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b�X*h Fractal 7�\��E#&LF.61=V�O���O�o"f6�u-p�Cv&66L�?\6�
2 WLmx�JOSRE�~�Znd�J>PX*p℄v�=t�?u 1 � X 5CA1
�{- {U(t, τ) : −∞ < τ ≤ t < +∞}, U(t, τ) : X → X "5
X �6e#��d

(i) U(τ, τ)x = x, ∀ x ∈ X ;

(ii) U(t, τ) = U(t, s)U(s, τ), ∀ τ ≤ s ≤ t.H D � D̂ = {D(t) : t ∈ R} ⊂ P(X) ["6pO1��{5�h P(X) �� X 6#�O1&{-�?u 2 e# U(·, ·)!53s D -!���dD}s t ∈ R, D̂ ∈ D,}sgD τn → −∞,

xn ∈ D(τn), gD {U(t, τn)xn} ���6&gD�?u 3 {- B̂ = {B(t) : t ∈ R} ∈ D !5a�e# U(·, ·) 3s D - Cv��dD t ∈ Ri D̂ ∈ D , 0
 τ0(t, D̂) ≤ t Æ5
U(t, τ)D(τ) ⊂ B(t), ∀ τ ≤ τ0(t, D̂).

dist(C1, C2) �� C1 i C2 6 Hausdorff �,�=t5
dist(C1, C2) = sup

x∈C1

inf
y∈C2

d(x, y),h C1, C2 ⊂ X.?u 4 {- Â = {A(t) : t ∈ R} ∈ P(X) !5a�e# U(·, ·) 63s D - Cv&��dM,
(1) A(t) D}s t ∈ R ��6

(2) Â �3s D - Cv�~D#� D̂ ∈ D, t ∈ R, lim

τ→−∞
dist(U(t, τ)D(τ), A(t)) = 0;

(3) Â ���6�~D�}s −∞ < τ ≤ t < +∞, � U(t, τ)A(τ) = A(t).D}s D̂ ∈ D, �
Λ(D̂, t) =

⋂

s≤t

(⋃

τ≤s

U(t, τ)D(τ)
)
.M
>PX*qHa�v'3s D - Cv&0
b6�d [16].?Y 1 ��e# U(t, τ) 53s D - !�6��m0
a�e# U(t, τ) �3s D -Cv6{- B̂ ∈ D. �{- Â = {A(t) : t ∈ R} ⊂ P(X) �pa�e# U(t, τ) 6v'3s D

- Cv&�h A(t) = Λ(B̂, t), t ∈ R, G1M, A(t) =
⋃bD∈D

Λ(D̂, t), t ∈ R.  p�:� Â �3[6��d Ĉ = {C(t) : t ∈ R} ⊂ P(X) �p�{-�m lim
τ→−∞

dist(U(t, τ)B(τ), C(t)) = 0,�� A(t) ⊂ C(t).� 
=6 1  ��d>P��D}s6 t ∈ R, B(t) ��6��m{- D �g - �6 ( ~D}s t ∈ R, �d D′(t) ∈ P ,D′(t) ⊂ D(t)D, �� D′ ∈ D ), YN3s D - Cv& Â�� D, u-$�4p�� D 63s D - Cv&�Rn_
y} �# *M6�'�:�$�
; 3 � *M�
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∂u

∂t
− ν∆u + αu +

2∑

i=1

ui
∂u

∂xi
= f(t) −∇p, (t, x) ∈ (τ, +∞) × Ω,

divu = 0, (t, x) ∈ (τ, +∞) × Ω,

u = 0, (t, x) ∈ (τ, +∞) × ∂Ω,

u(τ, x) = u0(x) x ∈ Ω,

(1)h ν > 0 5I*6bF�� α > 0 5Qb.\ �� −αu 5i CYA�`6.\V�06�5I*Z�h�6F�!� [24−25]. u = u(t, x) ∈ R2 i p = p(t, x) ∈ R Q���I*6 CYAik=V�r� Ω 0q� R2  6}s��u?�{�mh�� ∂Ω �nq}j��b�����fn��
 Ω � Poincaré�9�"<�~0
 λ1 > 0 Æ5
λ1

∫

Ω

φ2dx ≤

∫

Ω

|∇φ|2dx, D}s φ ∈ H1
0 (Ω). (2)�J.J'Z1
 V = {u ∈ (C∞

0 (Ω))2 : div u = 0}.

