈ Sn−1, ρ = ρ(x) C6 dx = ρα−1J(x′)dρ dσ(x′), 14 α =

n
∑

i=1

αi, J(x′) N Sn−1 B4
C∞ \T�6)"6" 1. Fabes a Rivière [8] P%�#�,q�2�kGX? T 4 Lp ����14

Tf(x) = p.v.

∫

Rn

Ω(y)

ρ(y)α
f(x− y)dy,)� Ω $C

Ω(δµx) = Ω(x), ∀µ > 0, ∀x ∈ R
n (1.1)a

∫

Sn−1

Ω(x′)J(x′)dσ(x′) = 0. (1.2)%lx [8] 4�\&-(��Z Ω ∈ C1(Sn−1) $C (1.1) a (1.2) K�*% T % Lp(Rn)

(1 < p <∞) B���w%N"*��_4,q�2�kGX?m1zf?4=��D Ω(x, z) $Ct `x
Ω(x, δµz) = Ω(x, z), ∀x, ∀z ∈ R

n, ∀µ > 0 (1.3)a
∫

Sn−1

Ω(x, z′)J(z′) dσ(z′) = 0, ∀ x ∈ R
n. (1.4)*%*��_4,q�2�kGX?=��t

Tf(x) = p.v.

∫

Rn

Ω(x, x − y)

ρ(x− y)α
f(y)dy.p E(x, r) = {y : ρ(x− y) < r} N� x 4���h r 4d8�A
�Æk\T b: R

n 7→ R, D
M(b, E) =

1

|E|

∫

E

|b(y) − bE |dy,14 bE = |E|−1
∫

E
b(y)dy, ' ‖b‖BMO := sup

x∈Rn

r>0

M(b, E) < ∞. �*��_4,q�2�kGX?a BMO \T b F�4zf?=��t
[b, T ]f(x) = p.v.

∫

Rn

Ω(x, x− y)

ρ(x− y)α
(b(x) − b(y))f(y)dy.w%o&�hT�tW�4 Morrey �t Lp,ω(Rn) 4=��D ω N R+ / R+ 4\T6$Ct `x�&%�T C1 a C2 J2A<� r > 0

C1 ≤
ω(t)

ω(r)
≤ C2, r ≤ t ≤ 2r, (1.5)
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∫ ∞

r

ω(t)

tα+1
dt ≤ C

ω(r)

rα
. (1.6)*%A<�4 1 < p <∞, W�4 Morrey �t Lp,ω(Rn) =��t

Lp,ω(Rn) = {f ∈ Lploc(R
n) : ‖f‖p,ω <∞},)�

‖f‖p,ω := sup
x∈Rn

r>0

(

1

ω(r)

∫

E(x,r)

|f(y)|pdy

)1/p

.:�/. ω(r) ≡ 1 H�o&2/ Lebesgue �t Lp(Rn). �Z α1 = · · · = αn = 1, *%
ρ(x) = |x|, (Rn, ρ) = (Rn, | · |), J ≡ 1. . ω(r) = rλ, λ ∈ (0, n) H� Lp,ω(Rn) 4^	N�;4
Morrey �t Lp,λ(Rn). A" α1 = · · · = αn = 1, 1993 +� Di Fazio a Ragusa[2] -(��Z
Ω(x, z) $C (1.3), (1.4) K�mA<�4B61� β, �

sup
x∈Rn

ξ′∈Sn−1

|Dβ
ξΩ(x, ξ′)| ≤ C(β), (1.7)*%zf? [b, T ] % Lp,λ(Rn) B��� 2004+� Palagacheva Softova[4] 
lx [2] 4~Z
W/,q�47�� 2006 +� Softova[7] !
lx [4] 4~Z
W/W�4 Morrey �t

Lp,ω(Rn) (1 < p <∞).R^ A [7] D Ω(x, z) $C (1.3), (1.4) a (1.7) K��Z ω $C (1.5) a (1.6) K�*%
T % Lp,ω(Rn) (1 < p <∞) B����Z b ∈ BMO �m 1 < p <∞, *%&%�T C > 0 J2A<� f ∈ Lp,ω(Rn), ‖[b, T ]f‖p,ω ≤ C‖b‖BMO‖f‖p,ω.!�E'�1974+�Madych [9] N"�,q� Littlewood-PaleyX? gψ 4 Lp (1 < p <∞)����)�

