
2009,29A(3):643–650

P_i6>:LM< PML \eDR ∗

1 r~x 2 yqz
(1 {�o�|��u}v��� sp{� 518060; 2 two�|��� mn 130021)ga	jB$MT�d�N6�E/FZ?f℄�s0E/F~T�eL��J{,�

PML(perfectly matched layers) � F~T�℄5a$�fm�BE;	�d
 PML; ~T�℄�
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1 XTK^	qW6b�b0� �L4'2j Maxwell a-0
∇× E− ik

µ
B = 0, ∇× H +

ik

ε
D = 0, (1)q� Drude-Born-Fedorov (DBF) �va- [1]

D = ε(E + β∇× E), B = µ(H + β∇× H), (2)t E,H,D � B ���L'�4'�L�p�4kxvS� ε � µ ���b0�D0LM"�4A℄� k = ω
√

εµ >�"� β ��bAi (chirality admittance), *	oO-S	�q^y�b0�DgzbvS�+� (1) � (2) �}	�b0� E, H _.
∇× E = γ2βE + i

γ2

k
H, ∇× H = γ2βH − i

γ2

k
E, (3)t k = ω

√
εµ, γ2 = k2

1−(kβ)2 . �"�Æ kβ < 1.Nb#L}.�b��L4��C-De\��7 1, �Æ}.�b���oop`�
x3 aWD%0 D̃ = {x ∈ R

3| (x1, x2) ∈ D, x3 ∈ R}. D �%0 D̃ 	 x1-x2 pbD*b��?N5D�t�. ∂D � C2,α D� D̃ k��bAi> β D�b0�� D̃ $<�0L)" ε,4A℄� µ D0��;F D̃ .�1>�A�>\qpb�^���DL4'��B}.�b0��� D̃ DL4��xB��n�s�2007-10-30; eP�s�2009-03-30
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8 1 ~/�d2��N6��Æ(}D#"� x3 RGy�L4' E,H qoRnR� x3 Gy�[ E =

(e1, e2, e3)
T ,H = (h1, h2, h3)

T . >� (3) ��}
∇ · ( 1

k
∇e3) − i∇ · (β∇h3) = −iγ2βh3 −

γ2

k
e3, (4)

∇ · ( 1

k
∇h3) + i∇ · (β∇e3) = iγ2βe3 −

γ2

k
h3. (5)� ei, hi >��' Ei,Hi 	 x3 aWDR� es, hs >��' Es,Hs 	 x3 aWDR� es = e3 − ei, hs = h3 − hi, ÆlCB R

2  y� es � hs D;a-
∇ · ( 1

k
∇es) − i∇ · (β∇hs) + iγ2βhs +

γ2

k
es = −f1, (6)

∇ · ( 1

k
∇hs) + i∇ · (β∇es) − iγ2βes +

γ2

k
hs = −f2, (7)ÆH f1 � f2 �N

f1 = ∇ · ( 1

k
∇ei) − i∇ · (β∇hi) + iγ2βhi +

γ2

k
ei,

f2 = ∇ · ( 1

k
∇hi) + i∇ · (β∇ei) − iγ2βei +

γ2

k
hi.w�y� es, hs DZWR us = (es, hs)T , �Oui� ∇us = (∇es,∇hs)T , 
 (6) � (7)���:>�NWR^�D;a-

∇ · (A1∇us) + B1u
s + f = 0, x ∈ R

2, (8)t 
A1 =







1

k
−iβ

iβ
1

k






, B1 =









γ2

k
iγ2β

−iγ2β
γ2

k









, f = (f1, f2)
T . (9)



No.3 l1WG��b��L4��D PML }S��% 645Z:mz��' us 	qoaW�o�H_.f�3!
lim

r→∞

√
r(

∂us

∂η
− ikus) = 0, (10)t η = x/|x|, r = |x|.5}q	D�!�}.�b��L4��C-�f!>�qpb�^�2�D��L4' ui = (ei, hi)T , ��B}.�b0��� D 	�z us = (es, hs)T , _. (8) �q�f�3! (10).