H = V 
 (L2(Ω))2  6�)�K� | · | iZy (·, ·), h 
(u, v) =

2∑

j=1

∫

Ω

uj(x)vj(x)dx, ∀u, v ∈ (L2(Ω))2.

V = V 
 (H1
0 (Ω))2  6�)�K� ‖ · ‖ iZy ((·, ·)), h 

((u, v)) =

2∑

i,j=1

∫

Ω

∂uj

∂xi

∂vj

∂xi
dx, ∀u, v ∈ (H1

0 (Ω))2.� V ⊂ H ≡ H ′ ⊂ V ′, h Z
�(Q�?h6�3m�>P} ‖ ·‖∗ �� V ′  6K��〈·, ·〉 �� V i V ′ 6Day�� a(u, v) = ((u, v)),

A : V → V ′ M, 〈Au, v〉 = ((u, v)), ∀u, v ∈ V.=t V × V × V ��Qb!& b(u, v, w) =
2∑

i,j=1

∫
Ω ui

∂u
∂xi

wjdx, ∀u, v, w ∈ V, m B(u) =

B(u, u) ��Qb!&�D}s u, v, w ∈ V , B : V × V → V ′ � 〈B(u, v), w〉 = b(u, v, w).�� u0 ∈ H, f ∈ L2
loc(R, V ′). DOW τ ∈ R, .J�H=)






u ∈ L2(τ, T ; V ) ∩ L∞(τ, T ; H), ∀T > τ,

d

dt
(u(t), v) + ν((u(t), v)) + α(u, v) + 〈B(u(t)), v〉 = 〈f(t), v〉, ∀ v ∈ V,

u(τ, x) = u0(x).

(3)�;N [3, 24–25] r�� (3) �)�4p� u(·; τ, u0), �m$�� C0([τ, +∞); H).� u(t; τ, u0) 5 (3) �6��=t{
 U(t, τ) : H → H ,

U(t, τ)u0 = u(t; τ, u0), τ ≤ t, u0 ∈ H. (4)



876 � i B 6 i Æ Vol.29A� (3) ��64pb��D}s τ ≤ s ≤ t, U(t, τ)u0 = U(t, s)U(s, τ)u0, mr54vY 1 D#� τ ≤ t, � (4) �#=t6{- {U(t, τ) : τ ≤ t} � H �6e#�m{

U(t, τ) : H → H 
 H 6��&{��v' Lipschitz 6�'�:� U(t, τ) �?h6�H σ = νλ1 + 2α, Rσ = {r : R → (0, +∞)| lim

t→−∞
eσtr2(t) = 0}. Dσ 5)�HDb�6{-#1"6{k� D̂ = {D(t) : t ∈ R} ⊂ P(H)Æ5DW℄ r bD(t) ∈ Rσ � D(t) ⊂ B(0, r bD(t)),h B(0, r bD(t)) �� H  q 0 5p^ r bD(t) 5�$6�p�vY 2 �� f ∈ L2

loc(R, V
′

) M,
∫ t

−∞

eσs‖f(s)‖2
∗ds < +∞, ∀ t ∈ R. (5)�0
a�e# U 6v'3s Dσ - C�{-�} `= τ ∈ R i u0 ∈ H . D}s t ≥ τ , � u(t) = u(t; τ, u0) = U(t, τ)u0. ���b [3]� b(u, v, v) = 0, ∀u ∈ V, v ∈ (H1(Ω))2, �L# (3) 5Jm\�5

d

dt
(eσt|u(t)|2) + eσt(2ν‖u(t)‖2 + 2α|u(t)|2) = σeσt|u(t)|2 + 2eσt〈f(t), u(t)〉. (6)u-�� (2) ��

d

dt
(eσt|u(t)|2) ≤

eσt

ν
‖f(t)‖2

∗. (7)��
 τ 4 t(t ≥ τ) �yQ
eσt|u(t)|2 ≤ eστ |u0|

2 +
1

ν

∫ t

τ

eσs‖f(s)‖2
∗ds. (8)D�X=6 D̂ ∈ Dσ. � (8) ��D}s6 u0 ∈ D(τ), t ≥ τ �

|U(t, τ)u0|
2 ≤ e−σ(t−r)r2bD(τ)