gψ(f)(x) =

(
∫ ∞

0

|ψt ∗ f(x)|2
dt

t

)1/2

,

ψ ∈ S(Rn) $C ∫

Rn ψ(x)dx = 0, �m ψt(x) = t−αψ(δt−1x), t > 0. Qlx [8] a [9] QF4�z�E��Ding, Xue a Yabuta[10] J�BR4~Z�P<94V�\&-(��Z ψ(x) �_\T φ(x) = Ω(x)ρ(x)−α+1χ{ρ(x)≤1}(x) ,_�,q� Littlewood-Paley X?=:% Lp B���14 Ω ∈ Lq(Sn−1) (q > 1) $C (1.1) a (1.2) K�R^ B[10] �Z Ω ∈ Lq(Sn−1)(q > 1)$C (1.1)a (1.2)K�*% gφ N (p, p) 1 < p <∞�4��$��MdA:4n^	N*��_4,q� Littlewood-PaleyX?m1zf?%W�4 Morrey �t Lp,ω(Rn) BNH��W4~Z	%�l4�o&yABRn^N"�=4h(�PuN"*��_4,q� Littlewood-Paley X? gφ m1zf? [b, gφ] 4=�
gφ(f)(x) =

{
∫ ∞

0

∣

∣

∣

∣

∫

ρ(x−y)≤t

Ω(x, x − y)

ρ(x− y)α−1
f(y)dy

∣

∣

∣

∣

2
dt

t3

}1/2

(1.8)a
[b, gφ]f(x) =

{
∫ ∞

0

∣

∣

∣

∣

∫

ρ(x−y)≤t

Ω(x, x− y)

ρ(x− y)α−1
(b(x) − b(y))f(y)dy

∣

∣

∣

∣

2
dt

t3

}1/2

. (1.9)



No.3 ��/6�W� Morrey �tB*��_4 Littlewood-Paley X? 633�Z α1 = · · · = αn = 1, *% ρ(x) = |x|. gφ 	N�;4*��_4 Marcinkiewicz kGX? (wlx [11]). �l4~Z�t�R^ 1 " 1 < p < ∞. D Ω(x, z) $C (1.3), (1.4) a (1.7) K��Z ω $C (1.5) a
(1.6) K�*%&%�T C > 0 J2A<�4 f ∈ Lp,ω(Rn), ‖gφ(f)‖p,ω ≤ C‖f‖p,ω.R^ 2 %=� 1 ya4`xt�m b ∈ BMO. *%&%�T C > 0 J2A<�4
f ∈ Lp,ω(Rn), ‖[b, gφ]f‖p,ω ≤ C‖b‖BMO‖f‖p,ω.w =� 1 a 2 
W�=� A. ℄�8�o&4~Z% ρ(x) = |x| )57�t=:N~4�A p ≥ 1, p′ �L p 4RI1��n p′ = p/(p− 1).

2 p_A<�N=4Æ�\T f ∈ Lloc(R
n), Hardy-Littlewood l)X? M �m sharp l)X? f ♯ =��t

Mf(x) = sup
E∋x

1

|E|

∫

E

|f(y)|dya
f ♯(x) = sup

E∋x

1

|E|

∫

E

|f(y) − fE |dy.=�X? Mqf(x) := (M(|f |q)(x))1/q , 1 ≤ q <∞.p Hm h n - j m }8<a\TD�4�t�61�t4jT dm = dimHm. �lx
[12] .

dm ≤ C(n)mn−2, m ≥ 1. (2.1)" {Ym,s(x
′)}dm

s=1 h Hm 4,zi�*% {Ym,s(x
′)}dm

s=1 (m = 0, 1, · · ·) N L2(Sn−1) 4eÆ,zs�6A<�4B61� β (Æwlx [13])

sup
x′∈Sn−1

|Dβ
x′Ym,s(x

′)| ≤ C(n)m|β|+(n−2)/2, m = 1, 2, · · · . (2.2)�Z φ ∈ C∞(Sn−1),*% ∑

m

∑

s am,sYm,s(x
′)N φ(x′)V" {Ym,s(x

′)}m,s 4 Fourier(��)�
am,s =

∫

Sn−1

φ(y′)Ym,s(y
′) dσ(y′),6 (wlx [13])

|am,s| ≤ C(n, l)m−2l sup
|β|=2l

sup
y′∈Sn−1

|Dβ
y′φ(y′)|, (2.3)A<�,+T l ?���o^ 2.1[6] " 1 < p < ∞. �Z ω $C (1.5) a (1.6) K�A 1 ≤ q < p < ∞, &%�T