2 XT=d℄fAY>Sr/C-D�^��% R
2 DC-(
>}.{� BR(�Æ BR �ooq�J>[Æ8> R, �~ D D.;D�) DC-�P+^	 ∂BR(∂BR > BR D�.) 	 us _.D3!�qN-�Æ R .;� R

2\BR :�0L)"> ε0, 4A℄> µ0 D�A�	 R
2\BR 	� β = 0, ��' es � hs _. Helmholtz a-

(∆ + k2
0)us = 0, (11)ÆH k0 = ω

√
ε0µ0.'tB� r = |x| > R �� Helmholtz a- (11) D��- us = (es, hs)T 	�4� (r, θ)N���>�N�RFD�"^� [2]

es(r, θ) =
+∞
∑

n=−∞

anH
(1)
|n| (k0r)e

inθ, (12)ÆH H
(1)
n �IoE n ) Hankel �" [3]. �" (12) 	 r > R �o��O�Zoabs� es 	�. ∂BR 	�$r�"�v7 es }�ND Fourier �"�<

es(R, θ) =

+∞
∑

n=−∞

en(R) einθ, (13)t 
e(n)(R) =

1

2π

∫ 2π

0

es(R, θ) e−inθdθ.| (12) � (13) ��}
es(r, θ) =

+∞
∑

n=−∞

e(n)H
(1)
|n| (k0r)

H
(1)
|n| (k0R)

einθ, r ≥ R. (14)� ν > ∂BR D:\WR�| (14) ��qz es 	 ∂BR D:\aWA"
∂es(r, θ)

∂ν
=

+∞
∑

n=−∞

k0e
(n)H

′(1)
|n| (k0r)

H
(1)
|n| (k0R)

einθ, r ≥ R. (15)W��" ϕ(r, θ), w�%+ T ,

T (ϕ) ,

+∞
∑

n=−∞

k0ϕ
(n)H

′(1)
|n| (k0r)

H
(1)
|n| (k0R)

einθ, (16)
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ϕ(n) =

1

2π

∫ 2π

0

ϕ(r, θ) e−inθdθ.bH 2.1 %+ T : H1/2(∂BR) → H−1/2(∂BR) � (16) �Ou�
C- (8)–(10) D-_.
∂es(r, θ)

∂ν
= Tes, x ∈ ∂BR, (17)

∂hs(r, θ)

∂ν
= Ths, x ∈ ∂BR, (18)tWR^�� T : (H1/2(∂BR))2 → (H−1/2(∂BR))2,

∂us(r, θ)

∂ν
= Tus, x ∈ ∂BR. (19)�.*V%+ T Dw����C-�!>}.{� BR 	C-�qpb�^�2�D��L4' ui = (ei, hi)T , ��B}.�b0��� D 	�z us ∈ H1(BR)×H1(BR) _. (8) ���.3! (19).Qr/}.�	��C- (8) � (19) D�^��[ v = (q, p)T ∈ H1(BR) × H1(BR).�z q̄, p̄ ,q (6) � (7) ���	 BR 	��'tB	 R2\D 	 β = 0, Iz u��C

∫

BR

1

k
∇es · ∇q̄dx − i

∫

BR

β∇hs · ∇q̄dx − i

∫

BR

γ2βhs q̄dx

−
∫

BR

γ2

k
es q̄dx −

∫

∂BR

1

k0

∂es

∂ν
q̄ds(x) =

∫

BR

f1 q̄dx. (20)

∫

BR

1

k
∇hs · ∇p̄dx + i

∫

BR

β∇es · ∇p̄dx + i

∫

BR

γ2βes p̄dx

−
∫

BR

γ2

k
hs p̄dx −

∫

∂BR

1

k0

∂hs

∂ν
p̄ds(x) =

∫

BR

f2 p̄dx, (21)
C-D�^�>�z w = (es, hs)T ∈ H1(BR) × H1(BR), �C
W (w,v) = (f ,v), ∀ v = (q, p)T ∈ H1(BR) × H1(BR). (22)ÆH W (w,v) > (20) � (21) �3TD���w (f ,v) =

∫

BR
f1 q̄ dx +

∫

BR
f2 p̄ dx.?H 2.2 W�(} k, �b��L4��C-D�C- (22) }=o-

us ∈ H1(BR) × H1(BR).Æ {Sh; h ∈ (0, 1]} �� H1(BR)×H1(BR) D}S�+A�/�t h >�% BR �&q�?�D1;�8�4o���Æ�W�tD v ∈ H1(BR) × H1(BR), }
lim
h→0

inf
vh∈Sh

‖v − vh‖1 = 0. (23)>S��Da��z ‖ · ‖l D��`" ‖ · ‖Hl×Hl .Ou (8) D- us = (es, hs)T D}S��6 uh = (eh, hh)T ∈ Sh,

W (uh,vh) = (f ,vh), ∀ vh = (ph, qh) ∈ Sh. (24)



No.3 l1WG��b��L4��D PML }S��% 647?H 2.3 �ÆW�tD f ∈ (H1(BR)×H1(BR))
′

, (8)� (19)�}=o- us ∈ H1(BR)×
H1(BR). 
W�trOD ǫ > 0, 9	oo h0 = h0(ǫ), �CW 0 < h < h0, C- (8) � (19)D}S�- uh =o9	�w}w�

‖us − uh‖0 ≤ ǫ‖us − uh‖1. (25)7:��| f ∈ L2(BR) × L2(BR), 
9	oo h1 = h1(ǫ), �CW 0 < h < h1, }
‖us − uh‖1 ≤ ǫ‖f‖0. (26)OG 2.2 �OG 2.3 D�d AR [4].|OG 2.3 'tB

(i) |� h0, h1 � us Gy�8Yw�y� us �o�D�
(ii) �|�b"UDqU#"�z	�"��w�.b ∂D � C1,1 ��
|7K9�w���- us D�
b�q,l���|7KD}S�G^��CB�OG 2.3 t�DJ%w���Ob+|��Y�|���xz 7)�Uz	��w�XHG#"�o)"�x	5)xBNFa�lCBOG 2.3 D+|�

3 QjN`XTK^	��"��% �|��.%+ T Gy�"Dw���(z}S�D�Q'>Cj�Fa5}+� PML �� [5] D}S�\W}.�b0�L4��C-4`"��%�I 1 ��'>pb� ei = eik sin(θ)x1−ik cos(θ)x2, hi = 0, }��&S θ = π/6, ��B��H D 	�0L)" ε �4A℄ µ �N
ε(x) =







1.96, x ∈ D̄,

1, x ∈ R
2\D,

µ(x) =







1, x ∈ D̄,

2, x ∈ R
2\D.

(27)"��k qNP#xB
(I) D >�bAi β = 0.5 D�b0����
(II) D �b�bD�� β = 0, t)D#"}\���n9�	 TM xBNoD0�C-�Æ� PML �7 2 (��	 BR :> PML $ ΩPML = {x ∈ R

2 : R < |x| < ρ}. ���% DJ%}P 0+�o �� PML $(wuD PML -��-DJ%�Zo 9�4`}S��%q(=DDJ%�

8 2 �d2� D _)r��'|�
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1) S� PML -��-DJ%�D~O PML  D σ, ρ. 5)} σ = σ0

(

r−R
ρ−R

)m

, t )" σ0 > 0, �" m ≥ 1.	"��k } m = 2, R = 2, S�
e
−k Im(ρ̃)(1− R2

|ρ̃|2
)1/2

≤ 10−9,|7~O ρ = 3, x PML �S δ = ρ − R = 1.

2) 	�%{�	 Ωρ = BR ∪ ΩPML 	q�Iz Matlab 4`}S��%�7 3 �7 4 �r/S (I) � (II) 3!N BR  L'�4'D� �7 5 �7 6 �r/	 (I) � (II) 3!NL'4'	�. ∂BR 	�gD�'�|7K=/�	xB (I) N��4'>Y�5}�b0� D ����'D�Qb[��
�&�S4'� 7 3. Y	xB (II) N� D kb�b��`}��4'��5} D D��'n`}4'&�� 7 4.

8 3 (I) 4"O BR !N6( es, hs F�!
8 4 (II) 4"O BR !N6( es, hs F�!

8 5 (I) 4"O BR !N6( es, hs F�h
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8 6 (II) 4"O BR !N6( es, hs F�hÆn�dS�b0�Db���5}*Dn�zD�Qb[��
���Q/gzb
(optical activity).I 2 �7 7 �b0� D �>?N5DxB�t)#"�����'qpb� ei =

eik sin(θ)x1−ik cos(θ)x2 , hi = 0 ^����q θ = π/6 &S��B�b0��� D = D1 ∪ D2	� D D�bAi>
β =







0.5, x ∈ D1,

0.2, x ∈ D2,
(28)0L)" ε �4A℄ µ �N

ε =







1.96, x ∈ D̄,

1, x ∈ R
2\D,

µ =







1, x ∈ D̄,

2, x ∈ R
2\D.

(29):0D%\q� PML DÆ�6K 1, 7 8 r/ BR 	L'4'D� �7 9 r/ ∂BR	L'4'D�g�

8 7 Qp�I D _)r��'|�



650 " h H G h � Vol.29A

8 8 BR !N6( es, hs F�!

8 9 ∂BR 
N( es, hs F�h9 F V Z
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The Finite Element Method with Perfectly Matched Layers for

the Electromagnetic Scattering by a Chiral Obstacle
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Abstract: This paper is concerned with the electromagnetic scattering by a chiral obstacle.

A two-dimensional mathematical model is established. The existence and uniqueness of the

problem is discussed by a variational approach. A finite element method with perfectly matched

layers(PML) is developed for solving the problem.
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