+
e−σt

ν

∫ t

−∞

eσs‖f(s)‖2
∗ds. (9)DOW t ∈ R, H Rσ(t) = (2 e−σt

ν

∫ t

−∞
eσs‖f(s)‖2

∗ds)1/2, B̂σ 5#� H  6�p Bσ(t) = {v ∈

H : |v| ≤ Rσ(t)} #1"6{-�� B̂σ ∈ Dσ, _ B̂σ �a�e# U 63s Dσ - C�-�
�Te# U 6!�b��>Pfn�< U 6W℄?hb���h�TLJ�;N
[20]  6v6 8.1 5���:/K�vY 3 �� {u0n

} 5 H  6gD�$���� u0 ∈ H . �
U(t, τ)u0n

⇀ U(t, τ)u0, 
H ���, ∀ t ≥ τ, (10)�m
U(·, τ)u0n

⇀ U(·, τ)u0, 
L2(τ, T ; V ) ���, ∀T ≥ τ. (11)M
>P�Te# U(t, τ) 6!�b�vY 4 e# U(t, τ) �3s Dσ - !�6�o&����d`= D̂ ∈ Dσ, gD
τn → −∞, u0n

∈ D(τ) i t ∈ R, gD U(t, τn)u0n
�
 H  ?h6&gD�} �� B̂σ �3s Dσ - C�6�u-DOW�� k ≥ 0, 0
 τ bD(t, k) ≤ t Æ5

U(t − k, τ − k)D(τ − k) ⊂ Bσ(t − k), ∀ τ ≤ τ bD(t, k). (12)
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U(t − k, τ)D(τ) ⊂ Bσ(t − k). (13);} (13) ���D�Q#g�0
&gD {(τn′ , u0n′ )} ⊂ {(τn, u0n

)} i {wk : k ≥ 0} ⊂ H, Æ5D}s6 k ≥ 0 i wk ∈ Bσ(t − k), �
U(t − k, τn′)u0n′ ⇀ wk, 
H ���. (14)�v6 3 05

w0 = lim
n′→∞

Hw

U(t, τn′)u0n′ = lim
n′→∞

Hw

U(t, t − k)U(t − k, τn′)u0n′

= U(t, t − k) lim
n′→∞

Hw

U(t − k, τn′)u0n′ ,h lim
n′→∞

Hw

��
 H  t�6�zO�u-
w0 = U(t, t − k)wk, ∀ k ≥ 0. (15)� (14) ��
lim inf
n′→∞

|U(t, τn′)u0n′ | ≥ |w0|. (16)qH>P��T
lim sup
n′→∞

|U(t, τn′)u0n′ | ≤ |w0|. (17)5�T (17) ���J>P=t [·, ·] : V × V → R

[u, v] = ν((u, v)) −
νλ1

2
(u, v), [u]2 = [u, u], ∀ u, v ∈ V. (18)�;N [9] �K� [·] � V  K� ‖ · ‖ �9	6��� (6) ��;} ��rZ�05

|U(t, τ)u0|
2 = |u0|

2e−σ(t−τ) + 2

∫ t

τ

e−σ(t−s)(〈f(s), U(s, τ)u0〉 − [U(s, τ)u0]
2)ds. (19)u-�D#� k ≥ 0 i τn′ ≤ t − k �

|U(t, τn′)u0n′ |
2 = |U(t, t − k)U(t − k, τn′)u0n′ |

2 = |U(t − k, τn′)u0n′ |
2e−σk

+2

∫ t

t−k

e−σ(t−s)〈f(s), U(s, t − k)U(t − k, τn′)u0n′ 〉ds

−2

∫ t

t−k

e−σ(t−s)[U(s, t − k)U(t − k, τn′)u0n′ ]
2ds. (20)E� (12) ��>P� U(t − k, τn′)u0n′ ∈ Bσ(t − k), ∀ τn′ ≤ τ bD(t, k) + k, k ≥ 0, �

lim sup
n′→∞

(e−σk|U(t − k, τn′)u0n′ |
2) ≤ e−σkR2

σ(t − k), ∀ k ≥ 0. (21)GpLR��� (14) �"<�;}v6 3 �
U(·, t − k)U(t − k, τn′)u0n′ ⇀ U(·, t − k)wk, 
L2(t − k, t; V ) ���. (22)
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lim
n′