Cp,q J2A f ∈ Lp,ω(Rn), �
‖Mqf‖p,ω ≤ Cp,q‖f‖p,ω.o^ 2.2[7] " 0 < ν < 1. �Z ω $C (1.5) Ka
∫ ∞

r

ω(t)

tνα+1
dt ≤ C

ω(r)

rνα
, (2.4)
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 Vol.29A*%A 1 < p <∞, &%# f pV4�T C J2 ‖f‖p,ω ≤ C‖f ♯‖p,ω.w �Z ω $C (1.6) K��lx [6] 44���Æ.&% 0 < ε < α J2
∫ ∞

r

ω(t)

tα−ε+1
dt ≤ C

ω(r)

rα−ε
." ν = α−ε

α . dv: 0 < ν < 1 6 ω $C (2.4) K��$�� 2.2 %`x (1.5) a (1.6) tÆN��4�o^ 2.3[4] " f ∈ BMO 6 1 ≤ p <∞, *%A<�4d8 E , �
(

1

|E|

∫

E

|f(y) − fE |
pdy

)1/p

≤ C‖f‖BMO.o^ 2.4 D E = E(x0, r). " γ > 0, *%A<� x ∈ E �m y ∈ (2E)c, �
∣

∣

∣

∣

1

ρ(x− y)γ
−

1

ρ(x0 − y)γ

∣

∣

∣

∣

≤ 2(2γ − 1)
ρ(x− x0)

ρ(y − x0)γ+1

(A a > 0, aE = {y : ρ(y − x0) < ar}).s � x ∈ E a y ∈ (2E)c, � 1/2 < ρ(x−y)
ρ(x0−y)

< 3/2. �� t−γ 4b�2
1 − (1/2)−γ

1 − 1/2
≤

1 − t−γ

1 − t
, 1/2 < t < 1�m

1 − (1/2)−γ

1 − 1/2
≤

1 − t−γ

1 − t
, 1 < t,�$�

|1 − t−γ | ≤ 2(2γ − 1)|1 − t| , t > 1/2.�$�A x ∈ E a y ∈ (2E)c �
∣

∣

∣

∣

1

ρ(x0 − y)γ
−

1

ρ(x − y)γ

∣

∣

∣

∣

≤ 2(2γ − 1)
ρ(x− x0)

ρ(x0 − y)γ+1
.o^ 2.5 D E = E(x0, r). " γ > 0, *%

∣

∣

∣

∣

Ym,s((x − y)′)

J((x− y)′)ρ(x− y)γ
−

Ym,s((x0 − y)′)

J((x0 − y)′)ρ(x0 − y)γ

∣

∣

∣

∣

≤ Cmn/2 ρ(x − x0)

ρ(y − x0)γ+1
,)� x ∈ E , y ∈ (2E)c, x′ = ( x1

ρ(x)α1
, · · · , xn

ρ(x)αn
).s

∣

∣

∣

∣

Ym,s((x − y)′)

J((x− y)′)ρ(x− y)γ
−

Ym,s((x0 − y)′)

J((x0 − y)′)ρ(x0 − y)γ

∣

∣

∣

∣

≤

∣

∣

∣

∣

Ym,s((x − y)′)

J((x − y)′)

∣

∣

∣

∣

∣

∣

∣

∣

1

ρ(x− y)γ
−

1

ρ(x0 − y)γ

∣

∣

∣

∣

+
1

ρ(x0 − y)γ

∣

∣

∣

∣

Ym,s((x− y)′) − Ym,s((x0 − y)′)

J((x− y)′)

∣

∣

∣

∣

+
1

ρ(x0 − y)γ
|Ym,s((x0 − y)′)||J((x − y)′) − J((x0 − y)′)|

|J((x− y)′)J((x0 − y)′)|

:= I + II + III.



No.3 ��/6�W� Morrey �tB*��_4 Littlewood-Paley X? 635�h J(x′) ≥ 1, � (2.2) K�m�� 2.4, o&2
I ≤ Cmn/2−1 ρ(x0 − x)

ρ(x0 − y)γ+1
.|t����40=� (�m (2.2) K) 2

|Ym,s((x− y)′) − Ym,s((x0 − y)′)| ≤ C1m
n/2|(x− y)′ − (x0 − y)′|,

|J((x − y)′) − J((x0 − y)′)| ≤ C2|(x − y)′ − (x0 − y)′|.�h x ∈ E , y ∈ (2E)c, *%� ρ(x− y) > ρ(x0−y)
2 , �m�� 2.4 2

|ρ(x0 − y)−αj − ρ(x− y)−αj | ≤ C
ρ(x− x0)

ρ(x0 − y)αj+1
.�$2

|(x− y)′ − (x0 − y)′|

= |δρ(x−y)−1(x− y) − δρ(x0−y)−1(x0 − y)|

≤ |δρ(x−y)−1(x− y) − δρ(x−y)−1(x0 − y)| + |δρ(x−y)−1(x0 − y) − δρ(x0−y)−1(x0 − y)|

= |δρ(x−y)−1(x− x0)| +

[ n
∑

j=1

(x0j − yj)
2

(

1

ρ(x− y)αj
−

1

ρ(x0 − y)αj

)2]1/2

≤
ρ(x− x0)

ρ(x − y)
+

[ n
∑

j=1

(x0j − yj)
2

ρ(x0 − y)2αj
ρ(x0 − y)2αj

(

1

ρ(x − y)αj
−

1

ρ(x0 − y)αj

)2]1/2

≤
ρ(x− x0)

ρ(x − y)
+ max

j
ρ(x0 − y)αj

∣

∣

∣

∣

1

ρ(x− y)αj
−

1

ρ(x0 − y)αj

∣

∣

∣

∣

( n
∑

j=1

(x0j − yj)
2

ρ(x0 − y)2αj

)1/2

≤ 2
ρ(x− x0)

ρ(x0 − y)
+ max

j
ρ(x0 − y)αj

Cρ(x− x0)

ρ(x0 − y)αj+1

≤ C
ρ(x− x0)

ρ(x0 − y)
.� J(x′) ≥ 1 a (2.2) K�2/

II + III ≤ Cmn/2 ρ(x− x0)

ρ(x0 − y)γ+1
.

3 S_ 1 QtbA<�4 x, y ∈ R
n, � (1.4) Ka J(y′) ∈ C∞(Sn−1), o&�

J(y′)Ω(x, y′) =
∞
∑

m=1

dm
∑

s=1

am,s(x)Ym,s(y
′).)�

am,s(x) =

∫

Sn−1

Ω(x, y′)J(y′)Ym,s(y
′) dσ(y′).
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Ω(x, y′) =

∞
∑

m=1

dm
∑

s=1

am,s(x)
Ym,s(y

′)

J(y′)
.� (1.7) a (2.3) K�A<� x ∈ R

n, �
|am,s(x)| ≤ C(n, l)m−2l, (3.1)A<� l > 1 ?���*%o&U= l = n. � Hölder’s �6K� (2.1) �m (3.1) K2

gφ(f)(x) =

{
∫ ∞

0

∣

∣

∣

∣

∫

ρ(x−y)≤t

∞
∑

m=1

dm
∑

s=1

am,s(x)
Ym,s((x − y)′)

J((x − y)′)ρ(x− y)α−1
f(y)dy

∣

∣

∣

∣

2
dt

t3

}1/2

≤

{
∫ ∞

0

( ∞
∑

m=1

m−2

) ∞
∑

m=1

m2

( dm
∑

s=1

|am,s(x)|

×

∣

∣

∣

∣

∫

ρ(x−y)≤t

Ym,s((x− y)′)

J((x − y)′)ρ(x− y)α−1
f(y)dy

∣

∣

∣

∣

)2
dt

t3

}1/2

≤ C

{
∫ ∞

0

∞
∑

m=1

m2
dm
∑

s=1

|am,s(x)|
2

×

dm
∑

s=1

∣

∣

∣

∣

∫

ρ(x−y)≤t

Ym,s((x − y)′)

J((x− y)′)ρ(x− y)α−1
f(y)dy

∣

∣

∣

∣

2
dt

t3

}1/2

≤ C

{ ∞
∑

m=1

m−3n
dm
∑

s=1

∫ ∞

0

∣

∣

∣

∣

∫

ρ(x−y)≤t

Ym,s((x− y)′)