→∞

∫ t

t−k

e−σ(t−s)〈f(s), U(s, t − k)U(t − k, τn′)u0n′ 〉ds

=

∫ t

t−k

e−σ(t−s)〈f(s), U(s, t − k)wk〉ds. (23)�� (
∫ t

t−k
e−σ(t−s)[u(s)]2ds)1/2 �� L2(t − k, t; V ) 6, K�9	6�� (22) ��

∫ t

t−k

e−σ(t−s)[U(s, t − k)wk]2ds ≤ lim inf
n′→∞

e−σ(t−s)[U(s, t − k)U(t − k, τn′)u0n′ ]
2ds. (24)_�� (20), (21), (23) i (24) ��

lim sup
n′→∞

|U(t, τn′ )u0n′ |

≤ e−σkR2
σ(t − k) + 2

∫ t

τ

e−σ(t−s)(〈f(s), U(s, t − k)wk〉 − [U(s, t − k)wk]2)ds. (25)� (15) i (19) �5
|w0|

2 = |U(t, t − k)wk|
2

= |wk|
2e−σk + 2

∫ t

t−k

e−σ(t−s)(〈f(s), U(s, t − k)wk〉 − [U(s, t − k)wk]2)ds. (26);} (25) i (26) ��
lim inf
n′→∞

|U(t, τn′)u0n′ | ≤ e−σkR2
σ(t − k) + |w0|

2 − e−σk|wk|
2 ≤ e−σkR2

σ(t − k) + |w0|
2, (27)�$s43 k → +∞ ���

e−σkR2
σ(t − k) = 2

e−σt

ν

∫ t−k

−∞

eσs‖f(s)‖2
∗ds → 0, (28)u- (17) �"<�v6 4 ���
v6 2  >P�TBv'3s Dσ - Cv{-60
b�
v6 4 �TB U(t, τ) �3s Dσ - !�6�u->P�HR6�d�?Y 2 �� f ∈ L2

loc(R, V ′) M, (5) ��YN�0
4p6v'3s Dσ - Cv&
Aσ(t), mh�� Dσ, h Aσ(t) = Λ(B̂σ, t).

4 Aσ(t) > Fractal gbGM`= T ∗, �;N [23]  =6 3.6 �
⋃

τ≤T∗

Aσ(t) 
 H  �TD�6. (29)H F (u, t) = −νAu − αu −B(u) + f(t), �D#� t ∈ R, {
 F (·, t) 
 V  � Gateaux 036�m F ′(u, t)v = −νAv −αv −B(u, v)−B(v, u), u, v ∈ V, {
 F ′(u, t) : (u, t) ∈ V ×R →

F ′(u, t) ∈ L(V ; V ′) �?h6�
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dv

dt
= F ′(U(t, τ)u0, t)v,

v(τ, x) = v0(x).
(30)Lz�D}s τ ∈ R, u0, v0 ∈ H , (30) �0
4p�Æ5D}s τ ≤ T , �

v(t) = v(t; τ, u0, v0) ∈ L2(τ, T ; V ) ∩ C([τ, t]; H).?Y 3 �� f(t) M,=6 2  6+�mDW℄ T ∗ ∈ R, f ∈ L∞(−∞, T ∗; V ′). ��=6 2 #x=63sCv& Aσ(t) )��O6 Fractal 7���m
dF (Aσ(t)) ≤ max

(
1,

2C1

σν3
‖f(s)‖2

L∞(−∞,T∗;V ′)

)
, ∀ τ ∈ R. (31)} `= u0, v

1
0 , · · · , vj

0 ∈ H i τ ≤ T . � e1(s), · · · , ej(s), s ≥ τ 5� v(s; τ, u0, v
1
0), · · ·,

v(s; τ, u0, v
j
0) #�"&1
6��v�h v(s; τ, u0, v

i
0)(i = 1, · · · , j) � (30) �a�)�

v(τ) = vi
0 6���

q̃j = lim sup
T→+∞

sup
τ≤T∗

sup
u0∈Aσ(τ−t)

( 1

T

∫ τ

τ−T

Trj(F
′

(U(s, τ − T )u0, s))
)
ds, (32)h 

Trj(F
′(U(s, τ − T )u0, s)) = sup

vi
0
∈H,

|vi
0
|≤1,i≤j

( j∑

i=1

〈F ′(U(s, τ − T )u0, s)ei, ei〉
)
.�� v(s; τ, u0, v

i
0) ∈ V (s ≥ τ), u->P0q�� ei(s) ∈ V (s ≥ τ). _
j∑

i=1

〈F ′(U(s, τ − T )u0, s)ei, ei〉

= −α

j∑

i=1

|ei(s)|
2 +

j∑

i=1

(−ν‖ei(s)‖
2 − b(ei(s), U(s, τ − T )u0, ei(s)))