J((x − y)′)ρ(x− y)α−1
f(y)dy

∣

∣

∣

∣

2
dt

t3

}1/2

= C

{ ∞
∑

m=1

m−3n
dm
∑

s=1

(gm,s(f)(x))2
}1/2

≤ C

∞
∑

m=1

m−3n/2
dm
∑

s=1

|gm,s(f)(x)|. (3.2))�
gm,s(f)(x) =

∫ ∞

0

∣

∣

∣

∣

∫

ρ(x−y)≤t

Ym,s((x − y)′)

J((x− y)′)ρ(x− y)α−1
f(y)dy

∣

∣

∣

∣

2
dt

t3

}1/2

.?�.1 Ωm,s(x) =
Ym,s

J (x′) $Ct'�3
∫

Sn−1

Ωm,s(x
′)J(x′) dσ(x′) = 0 (3.3)�m

Ωm,s(δλx) = Ωm,s(x), ∀λ > 0. (3.4)C6� Ωm,s ∈ L2(Sn−1). *%�=� B, o&2 1 < p <∞,

‖gm,s(f)‖p ≤ C‖f‖p, (3.5))� C # f, m, s pV�w%o&��,q� Littlewood-PaleyX? gm,s 4 sharp\T$C
(gm,s(f))♯(x) ≤ Cmn/2(M(|f |p)(x))1/p, (3.6)14 C 2��" n, p a α, # f pV�



No.3 ��/6�W� Morrey �tB*��_4 Littlewood-Paley X? 637U= x0 ∈ R
n, D E N� x0 h4����h r 4d8�p f = fχ2E + fχ(2E)c = f1 + f2,

χ �L℄*\T�w%o&�#t'4�'K
1

|E|

∫

E

|gm,sf(x) − (gm,sf)E |dx ≤
C

|E|

∫

E

|gm,sf1(x)|dx +
C

|E|

∫

E

|gm,sf2(x) − gm,sf2(x0)|dx

=: I1(x0, E) + I2(x0, E).� (3.5) K�2
I1(x0, E) ≤

C

|E|

(
∫

E

dx

)1/p′( ∫

E

|gm,sf1(x)|
pdx

)1/p

≤ C|E|−1/p

(
∫

Rn

|f1(x)|
pdx

)1/p

≤ C(M(|f |p)(x0))
1/p.�# I2(x0, E). �" x ∈ E , *%�� Minkowski �6K2

|gm,sf2(x) − gm,sf2(x0)| ≤

{
∫ ∞

0

∣

∣

∣

∣

∫

ρ(x−y)≤t

Ym,s((x − y)′)

J((x− y)′)ρ(x− y)α−1
f2(y)dy

−

∫

ρ(x0−y)≤t

Ym,s((x0 − y)′)

J((x0 − y)′)ρ(x0 − y)α−1
f2(y)dydy

∣

∣

∣

∣

2
dt

t3

}1/2

≤

{
∫ ∞

0

∣

∣

∣

∣

∫

ρ(x−y)≥t

ρ(x0−y)≤t

Ym,s((x0 − y)′)

J((x0 − y)′)ρ(x0 − y)α−1
f2(y)dy

∣

∣

∣

∣

2
dt

t3

}1/2

+

{
∫ ∞

0

∣

∣

∣

∣

∫

ρ(x−y)≤t

ρ(x0−y)≥t

Ym,s((x− y)′)

J((x − y)′)ρ(x − y)α−1
f2(y)dy

∣

∣

∣

∣

2
dt

t3

}1/2

+

{
∫ ∞

0

∣

∣

∣

∣

∫

ρ(x−y)≤t

ρ(x0−y)≤t

(

Ym,s((x− y)′)

J((x− y)′)ρ(x − y)α−1

−
Ym,s((x0 − y)′)

J((x0 − y)′)ρ(x0 − y)α−1

)

f2(y)dy

∣

∣

∣

∣

2
dt

t3

}1/2

:= D1 +D2 +D3.�h J(x′) ≥ 1, � (2.2) Ko&2/
D1 ≤ Cmn/2−1

∫

Rn

|f2(y)|

ρ(x0 − y)α−1

(
∫

ρ(x0−y)≤t

ρ(x−y)≥t

dt

t3

)1/2

dy

≤ Cmn/2−1

∫

(2E)c

|f(y)|

ρ(x0 − y)α−1

∣

∣ρ(x0 − y)−2 − ρ(x− y)−2
∣

∣

1/2
dy

≤ Cmn/2−1r1/2
∫

(2E)c

|f(y)|

ρ(x0 − y)α+1/2
dy

= Cmn/2−1r1/2
∞
∑

k=1

∫

2k+1E\2kE

|f(y)|

ρ(x0 − y)α+1/2
dy

≤ Cmn/2−1r1/2
∞
∑

k=1

(2k+1r)α

(2kr)α+1/2

(

1

|2k+1E|

∫

2k+1E

|f(y)|pdy

)1/p

≤ Cmn/2−1(M(|f |p)(x0))
1/p.
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D2 ≤ Cmn/2−1(M(|f |p)(x0))

1/p.V" D3, ��� 2.5, 2
D3 ≤

∫

(2E)c

∣

∣

∣

∣

Ym,s((x − y)′)

J((x− y)′)ρ(x− y)α−1
−

Ym,s((x0 − y)′)

J((x0 − y)′)ρ(x0 − y)α−1

∣

∣

∣

∣

×|f(y)|

{
∫

ρ(x−y)≤t

ρ(x0−y)≤t

dt

t3

}1/2

dy

≤ Cmn/2

∫

(2E)c

|f(y)|
ρ(x− x0)

ρ(x0 − y)α+1
dy ≤ Cmn/2r

∫

(2E)c

|f(y)|

ρ(x0 − y)α+1
dy.�W D1 4-(2

D3 ≤ Cmn/2(M(|f |p)(x0))
1/p.~
 D1, D2 a D3, 2

I2(x0, E) ≤ Cmn/2(M(|f |p)(x0))
1/p.�$� I1(x0, E) a I2(x0, E) 4So2/ (3.6) K�w%-(,q� Littlewood-Paley X? gm,s $C

‖gm,s(f)‖p,ω ≤ Cmn/2‖f‖p,ω, (3.7)14�T C 2�� n, p a α. IqB�A<� p > 1 �m q ∈ (1, p), � (3.6) Ka�� 2.1,o&�
1

ω(r)

∫

E(x,r)

|(gm,sf)♯(y)|pdy ≤ Cmpn/2 1

ω(r)

∫

E(x,r)

(M(|f |q)(y))p/qdy

≤ Cmpn/2‖f‖pp,ω.�B'4Soa�� 2.2 2 (3.7)K�Ee�� (3.2), (3.7)Ka Minkowski�6K�o&2/
‖gφ(f)‖p,ω ≤ C

∞
∑

m=1

m−2‖f‖p,ω ≤ C‖f‖p,ω.=� 1 -��
4 S_ 2 Qtb�W (3.2) K4-(�o&2/

[b, gφ]f(x) ≤ C
∞
∑

m=1

m−3n/2
dm
∑

s=1

|[b, gm,s]f(x)|, (4.1)14
[b, gm,s]f(x) =

{
∫ ∞

0

∣

∣

∣

∣

∫

ρ(x−y)≤t

Ym,s((x − y)′)

J((x − y)′)ρ(x− y)α−1
(b(x) − b(y))f(y)dy

∣

∣

∣

∣

2
dt

t3

}1/2

.
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([b, gm,s]f)♯(x) ≤ C‖b‖BMO

(

(M(|gm,s(f)|p)(x))1/p +mn/2(M(|f |p)(x))1/p
)

. (4.2)A<�U=4d8 E = E(x0, r), p f = fχ2E + fχ(2E)c =: f1 + f2. � Minkowski �6K�2
[b, gm,s]f(x)

≤ |b(x) − bE |

{
∫ ∞

0

∣

∣

∣

∣

∫

ρ(x−y)≤t

Ym,s((x − y)′)

J((x− y)′)ρ(x− y)α−1
f(y)dy

∣

∣

∣

∣

2
dt

t3

}1/2

+

{
∫ ∞

0

∣

∣

∣

∣

∫

ρ(x−y)≤t

Ym,s((x − y)′)

J((x− y)′)ρ(x − y)α−1
(bE − b(y))f1(y)dy

∣

∣

∣

∣

2
dt

t3

}1/2

+

{
∫ ∞

0

∣

∣

∣

∣

∫

ρ(x−y)≤t

Ym,s((x − y)′)

J((x− y)′)ρ(x − y)α−1
(bE − b(y))f2(y)dy

∣

∣

∣

∣

2
dt

t3

}1/2

= |b(x) − bE |gm,sf(x) + gm,s((b − bE)f1)(x) + gm,s((b− bE)f2)(x)