≤ −ν

j∑

i=1

‖ei(s)‖
2 − αj + ‖U(s, τ − T )u0‖

(∫

Ω

( j∑

i=1

|ei(s)|
2
)2

ds
)1/2

.�� e1(s), · · · , ej(s), s ≥ τ 5 H  6��v�u-h�� (L2(Ω))2, ��� V ⊂ (H1
0 (Ω))2,_� Lieb -Thirring �9� [4]

∫
Ω
(

j∑
i=1

|ei(s)|
2)2ds ≤ C1

j∑
i=1

‖ej‖
2, �

j∑

i=1

〈F ′(U(s, τ − T )u0, s)ei, ei〉 ≤ −ν

j∑

i=1

‖ei(s)‖
2 − αj + ‖U(s, τ − T )u0‖

(
C1

j∑

i=1

‖ej‖
2
)1/2

≤ −αj −
ν

2

j∑

i=1

‖ei(s)‖
2 +

C1

2ν
‖U(s, τ − T )u0‖

2,u-
Trj(F

′(U(s, τ − T )u0, s)) ≤ −αj −
ν

2

j∑

i=1

‖ei(s)‖
2 +

C1

2ν
‖U(s, τ − T )u0‖

2
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≤ −αj −
νλ1

2

j∑

i=1

|ei(s)|
2 +

C1

2ν
‖U(s, τ − T )u0‖

2

= −
σ

2
j +

C1

2ν
‖U(s, τ − T )u0‖

2. (33)GpLR�D#� t ≥ τ �
|U(t, τ)u0|

2 + 2ν

∫ t

τ

‖U(s, τ)u0‖
2ds + 2α

∫ t

τ

|U(s, τ)u0|
2ds = |u0|

2 + 2

∫ t

τ

〈f(s), U(s, τ)u0〉ds._ ∫ t

τ

‖U(s, τ)u0‖
2ds ≤

|u0|
2

ν
+

1

ν2

∫ t

τ

‖f(s)‖2
∗ds, t ≥ τ. (34)=t M = ‖f(s)‖2

L∞(−∞,T∗;V ′). � (33) i (34) �r�
q̃j ≤ −

σ

2
j +

C1

2ν3
lim sup
T→+∞

1

T

∫ τ

τ−T

‖f(s)‖2
∗ds ≤ −

σ

2
j +

C1M

2ν3
.�J��d C1M < σν3, �H qj = −σ

2 (j − 1), j = 1, 2, · · · , n0 = 1. YN [23, ?8 2.2]

dF (Aσ(t)) ≤ 1, ∀ τ ≤ T ∗.h.��d C1M ≥ σν3, �0H
qj = −

σ

2
j +

C1M

2ν3
, j = 1, 2, · · ·i n0 = 1 + [C1M

σν3 − 1]∗, h [δ]∗ ��� δ 6���Q�YN
dF (Aσ(t)) ≤

2C1M

σν3
, ∀ τ ≤ T ∗.�� U(t, τ)
 Aσ(t) � Lipschitz6��;N [2]6V) 13.9��D}s6 t ≥ τ , dF (Aσ(t))��mh�T-�u-=6 3 "<� 9 U h o
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Pullback Attractors for Non-autonomous 2D Navier-Stokes

Equations with Linear Dampness in Some Unbounded Domains

1Wang Xiaohu 2Li Shuyong
(1Department of Mathematics, Sichuan University, Chengdu 610064;

2Department of Mathematics and Software Science, Sichuan Normal University, Chengdu 610066)

Abstract: In this paper, the concept of pullback asymptotically compact non-autonomous

dynamical system is firstly introduced. Then, a result ensuring the existence of a pullback

attractor for a non-autonomous dynamical system is given. Finally, the existence of a pullback

attractor for a non-autonomous 2D Navier-Stokes equation with linear dampness in some un-

bounded domains is proved. Moreover, the upper bounds of Fractal dimension of the pullback

attractor is estimated.

Key words: Asymptotic compactness; Process; Non-autonomous; Linear dampness; Pullback

attractor.
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