=: A1(x) +A2(x) +A3(x).r�/5o&uhTt'4�6K (�wlx [7])

|b2E − bE | ≤ C(α)‖b‖BMO (4.3)a
|b2kE − bE | ≤ C(α)k‖b‖BMO. (4.4)Pu���� 2.3 2

1

|E|

∫

E

|A1(x) − (A1)E |dx ≤
2

|E|

∫

E

|b(x) − bE ||gm,sf(x)|dx

≤ C‖b‖BMO(M(|gm,sf |
p)(x0))

1/p. (4.5)w%�A<� p > 1 �m q ∈ (1, p), � (3.5) K2
1

|E|

∫

E

|A2(x) − (A2)E |dx ≤
2

|E|

∫

E

|gm,s(b − bE)f1(x)|dx

≤
C

|E|

(
∫

E

|gm,s(b− bE)f1(x)|
qdx

)1/q( ∫

E

dx

)1/q′

≤ C|E|−1/q

(
∫

2E

|f(y)|p
)1/p( ∫

2E

|b(y) − bE |
pq/(p−q)dy

)(p−q)/pq

.C6�� (4.3) Ka�� 2.3 2
∫

2E

|b(y) − bE |
pq/(p−q)dy ≤ C

(
∫

2E

|b(y) − b2E |
pq/(p−q)dy +

∫

2E

|b2E − bE |
pq/(p−q)dy

)

≤ C

(

|2E|
1

|2E|

∫

2E

|b(y) − b2E |
pq/(p−q)dy + |2E|‖b‖

pq/(p−q)
BMO

)

≤ C|2E|‖b‖
pq/(p−q)
BMO .�$

1

|E|

∫

E

|A2(x) − (A2)E |dx ≤ C‖b‖BMO

(

1

|2E|

∫

2E

|f(y)|p
)1/p

≤ C‖b‖BMO(M(|f |p)(x0))
1/p. (4.6)
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1

|E|

∫

E

|A3(x) − (A3)E |dx ≤
2

|E|

∫

E

|A3(x) − A3(x0)|dx.!�E'�� Minkowski �6K��
|A3(x) −A3(x0)|

≤

{
∫ ∞

0

∣

∣

∣

∣

∫

ρ(x−y)≤t

Ym,s((x − y)′)

J((x− y)′)ρ(x− y)α−1
(bE − b(y))f2(y)dy

−

∫

ρ(x0−y)≤t

Ym,s((x0 − y)′)

J((x0 − y)′)ρ(x0 − y)α−1
(bE − b(y))f2(y)dydy

∣

∣

∣

∣

2
dt

t3

}1/2

≤

{
∫ ∞

0

∣

∣

∣

∣

∫

ρ(x−y)≥t

ρ(x0−y)≤t

Ym,s((x0 − y)′)

J((x0 − y)′)ρ(x0 − y)α−1
(bE − b(y))f2(y)dy

∣

∣

∣

∣

2
dt

t3

}1/2

+

{
∫ ∞

0

∣

∣

∣

∣

∫

ρ(x−y)≤t

ρ(x0−y)≥t

Ym,s((x− y)′)

J((x − y)′)ρ(x− y)α−1
(bE − b(y))f2(y)dy

∣

∣

∣

∣

2
dt

t3

}1/2

+

{
∫ ∞

0

∣

∣

∣

∣

∫

ρ(x−y)≤t

ρ(x0−y)≤t

(

Ym,s((x− y)′)

J((x − y)′)ρ(x − y)α−1
−

Ym,s((x0 − y)′)

J((x0 − y)′)ρ(x0 − y)α−1

)

×(bE − b(y))f2(y)dy

∣

∣

∣

∣

2
dt

t3

}1/2

:= K1 +K2 +K3.�h J(x′) ≥ 1, � (2.2) Ka�� 2.4 2
K1 ≤ Cmn/2−1

∫

Rn

|bE − b(y)||f2(y)|

ρ(x0 − y)α−1

(
∫

ρ(x0−y)≤t

ρ(x−y)≥t

dt

t3

)1/2

dy

≤ Cmn/2−1

∫

(2E)c

|bE − b(y)||f(y)|

ρ(x0 − y)α−1

∣

∣ρ(x0 − y)−2 − ρ(x− y)−2
∣

∣

1/2
dy

≤ Cmn/2−1r1/2
∫

(2E)c

|bE − b(y)||f(y)|

ρ(x0 − y)α+1/2
dy

≤ Cmn/2−1r1/2
(

∫

(2E)c

|f(y)|p

ρ(x0 − y)α+1/2
dy

)1/p( ∫

(2E)c

|b(y) − bE |
p′

ρ(x0 − y)α+1/2
dy

)1/p′

.�
∫

(2E)c

|f(y)|p

ρ(x0 − y)α+1/2
dy ≤ C

2α

r1/2
M(|f |p)(x0),

(3.11) Ka�� 2.3 2
∫

(2E)c

|b(y) − bE |
p′

ρ(x0 − y)α+1/2
dy =

∞
∑

k=1

∫

2k+1E\2kE

|b(y) − bE |
p′

ρ(x0 − y)α+1/2
dy

≤

∞
∑

k=1

1

(2kr)
α+1/2

∫

2k+1E

|b(y) − bE |
p′dy

≤ C

∞
∑

k=1

1

(2kr)
α+1/2

kp
′

|2k+1E|‖b‖p
′

BMO
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≤ C
2α

r1/2
‖b‖p

′

BMO

∞
∑

k=1

kp
′

2k/2

≤ Cr−1/2‖b‖p
′

BMO,�$2/
K1 ≤ Cmn/2−1‖b‖BMO(M(|f |p)(x0))

1/p.a��o&Æ�2
K2 ≤ Cmn/2−1‖b‖BMO(M(|f |p)(x0))

1/p.V" K3, ��� 2.5 2
K3 ≤

∫

(2E)c

∣

∣

∣

∣

Ym,s((x − y)′)

J((x− y)′)ρ(x− y)α−1
−

Ym,s((x0 − y)′)

J((x0 − y)′)ρ(x0 − y)α−1

∣

∣

∣

∣

×|bE − b(y)||f(y)|

{
∫

ρ(x−y)≤t

ρ(x0−y)≤t

dt

t3

}1/2

dy

≤ Cmn/2

∫

(2E)c

|bE − b(y)||f(y)|
ρ(x− x0)

ρ(x0 − y)α+1
dy

≤ Cmn/2r

∫

(2E)c

|bE − b(y)||f(y)|

ρ(x0 − y)α+1
dy.�W" K1 4So2

K3 ≤ Cmn/2‖b‖BMO(M(|f |p)(x0))
1/p.~
 K1, K2 a K3, 2

1

|E|

∫

E

|A3(x) − (A3)E |dx ≤ Cmn/2‖b‖BMO(M(|f |p)(x0))
1/p. (4.7)�$�� (4.5), (4.6) a (4.7) K2 (4.2) K�t'o&y-(zf? [b, gm,s] $C

‖[b, gm,s]f‖p,ω ≤ Cmn/2‖b‖BMO‖f‖p,ω. (4.8)14�T C # f pV�IqB�A<� p > 1 a q ∈ (1, p), � (3.7), (4.2) Ka�� 2.1, o&2/
1

ω(r)

∫

E(x,r)

|([b, gm,s]f)♯(y)|pdy

≤ Cmpn/2 1

ω(r)

∫

E(x,r)

(M(|f |q)(y))p/qdy + C
1

ω(r)

∫

E(x,r)

(M(|gm,sf |
q)(y))p/qdy

≤ Cmpn/2‖|f |q‖
p/q
p/q,ω + C‖|gm,sf |

q‖
p/q
p/q,ω

≤ Cmpn/2‖f‖pp,ω.�BKa�� 2.2 ��2/ (4.8) K�Ee�� (4.1), (4.8) K�m Minkowski �6K��
‖[b, gφ]f‖p,ω ≤ C‖b‖BMO‖f‖p,ω.=� 2 -��
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Littlewood-Paley Operator with Variable Kernel in

Generalized Morrey Spaces

Chen Yanping
(Department of Mathematics and Mechanics, Applied Science School,

University of Science and Technology Beijing, Beijing 100083)

Ding Yong
(School of Mathematics, Laboratory of Mathematics and Complex Systems (BNU)

Ministry of Education, China, Beijing Normal University, Beijing 100875)

Abstract: In this paper the authors study the boundedness for a class of parabolic Littlewood-

Paley operator gφ with variable kernels in generalized Morrey spaces Lp,ω(Rn). As an applica-

tion of the above result, the boundeness of the commutator [b, gφ], formed by gφ and a BMO(Rn)

function b(x) in Lp,ω(Rn) is also obtained.
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